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Abstract

We investigate the dynamics of several slender rigid bodies moving in a flow driven
by the three-dimensional steady Stokes system in presence of a smooth background flow.
More precisely we consider the limit where the thickness of these slender rigid bodies
tends to zero with a common rate e, while their volumetric mass density is held fixed,
so that the bodies shrink into separated massless curves. While for each positive €, the
bodies’ dynamics are given by the Newton equations and correspond to some coupled
second-order ODEs for the positions of the bodies, we prove that the limit equations are
decoupled first-order ODEs whose coefficients only depend on the limit curves and on
the background flow. These coefficients appear through appropriate renormalized Stokes
resistance tensors associated with each limit curve, and through renormalized Faxén-type
force and torque associated with the limit curves and the background flow. We establish
a rate of convergence of the curves of order O(|loge|~'/2). We also determine the limit
effect due to the limit curves on the fluid, in the spirit of the immersed boundary method.
Both for the convergence of the filament velocities and the fluid velocities we identify an
initial exponential relaxation within a O(e?|logel) time.
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1 Introduction

In view of various applications in particular in biology (considering DNA) and in oceanog-
raphy (considering sediment, plankton), the motion of rigid bodies with anisotropic shapes
immersed in incompressible flows requests some mathematical analysis. In particular in view
of modelling and numerics one may wish to consider asymptotic models where one gets rid of
the dimensions corresponding to small extent of the rigid bodies. In this paper we consider
the case of a finite number N of slender rigid bodies. We will use the terminology “fila-
ments”. Their radii have the same smallness parameter € in (0, 1) and shrink into curves in
R3 as ¢ — 0. We will call these curves “centerline curves” or “filament centerlines” . We
will assume: (i) that these filaments are immersed into an incompressible fluid driven by the
steady Stokes system in presence of a background flow, (ii) that their dynamics is driven
by the Newton equations with forces acting on the filaments only due to the viscous stress
tensor on their boundaries and (iii) that their volumetric mass density is independent of ¢, so
that their limit centerline curves are massless. This leads to a system of second-order ODEs
all coupled to each other through the Stokes equations. We refer to Section 2 for a precise
description of this so-called Newton-Stokes system, and for a straightforward local-in-time
well-posedness result, see Lemma 2.2. In particular this result establishes the existence of
smooth solutions as long as there is no collision between filaments.

The main result of this paper, Theorem 3.4 stated in Section 3.4, is the convergence of
this Newton-Stokes system to a limit system describing the dynamics of the centerline curves.
We will also determine the limit effect due to these centerline curves on the fluid, in the spirit
of the immersed boundary method.

To give a flavour of our result to the reader we describe below how this limit system looks
like. The precise description of the limit dynamics is given in Section 3.2. To emphasize what
concerns limit objects when & — 0 we use the notation * for a quantity -. On the other hand, to
avoid heavy notations, we will only make the dependence on € explicit when it is necessary in
order to avoid confusion or to make precise in a quantitative way this dependence. Otherwise
it is understood that the quantities at stake can depend on € even if there is no corresponding
index in the notation. The limit model drives the dynamics of the position at time ¢ of a
collection of smooth curves él(t) without any self-intersection, for 1 < ¢ < N, by the following
rigid motion

A~ ~ —

Ci(t) = ha(t) + Qi(t)C:.
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Here C; denotes a reference curve. On the other hand to emphasize what concerns limit
objects when ¢ — 0 we use the notation * for a certain quantity -. The vector h;(t) in R and
the matrix @Q;(¢) in SO(3) satisfy some first-order ODEs:

~

Rt = w0, QUt) = @ilt) A )Qul), 1)
and (%:(8),&1(t)) = FIC.(8), 0 (¢, o, ) (2)

where the notation (w;(t) A -) is used for the skew-symmetric matrix canonically associated
with the wedge product by the vector &;(t) in R3, u’(t, ')‘@-(t) denotes the trace on C;(t) of

a smooth background flow velocity u’(t,-). Moreover, F[-,-] is a universal operator acting
on smooth simple curves and smooth incompressible vector fields. This operator is given
explicitly in (40). Let us highlight that, to ease the reading, in the left hand side of (2),
and several more times below, we identify (v, w) with the corresponding column vector. We
emphasize that the limit dynamics (1)-(2) is a system of uncoupled first-order ODEs which
reflects that both the mass of the filaments and their perturbation on the fluid tends to zero
as € converges to 0.

The main novelty of our work is to study the coupled dynamics of a collection of slender
filaments. As far as we know, previous analytic works on filaments in Stokes flows are focused
on static problems with only a single filament. Related to these works, the first part of our
analysis establishes approximations for the forces and torques acting on the filaments as well
as on the fluid perturbation caused by the filaments. We show that explicit force distributions
on the particle centerlines are sufficient to capture these quantities to leading order. This part
of our analysis, carried out in Section 4, is related to so-called slender body theory, and we
believe that our results there, Theorem 4.1 and Corollary 4.2 are of independent interest.
The second part of our analysis consists in the study of a system of singularly perturbed
ODEs relying on a modulated energy argument. We refer to Sections 3.5 and 3.6 for a more
extensive outline of the key elements and the structure of the proof of the main result, to
Section 3.7 for a discussion of some related results and to Section 3.8 for some open problems.

2 Setting of the problem

This section is devoted to the description of the setting of the problem.

2.1 Geometry of the filaments

For each index 1 < 7 < N we consider a filament S; which can be closed or non-closed. For
e € (0,1), the filament is given in terms of a reference filament S; which is described by a
centerline and a shape function for the cross section as follows. For a non-closed filament,
the centerline C; is assumed to be a curve of length L; > 0, parametrized by arc length
without self-intersections by a smooth function 7;: [0, L;] — R3. We assume, for each index
1 < i < N, that the curve C; is not a straight line, i.e. 77 # 0. The shape function is a
smooth map ¥;: [0, L;] x B1(0) — R2, such that ¥;(s,0) = 0 and ¥;(s, -) is a diffeomorphism
to its image for all s € [0, L;]. Here, B1(0) denotes the open unit ball in R%. Moreover, let
R;: [0,L;] — SO(3) be a smooth function such that R;es = 7, where e3 = (0,0,1). Then,
we define

S, =Si = {7i(s) + eRi(s)(¥;(s, B1(0)) x {0}) : 0 < s < L;}. (3)

In the case of a closed filament, the definition is analogous but we replace the interval
[0, Ll] by R/LlZ for Yiy Rl and \I’l



Remark 2.1. Note that the non-closed filaments are not smooth but only Lipschitz due to
corners at their ends. With minor modifications of some arguments, our analysis also applies
to smooth non-closed filaments, which could be defined as

S; = 8= {ni(s) + eac(s)Ri(s)(Wi(s, B1(0)) x {0}) : 0 < s < Li}, (4)

1

where the additional function a.(s) : [0, L;] — R is given by

: for s € [0, ¢],
as(s) =<1 for s € [e, L; — €], (5)
? for se [L; — e, L;].

We assume that the reference centerlines are centered at the origin in the sense that
/ rdH' =0, (6)
Ci

where d#! is the one-dimensional Hausdorff measure. We emphasize that the center of mass
of the reference filaments S;, for 1 < i < N, depends on e. For simplicity, we assume that
the mass density is constant in each of the filaments. Then, their centers of mass are given
as the following barycenters

Rie = ][ zda. (7)

S;
By (6), we have
|hiel < Ce, (8)

where the constant C' depends only on the functions specifying the reference filament, i.e. L;,
Yis RZ’, and \I’i-

We are interested in the limit of the dynamics (specified below) as ¢ — 0 for given, &-
independent initial data for the centerlines of the filaments. More precisely, we fix BZ(O) e R3,

~

Q:(0) € SO(3) such that

A~

Ci(0) = Ci(0) := hy(0) + Q:(0)C;, (9)

are the positions of the centerlines at time 0 for all ¢ > 0.
Then, the center of mass h;.(t) and the orientation @Q;.(t) of the filament at time ¢ have
initial data

hic(0) = hi(0) + Qi(0)h;e  and  Q;.(0) = Q;(0), (10)

and we denote the filament at time ¢ with parameter € by

Si(t) 1= Sic(t) = hic(t) + Qic(t)(Si — hie), (11)
and similarly for the centerline C;(t):

Cz(t) = Ci’s(t) = hi75(t) + Qi,a(t) (C_z — Biﬁ).



e

Figure 1: A closed reference filament

2.2 Kinematics of the filaments

For any t > 0, we denote by w;(t) in R3 the unique angular velocity of the i-th filament such
that
T
Q;‘,a(t) i,a(t) = (wi(t) A ')7 (12)
where QZE denotes the transpose matrix of Q; . and (w;(t) A -) denotes the skew-symmetric
matrix canonically associated with the wedge product by vector w;(t). We also set

vi(t) := hg,e(t). (13)
Accordingly, the solid velocities are given by
vSi(t, x) i= vi(t) + wi(t) A (z — hie(t)), (14)

for all x € S;(t).

We highlight that all these quantities depend implicitly on € which we usually omit in the
notation except for the quantities h;.,Q;.. For these, we will always write the ¢ to avoid
confusion with functions depending on variables h;, Q); that will appear later.

2.3 Inertia of the filaments

We assume that the filaments’ volumetric density is fixed, and we denote by ?m; > 0 the
mass of S; and by €27;(t) the inertial matrix at time ¢ > 0, so that m; and J; are of order one
with respect to e. Moreover the matrix J; is positive definite, uniformly in e (this only fails
if ~; was a straight line, which has been explicitly excluded) and evolves in time according to
Sylvester’s law:

Ji(t) = Qi,a(t)jﬂ,in;s(t)a (15)
where Jp,; denotes the initial value Jo; := Ji(0).

2.4 Ambient fluid
We assume that, for any ¢ > 0, the open set
F(t) := R\ u; Si(t),

is occupied by a fluid whose velocity u and pressure p are given as the sums

wi=u +u*  and p:=p +pF, (16)
where
(", p") € C([0, +o0); HY(R¥)x LA(R?)) n (WHP((0, +o0) x R®) x WHP((0, +0) x R¥))
satisfying divu’ = 0, (17)



is the background flow, and (uP,pP) is the perturbation flow due to the filaments, whose
evolution is assumed to be driven by the steady Stokes equations:

—AuP +Vp" =0 and dive’ =0 in F(¢), (18a)

W =05 —u’ in Si(t), 1<i<N. (18b)

2.5 Dynamics of the filaments

The filaments are assumed to be only accelerated, for any ¢ > 0, by the force exerted by the
fluid on their boundaries 0S;(t) according to the Newton equations:

e2mvi(t) = —/ Y(u, p)n dH?, (19a)
9S;(t)

2(Tw) (1) = — / (2 — hse(£)) A S, p)n dH2, (19b)
a8, (t)

where dH? is the two-dimensional Hausdorff measure and n denotes the unit normal vector
on 0S;(t) pointing outside the fluid domain F(¢) and

¥(u,p) :=2D(u) — pld, (20)

where D(u) is the deformation tensor defined by
1
D(u) := 5 (050 + dsuz)r<ijss. (21)

2.6 The whole Newton-Stokes system at a glance

Gathering (11), (12), (13), (14), (15), (16), (18) and (19) we arrive at the following Newton-
Stokes system.
For1<i< N,

h;,s(t) = Vi(t)a (22&)

Qi (t) = (wilt) A )Qic(), (22b)

2 mavi(t) = —/ S+, "+ PPy dH2, (22¢)
a8;(t)

2 (Jiwi)'(t) = — / (2 — hic(t)) A S +uP,p° + pP)ndH?, (22d)
2S:(t)

where Z(t) = Qi,g(t)jo,i@;‘l:s(t> and Sz(t) = hi’g(t) + Qi,g(t)(si — hi’€)7 (226)

and
—AuP+VpP =0 and dive® =0 in F(¢), (22f)
WP =0 —u) for ze&(t), for 1<i<N, (22g)
where v (t, ) := v;(t) + wi(t) A (z — hio(t)) for z € S;(t). (22h)

A reformulation of the Newton equations (22¢)-(22d) into a compact form, involving in par-
ticular the so-called Stokes resistance matrices, will be given in Section 6.1.



2.7 A local-in-time well-posedness result

Despite its apparent complexity, the system (22) can be considered as a system of second-order
quasilinear ODEs on the 6N degrees of freedom of the rigid bodies, the fluid state being given
by an auxiliary steady Stokes system for which time only appears as a parameter. Moreover
the coefficients of this ODE, although their coefficients are given in a rather non explicit way,
are smooth as long as the filaments S;(¢) remain separated; this follows from standard results
on the regularity with respect to shape changes for which we refer for example to [37, 6, 7].
Therefore it follows from the Cauchy-Lipschitz theorem that, starting from separated positions
with arbitrary velocities, we have the following local-in-time well-posedness result.

Proposition 2.2. For each € in (0,1), given some initial disjoint positions and some initial
velocities of the filaments, there is T € (0,400] and a unique smooth solution to (22) on
[0, T*%). Moreover, if T < +0, then

lim mindist(S;(t),S;(t)) = 0. (23)

t—>Tmax ]

Proof. As mentioned above, the existence, locally in time, of a smooth solution to (22) is a
straightforward consequence of the classical regularity properties of the Stokes system and of
the Cauchy-Lipschitz theorem. It remains to prove the last statement regarding the lifetime
of these solutions. To this end, we multiply, for 1 < i < NN, the equation (22¢) by v; and the
equation (22d) by w;. By summing the resulting 1dent1t1es, and recalling (22h), we get

1 /
=3 (grviedwew) == ¥ [ oSS el ma?
1<i<N 1<i<N Y 0Si(t)
-3 [ wse
1<i<N 7 0Si(1)

Z /68 S(uP, pP)n dH>
1<i<N

It

- ), / W, p")ndH?, (24)

1<i<N

thanks to (22g). Hence, integrating by parts in F for the two first terms in the right hand
side of (24) taking into account (22f), and integrating by parts in u;S; for the last term in
the right hand side of (24), we arrive at

1 /
2 Z (ﬂmv? + .Zwi‘wi) +/ Du? : DuP = —/ Du’ : DuP (25)
2 F F

1<i<N
- Z /(AubJerb)-vS
1<i<N Y Si

This identity holds true as long as there is no collision. Then, by the Cauchy-Schwarz inequal-
ity, Young’s inequality for products and a Gronwall argument, we deduce that the function

1 t
t > Z (gmzvf + Jiw - wi>(t) + /0 /FDup : DuP,

1<isN

remains bounded as long as there is no collision. Then it follows from classical blowup criteria
for ODEs that the solution can be continued as long as there is no collision. In particular,
if the maximal lifetime 72"** of the smooth solution to (22) satisfies T}*** < +00, then (23)
holds true. O



Remark 2.3. Tt is worth to observe that the energy identity (25) used in the proof above,
alone, is not sufficient to obtain bounds on the filament velocities which are uniform with
respect to € as the O(1) energy transfer with the background flow, see the right hand side
of (25), that may a priori lead to high velocities due to the factor €2 associated with the
filaments’ inertia.

3 Main results

This section is devoted to the statements of the main results of the paper. More precisely,
the main result of this paper, that is the convergence of the Newton-Stokes system to a limit
system as the thickness parameter € goes to 0, is given in Section 3.4, in particular in Theorem
3.4. To state this result, a few notations have to be introduced, which is the subject to the
Subsections 3.1, 3.2 and 3.3. In Section 3.5 we expose the strategy of the proof of Theorem
3.4 by considering a toy model. The organization of the proof of Theorem 3.4 is detailed in
Section 3.6. We will also draw some comparisons with the existing literature on close issues,
see Subsection 3.7, and we will finally mention a few open problems, see Section 3.8.

3.1 A few general notations

First we introduce, for 1 <7 < N, the vector fields:

ea ifa=1,2,3,

vialhil(z) = { Cas A (x—hy) ifa=4,56, 20

where e, for a = 1,2,3, denotes the a-th unit vector of the canonical basis of R?. These
vector fields are elementary rigid velocities with respect to the ¢-th filament.
We define, for p in R3, the 3 x 3 matrix

k(p) = 8 <Id —;p@p) | (27)

One may wonder right away why such a matrix k could occur in the discussion in the present
setting. It is actually related to the Stokes kernel S, defined for  in R3\{0}, by

5= g (4 7) = i (i) @

where for p in the euclidean unit sphere S2,

Solp) 1= - (1d +p@ ). (20)

Then, by the Sherman-Morrison formula, we observe that for any p in S2, the matrix Sp(p)
is invertible and its inverse is precisely k(p) defined above. As a matter of fact, the use of the
identity

Vpe S, So(p)k(p) = 1d, (30)

is crucial in our analysis below, see (100).
Next we associate with a smooth oriented curve C without self-intersections and with two
vector fields v and © defined on C with values in R3, the following real-valued functional:

1
Le[v, 9] i Q/k(r)v 5 dH, (31)
C
where we recall that d#H! is the one-dimensional Hausdorff measure and 7 denotes the unit
tangent vector field along C. Since the matrix k is symmetric, the operator I¢|[-,-] is bilinear
symmetric.



3.2 Limit dynamics

Now we define the objects which occur in the limit dynamics of the filaments when the
thickness parameter € converges to 0. To do so, we will define several functions depending on
the filament positions denoted by (h;, @;), for 1 <i < N.

For 1 <a<6andforl<4i,j<N, weset

Kia,6(hi, Qi) = 0ij Ie,n @i [vialhil, vi,a[hil ], (32)

where ¢;; is the Kronecker symbol, and, for a = 1,2,3, for 1 <: < N, fort >0

F o (t hi, Qi) = Ie,ny. 00 [Vialhil, ()] and (33)
17 ot hiy Qi) := Iy oo [Viaralhil, 0’ ()] (34)

Let us emphasize that the matrices ICZ .a,i,3 and the vectors F > and T|7 do not depend on
€ but on the positions, considered here as variables, of the ﬁlament centerhnes denoted by
Ci(h;,Q;) and defined by

Ci(hi, Qi) == hi + QiC;

In addition, the vectors sz o, and sz o depend explicitly on time through the time dependence
of u”. We refer to them respectively as the Stokes resistance matrix associated with the
filament centerline C;, and the Faxén force and torque associated with the filament centerline
C; and with the background flow u”.

For 1 <i < N, let us consider the 6 x 6 matrices diagonal blocks
]Ci,z' zz(hz;Qz) = ( za,z,6)1<a,,8<6a (35)
and, for 1 < i < N, the vectors of RS:
P= 1t hi, Qi) = ((F} o) 1<a<s: (17 4)12a<3)- (36)

By a change of coordinates, it is easy to see that I@H satisfies
. 0\ - T 9
Rt @) = (9 0 ) fastoi) (4 5. (37)

Lemma 3.1. For any (h;,Q;) in R® x SO(3), for 1 < i < N, the matriz I@i,i(hi,Qi) 18
symmetric positive definite.

Proof. By (37), it suffices to consider the case where (h;, Q;) = (0,1d), and we will omit to
write this variable. Since for any p € S2, the matrix k(p) is positive symmetric and satisfies
k(p) = 4n 1d, we deduce that for all (v,w) € R? x R3

Kii (Z) (v,w) = 27r/ v+ w A z|? dH (z). (38)
C;

Indeed, for w # 0, the integrand is non-constant since C; is not a straight line. Thus, the
integral is positive for (v,w) # 0. O

With these tools in hands we can now explicitly present the system which will prove to be
the zero-thickness limit of the Newton-Stokes system (22). This system drives the dynamics
of the positions at time ¢ of the centerline curves C;(t), for 1 < i < N, by the rigid motions

A~

Ci(t) = hi(t) + Qi(t)C;. (39)



Here the vector hi(t) € R3 and the matrix Q;(t) € SO(3) satisfy the following first-order
ODEs:

For 1 < ¢ < N, the right hand side of (41) only depends on ﬁz(t) and Qi(t), not on the
positions of the other centerline curves corresponding to j # i.

On the other hand neither the matrices ICH, nor their inverses, usually referred to as
mobility matrices, are diagonal, not even by 3 x 3 blocks. This coupling between trans-
lation/rotation velocities and force/torque is typical of the case of rigid bodies with shape
anisotropies. It is usually called the Jeffery effect, see [20, 23, 39].

Finally, since the coefficients of (41) are smooth and globally Lipschitz (this follows im-
mediately from (37), (36), (31) and the smoothness assumption for u°), the Cauchy-Lipschitz
theorem applies again and guarantees the following global-in-time well-posedness result.

Proposition 3.2. Given some initial disjoint positions of the centerline curves, given a
smooth background flow v’ satisfying (17), there is a unique smooth global-in-time solution to
(39)-(40)-(41) on [0, +0).

Although each of these decoupled ODEs admits a unique smooth global-in-time solution,
it could be that some of the positions of the centerline curves which they define collide in
finite time.

Definition 3.3. Let us denote by 7' in (0, +o0] the time of the first collision in the limit
dynamics, that is the first time for which at least two of the centerline curves CAz(t) defined
by (39)-(40)-(41) have a non-empty intersection, with the convention that 7' = 400 if there
is no such collision. More precisely, we define

dinin(t) 1= min dist(C;(t), C;(t)), (42)
T :=inf{t > 0 : din(t) = 0}. (43)

3.3 Asymptotic fluid behaviour

Regarding the fluid behaviour when the thickness parameter € converges to 0, it is only a
matter to understand the behaviour of the perturbation flow (uP,pP) due to the filaments,
since on the other hand the background flow (ub,pb) is fixed. Precisely, the steady Stokes
system in presence of several thin filaments has been the object of several studies usually
referred to as the slender body theory or as the immersed boundary method. It can also be
viewed as a Stokesian counterpart of the issue of Newtonian capacity, see [10].

To capture the leading term of the perturbation flow (uP,p?) as € converges to 0, the key
idea is to consider the Stokes system in the full space R? with an appropriate source term
given as Dirac masses along the centerline curves C;. The intensity of these Dirac masses is
related to the bilinear operator I¢[-, -] defined in (31) in the following way. Let v a divergence-
free vector field in W (U1<;<nS;). We define pc,[v] as the vector measure, supported on
C;, defined by

< pe,[v], ¢ > = Ig,[v,¢], for any ¢ € Co(R% RY). (44)
Moreover we define the vector field

Ue, [U] =5 * i, [U]7 (45)

10



where the symbol * stands for the convolution in R3, S is the Stokes kernel defined by (28).
This reads

Ueolw) = 5 [ (e = wk(r()oty) ' o) (16)

for any = € R3\C;, where we recall that 7 is the unit tangent vector defined below (31).
Let us recall that the counterpart of the Stokes kernel S for the pressure is the vector
P(x), defined for = in R3\{0}, by

X

Plz) = ——.
(@) = TP

(47)

Notice that
—AS+VP=¢§Id and divsS =0, (48)

in the sense of distributions, where the differential operators are applied column-wise. Then
we associate with the operator Ug, the following counterpart for the pressure

PCz‘ [U] ('T) = P=x He; [U]> (49)
which reads for any x € R3\C;,

Pefol(e) = 5 [ Pla =) kr)oly) dH! )

Thus it follows from (48) that, in the sense of distributions in the variable z,
—AUg,[v] + VP, [v] = pe;[v] and  divUg,[v] = 0. (50)
Our main result below, see Theorem 3.4, establishes that the vector field

WP(t) = Y Us [0%(t,) =’ (t, )], (51)

where

~

0%i(t,x) = hi(t) + Qi(Qi(t) (x — hi(1)), (52)

is the leading part of the perturbation flow u? up to a renormalization factor |loge|~!.

3.4 Convergence result

The main result of this paper is the following theorem, which contains two points: (i) an
estimate of the time of the first collision and (ii) the convergence of the dynamics of the
filaments and of a renormalized fluid perturbation velocity as the thickness parameter € of the
filaments converges to zero. The following statement aims at providing a simple description
of our results while some complementary more technical elements will be discussed below.

Theorem 3.4. We consider some initial disjoint positions of the centerline curves, a smooth
background flow v’ satisfying (17), and the solutions (hi, Q;)1<i<n given by Proposition 3.2.
Let T in (0, +o0] the time of the first collision associated with this solution as defined in
Definition 3.3. For each e in (0, 1), the initial positions of the filaments of thickness parameter
e are deduced from the ones for the centerline curves by (3) and (11). Let k in (0,1) such
that for any € in (0,k) the initial positions of the filaments are disjoints. Let us consider
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some initial rigid velocities, all independent of € in (0,k), for the N filaments. We denote,
for e in (0, k), the corresponding solutions (h; ., Qic<)i<i<n to the Newton-Stokes system (22)
up to the time T"** as given by Proposition 2.2.
Then on the one hand

lim nf 72 > T, (53)
and on the other hand, for any 1 < ¢ < N, for oll T < T there exists C depending only
on w’, the filaments SF with thickness k, infie0,7) duin(t) (see Definition 3.3) and the initial
velocities, and there exists g > 0 depending in addition on T such that for all € in (0,¢e9),

|(he,is Qei) — (hiy Qi) Leo.r) < C (E + |log €|71/2T) T (54)

The perturbation flow uP due to the filaments, extended by the filament velocity inside each
filament, satisfies the following estimates: for any compact subset K of R? and for any p in
[1,2), for allt < T, for all € in (0,ep),

__ ct
[uP(t,-) — |loge| ™t 4P (t, vy < C loge| ™! (e 2loge| 4 \loga|éeCt> . (55)

where G is given by (51) and (52).

A few comments on Theorem 3.4 are in order.

Let us start with saying that Theorem 3.4 establishes the convergence of the original
system (22) for the filaments to the reduced model (41) for their centerline curves, as the
thickness parameter € converges to zero. Let us highlight that the system (22) is a coupled
system made of the Newton equations associated with all the filaments whereas the limit
equation (41) for each filament is decoupled from the others. Such a phenomenon enters the
scope of the theme of hydrodynamic decoupling. Here it states that the main effect on each
limit centerline curve is due to the background flow and not from the other filaments. The
limit equations (41) have the advantage in view of applications to only involve the geometry
of the centerline curves rather than the one of the whole filaments.

The system (22) is a second-order system whereas the limit equations (41) are first-order
equations. Therefore one initial data has to be dropped for the limit system (41). Unless
the initial data for the system (22) satisfies the compatibility conditions (v;(0),w;(0)) =
(vi(0),w;(0)), for all 1 < i < N, with (v;(¢),0;(t)) given by (41), the velocities dynamics
exhibit an initial layer, which prevents uniform convergence of the filament velocities down to
the initial time. Indeed a byproduct of our analysis is that we are able to describe the nature
of the initial stage: it is an exponential relaxation within a time interval of order O(g?loge).
During that time, a transition of the amplitudes of the filament velocities occurs which is of
order O(1). After this initial stage, the dynamics of the filaments is adapted to the first-order
dynamics of the limit system and the convergence occurs at least with a rate O(]log 5|7%).
More precisely, for any T < T there is g9 > 0 and C' > 0 as in Theorem 3.4 such that for any
e in (0,e9), for any 1 <4 < N, and for any ¢ in [0,T],

[(viw) (1) — (90,8 (D] < |(viy i) (0) — (¥, @)(0)] ¢ P57 + C|loge] 3™, (56)

Our analysis allows us to give an even better approximation of the solutions to (22) when
g goes to 0, by a family of velocities, indexed by €, given by a quasi-static balance similar to
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(41), but with the Stokes resistance matrices and the Faxén force and torque associated with
the whole set of filaments rather than their sole centerlines, see Theorem 6.5.

Regarding the fluid part of the system, Theorem 3.4 establishes that after an initial
relaxation stage the perturbation of the fluid velocity uP is well-approximated in Lfoc by
|log e| 4P which is explicitly given (see (51)) in terms of the limit dynamics of the filament
centerlines only. The estimate (55) should be interpreted in the sense that, firstly, the fluid
perturbation is of order |loge|~! in Lfoc, p < 2 which corresponds to the Stokes resistance
of the filaments. Secondly, the perturbation, rescaled to order 1, is well approximated by 4"
up to an error which corresponds to the sum of the errors of the positions (54) and of the
velocities (56) of the filament centerlines. As we will see, it is possible to improve the estimate
to Lfoc, p < 6 on the expense of the rate of convergence. More precisely, for 2 < p < 6 and

for all 6 > 0,

[ (¢, ) — [log e[~ P (¢, )| Lo (xc) (57)
__cCt
< Cllogel ™ (Y 1(viwi) (0, ) — (4, @:)(0,-)] & hosel 4 |loge] 2270t
1<i<N

We observe that, at any time, the leading part @* of the perturbation flow given by (51)
satisfies the modified Stokes equation in the sense of distributions in the variable z, in R3,

AW+ VP = > AP and  divaP =0,

1<isN

where for 1 <4 < N, the term uf is the vector measure given by
A ~Si b
//Jf = IU’CAZ[U —’LL],

where 9% is given by (52) and pP := Px/if, with P given by (47). Moreover, for any 1 <1i < N,
it follows from the definition of the vector fields v; o, for a = 1,2, 3, in (26), that the total
mass of the measure ! is

/ djlf = (Kiaip(hi, Qi))1<a<sn<p<e (¥, @) — (F) )1<a<s,
C;

where we also recall the definitions (32) and (33). The right hand side above is precisely the
leading part of the force due to the fluid on the ¢-th filament, up to the renormalization factor
|loge|~! and to the sign, so that its vanishing is precisely the part of (41) which concerns
the force. This is reminiscent of Newton’s third law of motion (a.k.a. the action-reaction
principle).

We emphasize that the perturbation flow u? is not well approximated by |loge|~! 4 in
H'. On the one hand, the perturbation in H' is actually of order |log €|_1/2 instead of
|loge|™! (since the Stokes resistance |loge|™ corresponds to the square of the H'-norm).
On the other hand, the H!-norm turns out to be concentrated in a region of order € around
the filaments. Since the errors of the positions compared to the limit system is much larger
(of order |loge|~1/2), |loge|~ @ is not a good approximation in H'. However, we will show,
see Proposition 7.1, that uP is well approximated in H! by

[loge|™" > Ue,[v¥(t,-) —u’(t,-)]. (58)

1<is<N

This estimate is actually an important ingredient in the proof of our main result.
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3.5 Strategy of the proof of Theorem 3.4

Let us give here a glimpse of some elements of the proof of Theorem 3.4, whose detailed
proof is the purpose of the rest of the paper. Let us focus first on the way we deal with the
e-dependence in the filaments dynamics, letting aside for a while the role played by the Stokes
system.

e A first ingredient is a reformulation of the Newton equations into a second-order ODE
for the 6N degrees of freedom of the filaments, see (192). This singularly perturbed
ODE looks like the following toy-model:

et q" = —|loge| " (k*(a)d' — f*(q)) + 7%, (59)

where the scalar unknown ¢ stands for the variables encoding the positions of the fila-
ments (with a mute dependence on ¢), k° are positive g-Lipschitz functions uniformly
with respect to ¢ and e, f¢ are ¢-Lipschitz functions uniformly with respect to ¢ and ¢,
and r. is a remainder with nice estimates.

e A second ingredient is a modulated energy argument which consists in estimating the
dynamics of

S VA with V() = () (o)

This leads to
q =Ve(q) +7, (60)

with 7° satisfying some relevant estimates.

e A third ingredient is to prove that, roughly speaking,
Vg, VE@Q) - V(@) as e—0. (61)
e This finally allows to compare ¢ and the solution ¢ of the limit ODE:
q'=V(Q)

Of course this protocol relies on a detailed analysis of the asymptotic behaviour on the fluid
part, to obtain the behaviour with respect to € of the coefficients in (59) and to prove (61).
This analysis uses properties of the Stokes system in the presence of several filaments in the
zero-thickness limit, for which time only plays the role of a parameter through the positions
of the filaments. We will therefore devote a separate section to this issue first, see Section 4.
This analysis will also allow to obtain the part of Theorem 3.4 which concerns the asymptotic
behaviour of the fluid.

Remark 3.5. The idea of using a modulated energy to deal with singular ODEs is rather
ubiquitous in nature; let us mention the paper [5] for a spectacular use in the context of the
analysis of the motion of a charged particle in a slowly varying electromagnetic field when the
particle mass converges to zero. An important difference with the case of the equation (192)
is that in [5] the term without derivative is a gyroscopic term, rather than a damping term,
so that the modulation provides a center-guide along which the exact solution oscillates.

14



3.6 Organization of the proof of Theorem 3.4

In Section 4 we analyze the asymptotic behaviour of the solution of the steady Stokes system
in presence of several thin filaments with Dirichlet data at the interface between the fluid
and the filaments. A well-known approximation consists in replacing the presence of the
slender filaments by appropriate source terms which are measures supported on the filament
centerlines in the steady Stokes system set in the whole space R3. The precise definition
of this approximation is given in Section 4 together with an error estimate of the difference
between this approximation and the exact solution in the natural energy space, see Theorem
4.1. This analysis holds for any given configuration of the filaments as long as there is no
intersection of two or more filaments.

In Section 5, we bound the shape derivatives of the Dirichlet energy of solutions of the
steady Stokes system in presence of several thin filaments.

Section 6 is devoted to the proof of the part of Theorem 3.4 which concerns the asymptotic
behaviour of the filament centerlines.

On the other hand the part of Theorem 3.4 which concerns the fluid asymptotic behaviour
is proven in Section 7.

3.7 Comparison with the literature

It is well known, see for example the classical textbooks[19, 35], that the solution to the steady
Stokes system in the exterior of bodies can be written in terms of boundary integral operators
over the surfaces of the bodies. The purpose of the slender body theory is to approximate this
solution in the case where the bodies are thin filaments by replacing the integral operators
over the surfaces by integral operators over the filament centerlines. This idea dates back to
Hancock [16], Cox [8], Batchelor [4], Keller and Rubinow [25], Johnson [22] and had a regain
of interest with the numerical work by Peskin [34]; see also the more recent papers [33, 38].
More precisely in the slender body theory, in the case where one considers the steady Stokes
equations in the exterior of a single e-thick filament S, as defined in (3), with some boundary
data v on (?Sf , one substitutes to the exact solution u of this exterior problem, the solution
uy to the steady Stokes equations in the full space R3 with as source term Dirac masses along
the centerline curve C; of Sf , that is a measure ¢ defined by

< pp, > = / f-¢dH', for any ¢ € C.(R3R?), (62)
Ci

where the (vector) density f has to be chosen in a relevant way. Indeed uy is given by
uy := S * puy, where the symbol * stands for the convolution in R3 and S is the Stokes kernel
defined by (28), which satisfies the steady Stokes equations, with zero source, in the exterior
of the centerline curve C; and a fortiori in the exterior of the e-thick filament Sf. Therefore,
when comparing v and uy, the key point is that the trace of uy on an , which is a linear
integral operator acting on the density f, matches with v. However it has been shown in
[14] that this operator is actually not invertible. On the other hand, as already observed in
[8], the leading order part of the integral operator is completely local, and gives rise to the
correspondence f(y) = 1k((y))v(y) as in (46). To our knowledge, we provide here for the
first time rigorous quantitative error estimates for the zero order slender body approximation
given by this correspondence. Neglecting higher-order terms has the advantage of an explicit
approximation but restricts to errors of order |loge|. However, it seems that in the case of
non-circular cross-section errors of this order are unavoidable anyway, if one only relies on
approximations through force densities on the centerline. On the other hand, in the case of a
filament with circular cross sections, one may consider refined approximations by adding to
Dirac masses along the centerline curve some other higher-order singularities, in particular
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the so-called doublets which correspond to AS. In this case, invertible regularizations of the
integral operator mentioned above have been studied in [29, 31]. Let us also mention the
recent papers [32, 30] which provide rigorous justifications of the slender body theory in the
case where the density of force on the centerline curve of a single filament with circular cross
sections is prescribed.

In [15], Gonzalez has tackled the zero-radius limit of the quasi-static motion of a single
massless filament. His result establishes a limit balance similar to our result, however only
under an extra assumption on the asymptotic behaviour of the density of forces acting on
the filament. His conditional result relies on an different approach than ours, that is on the
boundary integral formulation of the Stokes equations.

The aforementioned papers are mostly concerned with the quasi-static Stokes problem in
the exterior of a given filament and not with the time evolution of the filament. On the other
hand, in [23] a rigid body of arbitrary shape is considered, moving in a viscous incompressible
flow driven by the unsteady incompressible Navier-Stokes equations. The authors provide a
formal derivation of the motion in the limit where the size of the body converges to 0 and
the mass density is fixed. This asymptotic analysis relies on the assumption that the fluid is
undisturbed by the particle at the main order and that the rotation of the rigid body is O(1),
while it results from the analysis that at the leading order the particle behaves as a passive
tracer in the fluid. In [39] the authors have extended the analysis to other inertia regimes.

Readers familiar with the vortex filament conjecture for Euler Flows may be tempted to
draw a comparison with the present work. This conjecture concerns the 3D incompressible
Euler equations in the case where the initial vorticity is concentrated along a smooth curve. It
is believed, see for instance [3, 28], that the curve evolves in time by binormal curvature flow,
to leading order. Therefore two huge differences in this problematic, compared to the present
setting, are that: (i) it concerns a single phase problem, rather than a diphasic system where
fluid and rigid bodies are considered, and (ii) the dynamics of the curve is way more intricate
since it can deform in time, which corresponds to an infinite number of degrees of freedom. An
important step toward this conjecture has recently been achieved by Jerrard and Seis in [21]
where it is shown that under the assumption that the vorticity remains concentrated along
a smooth curve when time proceeds, then this curve approximatively evolves by binormal
curvature flow. Despite these important differences, the mathematical analysis shares some
common features, for example in the way to deal with singular line integral. In this respect,
it is interesting to compare Lemma 4.4 with [21, Section 4.5].

Let us also mention another possible comparison to a setting where the fluid is also
assumed to be driven by the incompressible Euler equations: the work [13] where the zero
radius limit of the dynamics of several solids in a 2D perfect incompressible fluid is studied.
In particular it shares with the present setting the feature to deal with the case where the
inertia of some rigid bodies converges to zero in the limit so that their limit dynamics is a
first-order equation rather than a second-order equation. Accordingly the proofs both use
some modulated energy arguments, compare [13, Section 7] and Section 6.2 below. However
the forces which drive the limit dynamics are rather different in both settings, on the one
hand they are gyroscopic type forces in the case of [13], similarly to the setting evoked in
Remark 3.5, and on the other hand they are viscous drag type forces in the present paper.
Another difference is that in [13] the limit dynamics of the particles are still coupled in the
limit and they influence the fluid, as point vortices. On the other hand we deal here with
some 3D rigid bodies shrinking to 1D limit rigid bodies instead of 2D rigid bodies shrinking
to point particles.
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3.8 A few possible extensions as open problems

In this subsection, we state a few open problems regarding some extensions of the analysis
performed in this paper.

Open Problem 3.6. We let aside the particular case of rod-like filaments whose centerlines
are line segments, which seems to require additional work due to the degeneracy of the limit
Stokes resistance matrix K , for which Lemma 3.1 does not hold true. Indeed, the resistance to
rotations around the orientation of the rod like filaments scales like 2 rather than |loge|~!. In
the case where the cross sections of the filaments are circular, some decoupling of the dynamics
occurs and one can substitute an orientation vector ¢ in S? to the orientation matrix @Q; in
SO(3) in order to describe the filaments’ rotations. In such a case, it seems possible to adjust
our arguments in order to obtain a result similar to Theorem 3.4. However, in the case where
the cross sections are not circular, the analysis seems more delicate.

Open Problem 3.7. In view of the quantitative convergence result obtained in Theorem 3.4,
a natural issue is to obtain, in the general case as in the case of line segments, higher-order
asymptotic expansions of the dynamics with respect to €. In particular it would be interesting
to analyze the influence of the cross sections on the dynamics. As it can be seen from the toy-
model (59), and from the compressed form of the Newton equations given in (192) where we
highlight that the coefficients are related to the fluid state and depend on €, establishing such
asymptotic expansions in time requires to prove some precise asymptotic description of the
fluid state. In this direction it would be interesting to investigate if the analysis performed in
[27, Chapter 12.2], which overcomes the difficulties related to the boundary layers associated
with non circular cross-sections in the case of the Laplace equations with a circular centerline
could be adapted to the present setting. Let us also mention that the influence of small scales
in the cross sections can also be encoded by a different choice of the boundary conditions at
the interface between the fluid phase and the solid phase. In this paper we concentrate on the
case of the no-slip condition at the interface, but some other conditions could be considered as
well, such as the Navier slip conditions, see [17] and the references therein. Hence, it would be
interesting to investigate whether or not the results of Theorem 3.4 can be adapted to other
boundary conditions. Moreover, one may wonder how a change of shape of the centerline curve
influences the dynamics, and the convergence of the dynamics, as the thickness parameter
goes to zero. Another natural issue to consider is whether the asymptotic description can be
extended up to a collision. For a similar issue in a close setting let us mention the papers
[6, 7].

Open Problem 3.8. It would be interesting to investigate the case where the number N of
filaments goes to +00, while the thickness parameter € and the length ¢ of the filaments go
to 0 with ¢ << £ << 1, so that at the limit the phase corresponding to the rigid filaments
is then a cloud of point particles. A first question is to identify the limit dynamics of these
particles. Moreover one may identify a case where the density of these particles is sufficient to
create a collective effect at the main order on the fluid. This would extend the investigations
on the Brinkman force for arbitrary shapes done in [10, 18] from a case where anisotropy
corresponds to a finite ratio to the case of an infinite ratio.

3.9 A few more notations

For E c R and r > 0 we denote
B,.(E) = {z e RY: dist(z, E) < r}. (63)

We use the convention that in our estimates the constant C' might change from line to line
and might depend on the background velocity, on the number N of filaments and on the
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functions specifying the reference filaments, i.e. V;, v;, R;, 1 <4 < N. We will always specify
other dependencies and will make any dependence of C on ¢ explicit.

We also point out that the following convention is used throughout the paper: the letter
u stands always for the fluid velocity, while the letter v stands for the solid velocities.

There are several smallness requirements on € throughout the paper, typically denoted
by € < g¢. Similarly as for the constant C' we will for simplicity allow £g to change its value
throughout the proofs of our results. Notice that we will usually take €y smaller than s, where
k is defined in Theorem 3.4.

4 Immersed boundary method for the steady Stokes system
in presence of several thin filaments

This section is devoted to the asymptotic behaviour, in the limit where the thickness ¢ of the
filaments (S;); converges to zero, of the solution u in H!(R?) to the problem

—Au+Vp=0 and divu=0 inF
u(z) =v(x) inS; (64)
u(z) =0 inS;, forj #1,

where 1 < ¢ < N is given, as well as the data v which is assumed to satisfy

ve WhH*(S;) satisfying /S dive = 0. (65)

Here these filaments are supposed to be given and fixed in terms of the reference filaments
Sj and some translations and rotations hj;, @; as in (11) but without any time dependence.
The quantities hj, Q); are supposed to be given in such a way that the filaments (S;); do not
overlap or touch. In fact all the results in this section that concern several filaments will be
stated under the assumption that the minimal distance between the filament centerlines

dmin = min diSt(Ci, Cj), (66)
1#]
is bounded from below and under a smallness condition on €. Together, this implies a lower
bound on the distance between the filaments S;.

To approximate the solution u to (64) we rely on the auxiliary velocity field Ug,[v] given
in (45). This velocity field solves the Stokes system in the full space R? with an appropriate
source term given as Dirac masses along the limit curve C;. It follows from (46), from the
decay of the kernel S defined by (28) (and its derivative), and from the boundedness of k
from (27) that for all x € R3\C;

UQMK$N<C7wuwmm{bg<l (67)

1 |
* dist(x,ci)> » st (7, Co) } !

N%M@KCMmm%mé@Mm@cwk (68)

The following result establishes that Ug,[v] is the leading part of the solution u to (64),
up to a renormalization factor |loge|~! as long as the filaments are sufficiently separated in
terms of dpyin given by (66).
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Theorem 4.1. For all d > 0 there exists eo(d) > 0 and C(d) > 0, for all filament configu-
ration with dyin = d and for all € in (0,g¢), for any v satisfying (65) we have the following
result. The solution u to (64) satisfies

a1 gy < C1log el /20 ]ncos, - (69)

Moreover,
Ju— | log el Ve, [0l 11 o) < Cllog el ol ongs,): (70)
lu— |log e| "' Ue,[v][wra(xy < Cllogel ™2 [v]wons,), (71)

for any q in [1,3/2) and any compact K < R3, where C in (71) depends in addition on q and
K.

To prove Theorem 4.1, we will proceed in several steps. First, in Subsection 4.2, we
will establish pointwise estimates of Ug,[v]. Then in Subsection 4.4, we will deduce uniform
estimates in H 1(R3) based on Helmholtz’ minimum dissipation theorem, see Theorem 4.9.
This enables to tackle the very proof of Theorem 4.1 in Subsection 4.4.

Theorem 4.1 will be used in Section 7 to prove the part of Theorem 3.4 devoted to
the asymptotic behavior of the fluid, once the asymptotic behavior of the dynamics of the
filaments is obtained.

Theorem 4.1 is also useful to establish approximation results of the force exerted by the
fluid on the filaments. To cover the different uses which we will need, we first show a rather
general result, where we make use of the elementary rigid velocities v; o defined in (26). We
associate with these fields, for 1 < a < 6 and 1 < i < N, the unique solutions V; o, in H'(R?)
to

—AViq+VP4,=0 and divVj,=0, inF, (72a)
‘/i,a = 04,5Vi.as in Sj. (72b)
The vector fields V; o are smooth, decay as 1/|z| at infinity, their first-order derivatives and

the associated pressures P, decay as 1/|z|2.
The next result concerns the approximation of force and torque.

Corollary 4.2. For all d > 0 there exists a constant C = C(d) > 0 such that for all €
in (0,e0(d)), for all filament configuration with duyin = d, for all divergence-free functions
vE Wl’oo(u;v:lSj) and all 1 <i < N, for1 < a <6,

/ (E(Vias Pia)n) - vdH? — | log E|7lfci [V, V]
UN 085 (73)

<C| log€|_3/2HU||W17°0(U§V=131')'

The proof of Corollary 4.2 will be given in Subsection 4.5.

A first particular useful application of Corollary 4.2 corresponds to the case where v =
0 jvipfor 1 < B <6and1<i,j<N.Itentails that for 1 <a,8 <6 and 1 <i,j <N, the
quantity

,C/Lvavjug = / (E(‘/Zﬂ()“ Bﬂa)n) ' /U]’ﬁ dHQ’ (74)
oS
satisfies

’]Ci,a,j,ﬁ — ‘ log 5|’1I€i,a,j,5‘ < C‘ log E|73/2. (75)
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Recall that the limit Stokes resistance matrices Ki7a7j75 are defined in (32) and are considered
here as being associated with a fixed position of the centerline curves.

We will denote by K the 6N x 6N matrix whose coefficients are these quantities X; , ; 3,
for 1 < a,6 <6and 1 < 14,j < N. Recall that the matrix K is referred to as the steady
Stokes resistance tensor, that it depends on all the positions h; and orientations @Q; and is
symmetric positive definite, as a consequence of integrations by parts, energy and uniqueness
properties of the exterior steady Stokes system. Let us refer for example to [24, Chapter 2],
[11, Chapter 5], [26, Chapter 2 and 3].

Moreover it follows immediately from (75) and the coercivity of K that we observed in
(38) (recall that K is block-diagonal) that

1
K> 6|1ogg|—11c1 and |K7Y < Clloge]. (76)

Another particular use of Corollary 4.2 is the case where v = u’.

estimates on the so-called Faxén forces and torques defined by

It will provide some

= ((F), T))1<i<n- (77)
where
F) = (Fo)a=123 and T} := (T} ,)a=123, (78)
with, for « =1,2,3,1 <i< N,
F, = / (2(Via, Pia)n) - u’ dH?, (79)
’ ué.vzlr?S'
D= [ Wi Prasa)n) - dH> (30)
’ N .
uj:16$]

b

Indeed applying (73) to v = u’, we arrive at

7 — |loge| ™| < Clloge| 2w’ [yyrc0. (81)
Above R R
= ()i<ien,

where we recall that, for 1 < i < N, the vector ﬂ’ gathering the limit Faxén forces and
torques is defined in (36) and is here considered as being associated with a fixed position of
the centerline curves.

4.1 Modified centerlines for the non-closed filaments

To simplify the proof of Theorem 4.1, we introduce slightly modified centerline curves in the
case of non-closed filaments, i.e. the case when ~; is not periodic. In this case, we cut an &
layer at both endpoints. More precisely, we define

C; :=i([e, Li —€]), (82)

and correspondingly, we write C¢ for the curve which is obtained from C¢ through translation
and rotation. This cut-off version satisfies

dist(C;, 0S;) = ce (83)
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for all € < g9 and some ¢ > 0 independent of ¢ We remark that C; resembles the so-called
effective centerline in [30].

In the case of a closed filament, i.e. when ~; is periodic, (83) is automatically satisfied for
C; :=C;.

We show the following lemma, which allows us to prove Theorem 4.1 by replacing Ug, in

Lemma 4.3. Let v as in (65). Then there exists C > 0 such that for all € in (0,&p),
Vet 0] = Ue, [0l sy < CvElollimisy (54)

Proof. By linearity, Ug,[v] — Ucs[v] = Ug,\cs[v]. Similarly to the pointwise estimate (68), we
observe that for all 2 € R3\C;,

. 1 €
. < (s, , .
|VUCi\Ci [l@)] < ol (si) TR { dist(z,C;\C5) " (dist(z, Ci\Cf))2 } (85)

Denote by 6C; the two endpoints of the curve C;. Then, using that for all x € R3\S;
dist(z, C;\CY) = cdist(z, 0C;) (86)

estimate (85) yields (84). O

4.2 Pointwise estimates

This section is devoted to the analysis of the behavior of Ugs[v] on the boundary of the
filament S;.

We introduce &; as the orthogonal projection from 0S; to C; which is well-defined for e
sufficiently small since, by assumption, «; has no self-intersections. Moreover, we denote by
dC¢ the boundary of the 1-dimensional manifold C{ = R3, which is empty if ; is a closed
curve (as we defined C; = C; in this case) and contains precisely 2 points otherwise.

Lemma 4.4. Let v as in (65). Then there exists C > 0 such that for all € in (0,&p),
|Uc;[v] = [loge|v o &il(x) < Clvllwiens,) (1 + [log(dist(z, aC7))1) , (87)
on 0S;. Moreover,
[Ue, [0 g s,y < Cllog ]2 o] oogs,, (88)
and
[Uc:[vllwre) < Crplvleis,), (89)

for all p in [1,2) and all compact K < R3. Furthermore, for all d > 0, there exists C
depending on d such that

1Uc; [v]wro®a\Byc)) < Cllvles,y forj #i. (90)

Proof. The estimates in (88), (89) and (90) are direct consequences of the pointwise estimates
(67) and (68).

It remains to prove (87). We will assume that the filament is non-closed. The case of
a closed filament is slightly easier. Since the statement concerns only a single filament, we
might assume that C; = C; , and in particular C¢ = v;([¢, L; — €]). Then, we introduce the
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function § from 0S; to [0, L;] by the formula ~;(5(z)) = &;(x) for any z in 0S;. In the rest of
the proof, we will drop the index 7.

newFix x € 0S. Note that s(x) € [0,e] U [L — ¢, L] implies dist(z,dC%) < Ce. In this
case, (87) follows immediately (67) applied to C° and (83). Therefore, we might assume in
the following that s(z) € (¢, L — ¢).

Let us denote the straight line approximation at § = s(x) by

0(8) == 7(5) + (s = 5)7'(5).

We observe that for all s € [¢, L — €] we have

() —0(s)l < Cls =5, [7/(s) —0(s)| < Cls — 5], (91)
|z —y(s)| = c|ls—5 and |z —(s)] =|s— 5| (92)
Then, we split the integral
L—e¢

Uelil(@) = 5 [ (86— ADhGur(s)) ds

— 5 (@) + V(@) (93)
where
L—e¢

Gi(e) = [ Sla = (DO D) ds, (94)

L—¢
Uala) i= [ (8o = 1(6DEE ()0(5) = S(a = (DG @)olr(5) ds. (95)

We decompose Uj(x) further by observing the following. By definition of S,

(e = 30() = gy (1A = 0(s) (96)
where, for p in R3\{0},
A(p) = m ® m
Moreover,
1d = 8750(7'(5)) — 7'(5) ®7/(5) = 8150+ (5)) — A((5 — 5)7(5). 97)

where S is defined in (29), so that

1 1

=00l (87750(7'(5)) + Az —0(s)) — A((5 - S)’Y’(E)))- (98)

S =200 = gy

This leads to

Ul(.%') = ULQ(ZC) + Ul,b(a;), (99)
with
L—¢
Urala) = ( [ ,x_% d3) So(3/ (kY RN (().
L= A(x — 5—s
Uiala) = g ([ ”O(L,C”_ ,y;“(i(ﬂ e, )kwst))v(v(g))
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Then, thanks to the identity (30), to the fact that ~(5) is the orthogonal projection of x on
Ci, to the change of variables z = (s — 5)7/(5) and to the fact that 7 is a parametrization by
arc length, we obtain

Urale) = (jCL_E‘17_;;K8>‘ds)v<w<§>> (100)

L—5—¢
:(/s% qx—v@ﬁr+%ﬂmd4”W@D

= (sinh (o = y(5)] (L — 5 — &) — sinh~} (—[a — (5 — )| 1 5)w(+(5)).

Using that sinh™!(z) = log(z + V1 + 22), for any real z, and that ce < |z — v(5)| < Ce,
elementary but tedious estimates show that

|Ua(@) — 2[logelv((5))] < Clu(y(5))I(1 + |log(dist(w, AC7))|), (101)
where we used that 0C° = {vy(¢),v(L —¢)}.

To estimate Uj (x), we use

|mm—Am><0mm{Lm—ﬂmw{;V@}} (102)

Thus, |U; ()| is bounded by

@Mﬂ@MlLemm{Lm—vwﬂmw{ ! ! }}@,

1
[z —0(s)| [z —70(s)]" |s — 5]

and therefore by

Clo (-))\(/W ! d +/ )
T 5—¢ (52 + (S - 5)2)1/2 ’ [e,L—e]\[5—¢,5+¢] (S - §)2 °)

so that finally

ULp(@)] < Clo(v(5))] (103)

We now estimate Us(z). Using that

1 1
— < — -
|S(x1) — S(z2)] < Clay x2|max{|xl|2, |:c2|2}’ (104)

we deduce that
1S(x —~(8)k(Y (s)v(v(s)) = S(z —0(8) k(Y (3))v(7(3))] < Clv|wrems,-
Therefore,

Ua(2)] < Clofwroes,)- (105)

i

Combining (93), (99), (101), (103) and (105), we arrive at (87). O
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Figure 2: Illustration of the construction of the curve p from x to zg via 1 and x9

4.3 Bogovski? and extension operators with some uniformity with respect
to the domain

A second ingredient of the proof of Corollary 4.2 is the use of some Bogovskii operators with
some natural norms that are bounded uniformly with respect to the domain.

We will make use of a statement regarding Bogovskﬁ operators associated with John
domains. Roughly speaking, an open bounded domain €2 is a John domain with respect to
a point xg if each point y in £ can be reached by a Lipschitz curve beginning at xg and
contained in  in such a way that, for every point z in the curve, the distance from x to y
is proportional to the distance from x to the boundary of 2. This class strictly contains the
Lipschitz domains. Notice nevertheless that external cusps are not allowed. Let us now give
the precise definition of John domains following the definition of [1].

Definition 4.5. Let 2 < R” be an open bounded domain. Then, 2 is called a John domain
with constant Z > 0 if there exists zg € ) such that for all x € Q) there is an Z-Lipschitz map
p: [0, |z — zo]] = Q such that p(0) = z, p(|z — zo|) = zo and for all ¢t € [0, |z — z0]],

dist(p(t), Q) = t/Z. (106)

The filaments S; are Lipschitz domains and therefore any smooth neighborhood of S; is a
John domain. In the next Lemma, we prove that suitable neighborhoods are John domains
uniformly in €.

Lemma 4.6. Let d > 0. Then, there exists g > 0 such that for all e < g9, By(C;)\S; is a
John domain with a constant Z independent of €.

Proof. We first consider the case of a closed filaments. The necessary adaptations for non-
closed filaments will be discussed at the end of the proof.

Fix ¢ < d such that the projection &;: B.(C;) — C; as in Lemma 4.4 is well defined. We
will consider ¢ in (0, ¢).

Choose any reference point xg € By(C;)\B.(C;). To construct a curve from x € By(C;)\S;
to xg, we proceed in three steps: we construct three curves pi, p2 and p3 that once pasted
together connect = to zg. We parametrize the curves by arclength and reparametrize at
the end to obtain a curve p: [0, |y — zo|] — B4(C;)\S; connecting = to xo. In the following
construction, the constants 7, C' > 0 will be independent of . The construction is visualized
in Figure 2.

Let R := 2|¥;|x, where we recall from (3) that W; specifies the cross section of the
reference filament. In particular, we have S; = B./2(Ci).

First, if z € B.g(C;), we construct a Lipschitz curve py: [0,71] from z to z1 € dB:r(C;)
which satisfies T} < CeR and dist(p1(t), 0S;) = nt. If x ¢ B.r(C;), we set 1 = x. To construct
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p1, we consider &;(z) the projection of x on C; and § such that v;(5) = &(z). Let A be the
plane through &;(z) perpendicular to 7/(5). Note that € A. Then, for ¢ sufficiently small,
E = A~ (B:g(C;)\S;) is a smooth two dimensional domain, and E := 1E is independent of
e and depends smoothly on &;(z). Therefore, we may construct p; in F in order to obtain an
appropriate curve p; by rescaling.

Second, we construct a Lipschitz curve ps: [0,T2] — By4(C;)\S; from z1 to some zy €
B4(C;)\B¢(C;) such that Ty = (¢ — (¢ R + dist(x1, B:r(C;)))+ and

dist(p2(t), S;) = dist(p2(t), Ber(Ci)) + %ER =t + dist(z1, Ber(C;)) + %aR. (107)

To construct p2, we just move along the gradient of dist(-,0B:g(C;)). The gradient of
dist(-, 0B:r(C;)) coincides with the gradient of dist(-,C;) outside of B.g(C;). The gradient
is well defined through our choice of ¢, and (107) holds.

Third, we construct a Lipschitz curve p3: [0,13] — Bg(C;)\B.(C;) from x5 to zg such that
|T3| < Clxa —x9|. The existence of ps is straightforward since B4(C;)\B(C;) is a Lipschitz do-
main independent of € which contains xg. In particular observe that the part of the condition
(106) which concerns the distance to the external boundary 0B;(C;) of the domain By(C;)\S;
is clear.

Now, we glue the three curves together and rescale to obtain p: [0, |x — z¢|] — Bq(C:)\S;
which has a Lipschitz constant

Zy - T _. T+ Ty + T3 (108)
|z — x| |z — x|
Moreover, p satisfies
ntla—ao| 0<t< Dzl
dist(p(t), 08,) = { e (¢ = Biptel) 4 Jer Tlzoml < < TitTglenl (109)

c (T1+T%12|x—xo| <

<t < |z — 0]

Note that the additional constant ¢ in the second line above arises because the distance to
0S; is considered instead of the distance to C;. We claim that

T < Clz — x| (110)

which implies that Zj is bounded independently of € and z.
To prove the claim note that
T < CeRlyep e,y + (¢ — (eR + dist(z1, Ber(Ci))) + + Clag — ol (111)

i

where the notation 1 is used for the indicator function of the set written as an index. Consider
first the case © € B.r(C;). Then, for ¢ sufficiently small, eR < ¢ < 2|x — zy|. Moreover,
Tl € aBaR(CZ) Thus

(¢ — (eR + dist(z1, Ber(Ci)))+ = |z1 — 22| < ¢ < 2|z — x0, (112)
and finally
|ze — xo| < |z — | + |2 — 21| — |21 — 22| < |2 — 20| + 2¢ < Clr — 20| (113)

such that we conclude (110).
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If 2 ¢ B.r(C;) but x € B.(C;), then we use that xs is the orthogonal projection of x = x;
to 0B.(C;). Thus

T = |x — $2| = dist(x, 8BC(C,)) < |.73 - :L‘o‘ (114)

and we deduce again (110) by the triangle inequality. In the case x ¢ B.(C;), the claim is also
trivially satisfied since 71 = T> = 0.

It remains to verify that dist(p(t),0S;) = t/Z, for some Z independent of x and . By
(109), we see that this is satisfied on the first and on the third part of the curve. Recalling
|T1| < CeR, the same holds for the second part of the curve. This finishes the proof.

In the case of a non-closed filament, the proof works almost the same. The only necessary
change is due to the fact that the plane A as defined in the construction of p; above does not
always contain x. Indeed z ¢ A if the segment [x,{(z)] is not perpendicular to 7;(§) which
can only happen if {(z) € dC;. Fix such an z € B.(C;) and let P(x) be the projection of x to
0S;. Then, since the faces of 05;, i.e. the surfaces {y € 05; : £(y) € dC;}, are flat, the straight
curve

x — P(x)

t———— isfi i t i) =T, 11
== P satisfies dist(p12(t),0S;) (115)

P1,2 (t) =T+
for all t < Ty which we again take to be the time where p; 2(t) € 0B.(C;). From there, we can
continue with the curve p3 as above. O

Now the statement that we will use is the following particular case of [1, Theorem 4.1],
where L3 denotes the space of L-functions with vanishing mean.

Theorem 4.7 ([1, Theorem 4.1]). Let Q = R3 be a John domain with constant Z. Then
there exists a bounded linear operator Bog: L3()) — HE(Q) such that for all f € L(Q)

divBog f = f, (116)
and the operator norm | Bog HL%(Q)—»H&(Q) depends only on Z and diam(S2).

Relying on this result, we prove the following lemmas about extending functions defined
on 0S;.

Lemma 4.8. Let d > 0. Then, there exists eo(d) > 0 and C(d) > 0 such that for all € in
(0,e0) the following holds. Let x in H(0S;) satisfying

/ x-ndH? =0.
85,

Then, there exists a divergence-free function 1 € Hl(R3\Sj) such that ¢y = x on 0S;, suppy <
Bd(Cj) and

C
H¢’|12L'11(R3\5j) < g”X”%?(asj) + Ce| Vx|, (117)

Proof. We consider first the case of a closed filament S;. The necessary adaptations for a
non-closed filament will be discussed at the end of the proof. Let ¢ > 0 and T, = B..(S;)\S;-
Denote by P. the projection from 7; to 0S;. Then, there exists (c, &) (depending only on C;)
such that for all € < g, P: is well-defined, smooth and |VP:| < C. By further reducing &g
(depending on d), we ensure that T, < By(C;). Let 6. be a smooth cutoff function supported
in T, such that 6. = 1 on 0S; and |V,| < g
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Consider the function
Y(x) = b=(z)x(P:(2)) — Bog(div(b:(-)x(F=()))(2), (118)

where Bog denotes suitable Bogovskii operators on B4(C;j)\S;, provided by Theorem 4.7.
Due to Lemma 4.6 such operators Bog exist with an operator norm independent of ¢, for
sufficiently small. We readily check the condition

/ div(0:(z)x(P:(x)) = / X -ndH? = 0. (119)
Ba(Ci)\S; 05
Therefore, we have
9 s,y < CIV(Ex 0 P Bagss, (120)
< Ce?|x o Pelizp + CIVx o Pz, (121)

Finally, we observe that, by a change of coordinates and Fubini’s principle,

Ix o Plizer) < elxlizs,): (122)

and analogously for the gradient. This implies the result. For the change of coordinates we
used that for each r € (0,ec), P is a diffeomorphism (uniformly in r and €) from 0B, (S;) to
0S; for c,eq sufficiently small.

This is not the case for a non-closed filament S; which is only Lipschitz. Thus, we need
to slightly modify the definition of P.. To this end, we first define P. as the projection from
T. to

= {z € §;: dist(x,0S;) = ce}. (123)

After possibly reducing c and ¢¢, Z; satisfies an exterior sphere condition with R > 4ce, which
makes this projection well-defined and also P.: T, — 05;,

~ z — P.(z)
P.(x):= P.(z) + ce———————. 124
(#) = Pea) b ee = (124)

Then, P. is again a diffeomorphism (uniformly in r and ¢) from 0B,(S;) to 0S;. Indeed, the
exterior sphere condition yields for all z,y € T

|Pe(z) = Pe(y)| < 2|z —yl. (125)
Thus, for all z,y € 0B,(S;)

—yl + |Pe(2) — Pe(y)]

|z
_ < —
|Po(z) — Pe(y)| < 2|z —y[ +ce .

< 5lz —yl.

It remains to check that
|P-(x) — P=(y)| = colz —y. (126)

To this end, we distinguish two cases: in the first case, | P.(x) — P.(y)| = |z —yl/8. In this case
(126) follows from (125) applied to P ( ), P-(y) instead of z,y and using that P.(P-(z)) =
P.(z). In the opposite case, |P.(z) — P-(y)| < | — y|/8 Then, using r < ce, (124) implies

I:v—y\

P@) - )] > 224 .

N AR AT

27



4.4 Proof of Theorem 4.1

Let us first focus on proving (70), observing that the estimate (69) will follow from (70), (88)
and (90).
By Lemma 4.3 it suffices to show (70) with Ug, replaced by Ucs, namely
Ju— [og el Ve [o]l 1 s,y < Cllog el follwion(syy (127)

Let
Up 1= U — |log5\_1UCis [v].

Using (90) for inside Sj, for j # i, and the definition of u, we observe that, to prove the
estimate (127), it suffices to show that

Jurl sy < Cllog el olwroos,- (128)
We apply Lemma 4.8 with xy = w,, which satisfies the condition

/ wy - ndH> =/ divu, =0, (129)
0S; S;

J
for 1 <j < N.
By (87), since

/ log(dist (z, 0CF))[2 dH? < Ce,
0S;

we have
lur 225,y < Celloge| 2 [v]fr.0(s,)- (130)

Moreover from the pointwise estimate (68) applied to Ugs and recalling (83), we find

C _
IVrtr 7205, < ~ |loge] 2ol s,y (131)

where V, denotes the tangential part of the gradient. Finally, for j # i, we observe that (90)
implies

lurlZ2 s,y < Cellog el [vlfnem(s, (132)
”VTUTH%Z(ﬁsi) < C€| 10g€|_2||UHI2/V1’OO(Sj)7 (133)

for some constant depending on d.
Thus, Lemma 4.8 yields a divergence-free function @, = Y)v; € H'(F) with @, = u, on
0F and

Ji ]y < Cllogel ™ folpr. (134)

We conclude by recalling that u, solves the Stokes equations in F. Thus, it minimizes the
H'-norm among all divergence-free functions which satisfy the same boundary conditions
according to the Helmholtz minimum dissipation theorem which we now recall.

Theorem 4.9. If u in H'(F) satisfies

—Au+Vp=0, and divu=0 inF,
and @ in H'(F) satisfies

divi=0 inF and da=u ondF,
then

HUHI'{l(]:) < HaHHI(]:)-
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Proof. Using 4 — u as a test function in the weak formulation of the PDE for u, we find
(@ =, u) () = 0 and thus HfLHl%p(F) =|a— uHiIl(I) + HuHiﬂ(ﬂ. O

For the proof of Theorem 4.1, it remains to show (71). This estimate follows directly from
(70), (89) and the following lemma.

Lemma 4.10. For all d > 0 and p < 3/2 there ezists eo(d) > 0 and Cp(d) > 0 such that for
all € < g9 and all dmin = d the following holds. Let q € [p, 0] and let v e HY(F) n I/[/'lo’cq(R3)
be divergence-free and solve the homogeneous Stokes equations in F, that is

—Av+Vp=0 and divv=0 inF.

Then,

2
H”“Wi}f < Gyl 10g5’_1/2HVUHL2(]-‘) +ed

\\w

7Vl Lau;s;)- (135)
Proof. Let K be compact, g € Lp/, suppg < K and let w solve

—Aw+Vr=divg and divw=0 inR3.
Then, by standard regularity theory and Sobolev embedding with 1/p" = 1/r —1/3

QHLp’(RS)a (136)

[Vl o gsy + lwlze@s) < G|V Lo sy + [Vl r@s)) < Cxep

where we used in the last step that g € L"(R3) due to its compact support. Thus the desired
estimate for |[Vv| sk will follow by duality once we have shown

Vv-g=2 [ Duw:Dv (137)
R3 R3
2 2

< G, (|10gel 2| Voliairy + &7 7 V0l a5y ) (100 sy + Il ) - (138)

The estimate for ||v]zr (k) follows along the same lines by considering the problem —Aw’ +
Vn' = g and the fact that

/v-g=2 Duw' : Dv.
R3

Note that the regularity of w’ is even better than the regularity of w.
To show (137), we split the left hand side into

2| Dw:Dv=2 Dw:Dv—i—Q/Dw:Dv::Il—i-Ig (139)
R3 uS; F

By Holder’s inequality, we estimate

N
\\w

< Ce? 7|V pau,s) IVl o (140)

where we used | U S;| < Ce?. Moreover, by some integrations by parts, we have that

_ / S(v,pn-w = 2 / Do Do < 20l lelmes  (141)

1<i<N

for all divergence-free functions p € H'(R3) with ¢ = w in S;.
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Therefore, it remains to show that such a function ¢ exists which satisfies

Il < Clloge ™2 (19w] gy + 0 2(a)) - (142)

The construction of such a function ¢ is similar to the construction in the proof of Lemma
4.8. However, since we have better control of the function which we want to extend, we
will see that using a different cut-off function yields better estimates than in Lemma 4.8.
More precisely, we consider R > 0 (independent of ) and ey sufficiently small, such that
S; © B:g(C;) € By(C;) for all 1 < i < N. Then, we define

e g =i i (BalCi)\Ber(Cy)
96(:'1?) =11 in y; BER(C’i) (143)
0 in RS\ (u,Bd(C)) .

Note that this cut-off function corresponds to the 2-dimensional capacitary function of a ball
B.(z) within By(x).
Now we define

¢ = 6.w — Bog(V0, - w). (144)

Note that supp VO, = uBy(C;)\B:r(C;). We may apply Lemma 4.6 to this domain to estimate
the Bogovskif operator since B.r(C;) just corresponds to a filament with centerline C; and
circular cross section.

Thus, we can estimate

WV e r2m3) + |0 Vw| p2(ws) (145)

lellgn < |
< wll oo ) IV Ozl 23y + 0] - rs) [Vl Lo sy,

where % + 1&% = % To conclude, we assume that ¢ is chosen small enough such that logd —
log(eR) > 3|logel|. Then,
1
V0|22 gy < Clog |2 / < Cllogel™!,  (140)
)= 1<;N C\B:r(C dlStQ( ,Ci)

and for all r < o0,

10c]|7r 3y < Clloge|™" Z / |log(dist(z,C;))|" + |logd|"dx < Cr|loge|™.  (147)
1<i<nN 7/ Ba(Ci)

Inserting (146) and (147) in (145) yields (142). This concludes the proof. O

4.5 Proof of Corollary 4.2

This subsection is devoted to the proof of Corollary 4.2. Let us therefore consider a vector
field v in leoo(uév: 1S;) and divergence-free. Our aim is to establish the inequality (73)
regarding the approximation of

/ (E(Vi’o{,Pm)n)-vd”;’-l2 by llog&“]_llcl.[vi,a,v], (148)
U oS

N
=1

where the functions (Vj , P o) are defined in (72). Let

Ui o = | log 6|_1Uci [Via] and p;q:=|log 5|_1Pci [Vial, (149)
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where Ug, and Pg, are the operators respectively defined in (45) and (49). By (50),
— AU o+ Vpia = |loge| 7 pe,[via], divuie =0, (150)

in the sense of distributions in R3. Let us decompose

/ (2(Via, Pia)n) cvdH? — | log 5|_1Ici [Vi s ] (151)
U oS

N )
j=1997

= E(ui,a7pi,a)n " v dH2 - | 10g€|_1ICi [vi,ay 'U]
0S;

+/ (E(Vi,a,Pi,a)n)-vdHQ—/ Y (Wi s i) - v dH.
ulN oS oS,

. A .
j=1997 i

By an integration by parts inside the filament S; and recalling the definition (31), we
deduce from (150) that

/ Y (wiq, Pia)n - vdH? = / (—AuUjq + Vpia) v+ / Y (Ui 0, Pia) 1 D(v)
0S; S; S;

= |loge| e, [Via, V] —|—/ Y (i,a, Pia) : D(v). (152)

%

By (68), and by observing that the pressure Fp, satisfies the same pointwise decay estimates
as the velocity gradient VUc,

1
< CH’UHWI,OO(Si) /S m dﬂf < Cc?”’()”wl,w(si). (153)

/s,. S (uia; pia) : D(v)

Let w := Zf\il wj, where w; is the solution to (64). Then w = v in uévzlSj and thus,

/uy_ aS;

177

(E(Via, Pia)n) - vdH? = / (E(Viar Pra)n) - wdH?
ol . aS;
j=

),

= / D(Viqa) : D(w),
R3S

D(Viq) : D(w)

since D(Vj o) = 0 in U;%;Sj. On the other hand, it follows from (150) that

/ Y (Wi Pisa ) - VAH? =/ S (Ui, pia)n - w dH?
6'82- asi

= / D(ujq) : D(w) dH?,
R3\S;
so that

/ (E(Vi,a, Pia)n) - vdH? — / (Ui 00 Do) - wdH?
ON 08 25;

= / D(Viq — uiqa) : D(w).
R3\S,

31



Therefore, by Theorem 4.1, we deduce that

/N s (X(Vias Pio)n) - hdH? — ﬁs Y (Ui, s i) - VAH?
() 1 j 0Oj

< ||Uz‘,a - Vi,aHH1(R3\Si)Hwngl(RS)
< Clloge| ™ |vwice(o,s,): (154)

Gathering (151), (152), (153) and (154) we arrive at (73) and this finishes the proof of
Corollary 4.2.

5 Shape derivatives

Since the filaments evolve in time, it is necessary to tackle the behaviour of the solutions
to the Stokes system with Dirichlet data in the filaments under rigid displacements of the
filaments. To this end we establish the following bound on the shape derivatives, with respect
to rigid motions of the filaments, of the interaction energy of two solutions to the Stokes
system with fixed values in the filaments. This bound is uniform with respect to € and to the
positions for which a positive minimal distance between the centerlines is guaranteed.

Proposition 5.1. For all d > 0, there are C(d) > 0 and £o(d) > 0 such that for all € in
(0,e0), for all (h,Q) in R¥*N x SO(3)N such that the corresponding minimal distance dyin
between the centerlines defined in (66), satisfies dwin = d, and for all divergence-free vector
fields 1 and 3 in W2 (R3), the following holds true. The corresponding solutions 11 and
Vo in HY (F) to the Stokes problem

—AY; +Vp; =0 and divy; =0 in F,

(155)
Vi =p; on ué-vzl 0S;,

where the position S; of the filaments are deduced from their original positions by (h,Q) as
in (11), satisfy

Vi@ (D1), D(¥2)) 12 5] (156)
< Cltogel ™ (Igilwros@o) o2l @) + lorlwees @) lealwnos) )

Above the notation (-, ) stands for the inner product in L?(F).

L2(F)

Proof of Proposition 5.1. To establish the bound (156) of the shape derivative of the interac-
tion energy

(D(%), D(w2))L2(]:)a

we estimate the difference of such interaction energies corresponding to two close configu-
rations of the filaments. To this end, let d > 0, let @1, o divergence-free vector fields in
W22 (R3). Let (h,Q) € R3 x SO(3)N with dpin > d and let (7, Q) € R3 x SO(3)Y such
that |(h, Q) — (\f/L, é)| < § small enough, to be chosen later. For i = 1,2, let ¢; and Ji, the
solutions to (155) corresponding to the same boundary data ¢;, and to the filaments’ positions
(h,Q) and (ivz, é), respectively. Corresponding pressures are denoted by p; and p;. Thus, for
i = 1,2, on the one hand (v, p;) satisfies (155) and on the other hand (1;2,1\51) satisfies

—AY;+Vpi=0 and div; =0 inF,

- - (157)
’lﬁi = @; oOon Ué-v:l 6Sj,
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where F and F denote the fluid domain respectively corresponding to (h, Q) and (E, Cj),
while the sets S; and S/] are the positions respectively occupied by the filaments in the two
configurations.

To prove Proposition 5.1 we are going to prove that there are C(d) > 0 and g¢(d) > 0
such that for all € in (0, g9),

(D(1), D(¥2)) 2(7) = (D(1), D(a)) 2 5| (158)
< Cd|loge|™ (H%||WL°O(R3)H<P2HW2@0(R3) + H@lHW&oo(RS)\|<P2|\W1m(R3))~

Without loss of generality, we may restrict the proof to the case where only one filament
is displaced, say the first one, so that the positions of the other filaments is the same for the
two configurations, that is (h;, Q;) = (h;,Q;) for all 2 < j < N. As a consequence,

S;j=8;, forall 2<j <N. (159)

Moreover, up to a change of frame, we may also assume without loss of generality that the
position of the first filament satisfies (h1, Q1) = (0,1d), and we recall that the position (\f/Ll, Q1)
of the first filament in the second configuration is in general different from (0,Id) but d-close
so that 5 5

|hi| + Q1 — Id]| < 6. (160)

Step 1: Construction of a suitable deformation. In this first step we introduce an auxiliary

vector field associated with t;, see (169) for the definition, but which solves a Stokes system
in F, see (176) for the exact system.

We choose a neighborhood 77 defined by 7; = S (i.e. the filament corresponding to 2
instead of €). Lemma 4.6 ensures that the set

J = Byu(CO\Th, (161)

is a John domain with a constant Z independent of e for ¢ sufficiently small. Let n €
C(Bgj4(C1)) be a nonnegative cut-off function such that n = 1 in 7;.
Let ¢ be the function from R? to R3 such that for all z in R3,

o) =+ ((Qr — M)z + ) n(a). (162)
By construction, _ 5
&(F) =F, inparticular ¢(Sy) = S, (163)
and
Blro\(Bya(cr)) = 1dra\(Bu(01) (164)

Moreover ¢ and ¢! are diffeomorphisms from R? to R? with
Vol +[Ve~! < C, (165)

for a constant C independent of d for ¢ sufficiently small. To see that ¢ is injective for
§ sufficiently small, and to estimate V¢!, we estimate |¢p(z1) — ¢(x2)| from below for all
r1,79 € R3. Clearly, if 2; ¢ suppn for i = 1,2, the estimate is trivial. Let us assume
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x2 € suppn and note that since h; = 0 this implies |za| < C + d, where the constant C'
depends only on the reference filament S;. Thus, using (162) and (160), we have that

|p(z1) — d(x2)]
> |z — 22| — }((é1 —Id)z + 31)77(1‘1) - ((él —Id)za + El)ﬁ(@)‘
> |2y — a9 — |Q1 — 1d | |21 — 2an(x1) — ‘(él —Id)xs + 711“77(951) — n(z2)]

>4 |
/Qxl 2|,

for 9 sufficiently small.
Furthermore, for all = in R3, we set

O(x):=Vo(x) =1d +(Cv2i[’ —Id)n(x) + ((él —Id)x + \ﬁl> ® Vn, (166)

with the convention that V¢ = (0;¢;); ;. From the definition of ¢ and ® in (162) and (166)
it follows that

(Vo) Vo —1d| + |VO| + V2P| < C6 17, (167)

where 17 is the indicator function of the set J defined in (161).
Since n =1 in Ty,

for allz € T1, (9t 0 ) (2) = QTv(Qr + hy). (168)
In particular the vector field @Ji o ¢ is divergence-free in 7;. We define
;1= ®1p; 0 ¢ — Bog(div(®eh; 0 ¢))  and  §; = P; 0 ¢, (169)

where Bog denotes a Bogovskﬁ operator provided by Theorem 4.7 in the domain J, which
satisfies 5
supp(div(®t; 0 ¢)) = J. (170)

Recall that, according to Theorem 4.7 and the fact that J is a John domain with a constant
Z independent of ¢ for ¢ sufficiently small, the operator Bog mentioned above satisfies that
there exists C' > 0 such that for e sufficiently small,

for all feL3(T), | Bog flim s < Clfliz- (171)

Step 2: The divergence of <I>1Zi o ¢. In this step, we prove the following identity, which in
combination with (167), is helpful below, see (180), to prove that in 7, div(®y; 0 ¢) is a O(9):

div(®7; 0 9) = (div ®) - (1 0 8) + (V) 'V — Id) : (V) 2 9). (172)

Let us first recall that for some regular enough fields of matrices A and of vectors v, the
following identity holds true:

div(Av) = (divA) v+ A: Vo, (173)

where the operator div has to be applied row-wise to A. 5
In particular, by applying (173) to the case where A = ® and v = 1); o ¢, and recalling
that & = V¢, we obtain that

div(®1; 0 ¢) = (Div®d) - (i 0 ) + Vo : V(¢ 0 )
= (Div®) - (1) 0 ¢) + (V) Ve : (Vi) 0 9), (174)
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where we used in the last identity that A : BC = BTA: C for any A, B,C € R3*3,
Finally, by definition div; = Id : Vi) = 0. Using this in (174) yields (172).

Step 3: The Stokes system solved by 15, for i = 1,2. Observe the following fact:

for allz e 71, ¥i(z) = QT hi(Qra + k1) and  pi(z) = 5i(Qrz + hy).  (175)
Using ® = (V¢)? and some tensor calculus similar as in the previous step, we find in F
—A; + Vp; = —(A®); 0 ¢ + A Bog(div(®e; 0 ¢)) — 2VOV (1 o ¢)
@((qu)Tqu L V24 0 ¢> PV 00
—(A®)1; 0 ¢ + A Bog(div(®y; 0 ¢)) — 2VEV (¢; o ¢)
+®(Id—(V$)'Vg) : V24 0 6,

where we used that Vp; = Azzi in F.
Concerning the last term, a further manipulation leads to

B(Id —(V$) V) : V20 ¢ = B(1d— (V) V) : (Vo) TV(Vi; 0 ¢)
— div (®(1d (V) "V6)(V) T : Vi 0 )
—div (®(Id —(V$) V) : (Vo)1) Vi 0 ¢,

Therefore, and relying on (157), (162), (169), (175) and (163), we obtain that ); solves
the following Stokes system:

—AY; +Vp;=divg, + fi and divg; =0 in F, (176a)
Oi(@) = QT o1 (Qrz + hy) in Sy, (176b)
i =p; inS; forallj#1. (176c)
where
gi = —V Bog(div(®1); 0 ¢)) + ®(Id — (V) V) (V) " Vi 0 ¢, (177)
fi = —(A®); 0 ¢ — 2VBV (5 0 ¢) + div ((1d —(Ve) V) (Vo) ™T) Vi 0 ¢. (178)

We observe that g; and f; are compactly supported in 7, see (167).

Step 4: Estimate of ¢g; and f;, for i = 1,2. We start with estimating the term of g; involving
the Bogovskii operator. First, using that ¢ is a diffeomorphism satisfying (165), we obtain
that

V31 © Bli2(s) < CI Vil sy < Cllogel ™ il wso(ms), (179)
by applying Theorem 4.1. Moreover, by applying (173), it follows
|div(@9; 0 9)| < €5 (Jh 0 6] + [V 0 6 ). (180)
Therefore, by using (171)

|V (Bog(div(®¢; 0 $)))| 12 < C| div(®e); 0 ¢)[ 12 < C5|loge| ™| @illwr.on(zs),
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where we used (179) to get the last inequality.
Similarly, we can estimate all the other terms on the right hand sides of (178) and (177)
by

lgill 27y + Hfz'HLg(f) < C6|loge| ™| i o ms)- (181)

Step 5: The interaction energy 2(D(¢1), D(12))12(7). By (164) and (159), for 2 < j < N,

/v E(leﬁl)n'% =/ S (1, pr)n - o
S S

0S; 0S;

On the other hand, by (175), (162) and (163), the chain rule and a change of variable (observe
that the normal is also rotated),

/v 2(1;1751)71 ' 1;2 = / 2(1;1,[51)71 Do
631 (931

Therefore, by some integrations by parts, from the two previous identities, (157) and (176),
we arrive at

2D, D s = X, [ S
7=1 J
N
=;/&Sj AL

J
= 2(D(¢1), D(¥2)) r2(x) + (91, V¥2) 27y + (f1,92) 12(5)

Therefore,

2(D(41), D (%))Lz —2(D(¥1), D(¥2)) 2 (F)
2(D(41), D(hs) )L2 () — 2(D(1), D(¥2)) 27y + (91, Vo) 2y + (f1,02) 12(F
2(D (1 — 1), D)) r2r) — 2(D(¢h1), D2 — 1h2)) r2(r)
+ (91, Vbo) 12(7) + (f1,%2) 12

Thus, by the Cauchy-Schwarz inequality, the Holder inequality and the Sobolev embedding
of H'(R?) into LS(R3), we obtain that

2(D(W1), D(¥2)) 127 — 2D (W), D(¥2)) 127
< Wl - TblHHl(]:)|‘1;2HHl(]:) + ‘|1/~’1HH1(}')‘|1/~12 - 1/’2"1;1(}') (182)
+ (lorla + ClAil g ) 1ol s sy

recalling that g; and f; are compactly supported in J < F.

Step 6: Estimates of ¢; and of ¢; — 1, for i = 1,2. First, we decompose ¥;, for i = 1,2, into

" 1 B
wi:wi +wi,
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where wiI and wZB are the solutions to the following Stokes systems respectively corresponding
to the interior source term and to the boundary data in (176):

—Aw{ +Vpil =—divgi+ f; and divw! =0 in F,

P =
I : N
w; = 0 in Uj:1 Sj
and

~AwP +VpP =0 and divw® =0 inF,
wP(z) = QT s (Qx + 7@) in S,

wl(z) = pi(z) In Usgjen S;.
On the one hand, by a straightforward energy estimate, we have that
I
! sy < Itz + Ul g
On the other hand, by Theorem 4.1 we have that
[Pl 41 sy < Cllog el ™ i lwr.o0 -

Thus, we arrive at

WiHHl(Rs) < Clloge| ™ 2| illwro(msy + 9l o) + C!|fi|\Lg(f)~ (183)
Similarly, for ¢ = 1,2, using (155) and (176), we decompose ¥; — 1 into
bi — i = wl +wP M,
with, this time, the boundary term wZB ,diff satisfying the following Stokes system:
—Aw?’diﬂ + fo’diﬂ =0 and div wZB’diff =0 in F,
WP ) = i Sia+ o)~ i) S
i 19i(@Q1z + h1) —pi(x) in Sy,
wZB’diH(x) =0 in vagi<n S;.
By Theorem 4.1 and (160), we have that
B,diff _
”wi ' “Hl(Rs) < O6]logel 1/2H90i||W2v°C(R3)-
Thus we obtain that
i — Vil g gsy < €4 log | ™2 s w20 w3y + Cllgill L2y + CHfiHLg(f)- (184)

Step 7: Conclusion. Gathering (182), (183), (184) and (181), we arrive at (158). This finishes
the proof of Proposition 5.1. O
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6 Asymptotic behaviour of the filament centerlines

This section is devoted to the proof of the part of Theorem 3.4 devoted to the asymptotic
behaviour of the filament centerlines, that is to the proof of (54), (56) and of Theorem 6.5,
which, as mentioned in the comments after Theorem 3.4, provides a more precise approxima-
tion of the asymptotic behaviour of the filament velocities than the one in Theorem 3.4, at
the expense of e-dependent positions. This section is divided into three subsections.

First Subsection 6.1 is devoted to reformulation of the Newton equations (19) into a
system of second-order quasilinear ODEs on the 6N degrees of freedom of the rigid bodies,
which does not involve the fluid pressure anymore and reveals the role played by the Stokes
resistance matrices.

In Subsection 6.2 we consider the time evolution of a modulated energy which measures,
for each positive ¢, the difference between the filaments velocities for positive € and the so-
called “Faxén” velocities, which are given by the quasi-static balance of the Stokes resistance
force and torque with the force and torque due to the background flow. The latter are a family
of velocities which depend on the positions of the filaments velocities of e-thickness. Unlike
the total energy of the system considered in (25), this modulated energy has the advantage
to circumvent the part of the energy corresponding to the motion of the filaments, under the
influence of the fluid.

Finally in Subsection 6.3 we take advantage of the previous subsections to prove the part
of Theorem 3.4 which concerns the filaments.

6.1 Reformulation of the Newton equations

This subsection is devoted to reformulation of the Newton equations into a compressed form
which does not involve the fluid pressure anymore, and reveals the role played by the Stokes
resistance matrices.

We introduce first a few notations. Let us emphasize that all quantities here are defined
with respect to the filaments of e-thickness at time ¢. Indeed the result below concerns the
solutions (h; ¢, Qic)1<i<n to the Newton-Stokes system (22) up to the time 7"** as given by
Proposition 2.2.

e Let us first gather all the translation and rotation velocities corresponding to the motions
of the N filaments into the following vector of R6V:

Vi
Y = ( Z> = (Yj8)1<j<n, 1<8<6- (185)
Wi/ 1<i<N
e Similarly let
b
Y .= <V’b) such that Y’ = /Cflfb, (186)
i/ 1<i<N

recalling that K is the 6N x 6N matrix defined in (74) and that § is defined by (77).
These are the so-called “Faxén” velocities. Let us observe that it follows from (76) and
(81) that

Y| <C (187)

with a constant depending only on dyi, (see (66)) for all € sufficiently small. We will also
use the following notations, where on the one hand translation velocities are gathered,
and on the other hand rotation velocities are gathered:

V= (V?)KKN and W’ = (wW;)1<i<N- (188)

38



o Let

j i (?) (189)

where
P= (Ff)i<isy  and T := (T})1<i<n,

with for 1 <7 < N,
Ff .= / S, pP)ndH?  and TP = / (x — hig) A S, p’)n dH2.

The choice of the index “a” is for Archimedes, because, as one proceeds in the usual
computation of gravity buoyancy, see [12, (4.18)] or [36, p105], one may use integration
by parts inside the filaments to arrive at

Ff = / (AW +Vp')dz and T = / (z — hio) A (AW + V') d. (190)
Si S

i

e Finally let us gather the inertia of the N filaments into the 6N x 6 N block diagonal
matrix M whose 6 x 6 blocks are

./\/l = (mi1d3,g7i)1<i<N- (191)

We can now state the main result of this subsection.

Proposition 6.1. As long as the filaments are separated, the Newton equations (22c)-(22d)
are equivalent to the following compressed form:

52%(/\43{) = —K(Y-Y") +§, (192)

Let us highlight that M, I, Y’ and f* depend on the positions of the filaments, that is
to the solution Y through its time antiderivative, so that the ODE (192) is quasilinear.

Proof. Since the left hand sides of (22¢)-(22d) clearly correspond to the left hand side of (192)
according to the definitions (185) and (191), it is sufficient to consider the right hand sides of
(22¢)-(22d), which we decompose into

/ Y(u, p)ndH?* = Ff —1—/ S(uP, pP)n dH?, (193a)

0S; 0S;

/ (x — hie) A Z(u,p)ndH? = T} +/ (x — hie) A Z(uP,p")n dH2. (193b)
0S; 0S;

The second terms in the right hand sides of (193) can be computed as follows. For 1 <i < N,
by (72b),

fas Z( pP)ndH? PP 2
(f@S i, E(up,pp ndHQ /UN s, U y D )n . ‘/z,oc dH >1<a<6

2
/ ‘/z Qs P; a) ~uf dH ) )
Ul as; Isas<6
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by Lorentz’s reciprocity theorem, using that u? and Vj, are both solutions of the steady
Stokes system in F, see (22f) and (72). Then, using the boundary condition (22g)-(22h) and
the definition (26) of v; g, we have that in Sj,

uf = < Z Y3 Ujﬁ) — . (194)
1<B<6
We deduce that, for 1 < a < 6,
N oS a8;

N )
§=19°j 1<j<N 1<B<6

- / S (Vi Pio)n - u’ dH2.
U 0S;

Pl
Thus,
<< Jos, B pP ) dH? )) — kY 4P (195)
fasi(x*hivg) A S(uP, pP)n dH? LN '
Thus combining (195), (186) and (193) we find (192). O

One difficulty associated with the equation (192) is the factor £2 in front of the left hand
side which makes the asymptotic analysis of this ordinary differential system belong to the
class of singular perturbations, i.e. degeneracy at the main order. However the matrix K is
positive definite symmetric which guarantees that the effect of the associated term is to damp
the velocities when time proceeds, or more exactly that they relax to the Faxén velocities.
Indeed to tackle the asymptotic behaviour of the solutions to (192) one key point is the
behaviour of Stokes’ resistance matrix K with respect to ¢, that is to quantify the damping
effect in the limit of zero thickness.

6.2 Modulated energy and lifetime

To estimate the relaxation of the exact solution Y of (192) to the time-dependent vector Y’
for small €, we consider the modulated energy:

E = %(Y—Yb)-M(Y—Yb). (196)

Thanks to the assumptions on the inertia of the filaments in Section 2, the matrix M defined
in (191) is symmetric positive definite uniformly in e, and it is also uniformly bounded. Thus
the modulated energy E is e-uniformly equivalent to |Y — YI’|2.

As mentioned in Proposition 2.2, for each e there is a positive time interval during which
the filaments remain separated. Below we will perform some computations which are valid
until the time that the filaments remain well separated uniformly with respect to €. By a
bootstrap argument in Section 6.3 we then derive uniform estimates of this time with respect
to £ and show that it extends until 7" in the sense of Theorem 3.4.

More precisely, for d > 0, we define

T. .= inf {t >0 dmin(t) > d, Z < Cdgfﬁogg'} , (197)
where Z := v/E and dyy, is the minimal distance between the centerlines as defined in (66).
Since min;; dist(S;,Sj) = dmin — Ce, Proposition 2.2 implies that for ¢ < e¢(d) we have
T;q < T/ and thus that the dynamics is well-posed on (0,7 4). Note that Z = VE <
ClY — Yb]. Thus, since Z is continuous, decreasing the value of £o(d) if necessary, we have
for all € € (0,e0) that T; 4 > 0. In the following we consider only t < T 4.
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Proposition 6.2. For all d > 0, there exists C(d) > 0 and eo(d) > 0 independent of € such
that for all € € (0,¢¢), for all t € (0,T;q),

L L
1Y (1) = Y’ ()] < | Y(0) = Y°(0)]e Teeel + Cye?|loge]. (198)
To prove Proposition 6.2 we will use the following lemma.

Lemma 6.3. For all d > 0, there exists C(d) > 0 and £o(d) > 0 independent of & such that if
the minimal distance dp, between the centerlines satisfies dpin = d and € € (0,¢q), we have
the following estimate:

(Y)Y <C+|Y]). (199)
Proof of Lemma 6.3. First, by (186),
() = KKK + K7 (P (200)
Let @ the solution to

AW +VpP =0 and divi’ =0 inF
W =u in Ulcien S,
and let
V= (Vi,a)lgigN,lgagﬁa
where we recall that the V; ., are the unique solutions to the steady Stokes equations associated
with the rigid velocities in the filaments, see (72). Recalling the definition of f in (77)-(78)-
(79)-(80) we obtain by an integration by parts that

P = ((DWia) D)1

. )
1<i<N,1<a<6

where we recall that the notation (-, ) stands for the inner product in L?(F). By (76)

and (77), we deduce that

L2(F)

(V)| < CllogelPIK'||@ | jy1 5|9l 1.y + Cllog el (D (), D(@)) 2 ) - (201)

Moreover, by (74) and an integration by parts, we have that

£ = ((DWVia): DVig)ra

1<i,j<N,1<0,0<6’
Thus, with the convention that the terms containing v are the sum for 1 < ¢ < N and
1 < a < 6, of corresponding terms for V; o, and by Theorem 4.1, we have
b _1
H””Hl(]:) + ||la ”Hl(]:) < Clloge|™ 2,

so that we arrive at

!/

()| < Clioge] (|(D(©), D(©)) o] + 1(D(), D(@)) o 1) -

(202)

We decompose the time derivative in the terms on the right hand side of (202) into several
contributions. To this end, we introduce the operator

G: W2*(R?) x W2*(R?) — R,
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defined by
G(p1,p2) == (D(¥1), D(¥2)) 2(F)>
where 9y, for k = 1,2, is the solution in Hl(f) to the problem
—At, + Vpr, =0, divyy, =0 in F,
Y =@ In ;S
Then, for any 1 <¢ < N, for any 1 < a <6,

(D(Via), D(@)) 127y = G(via,u’).

Note that the operator G as well as v; , implicitly depends on the positions and orientations
of the particles. Consequently,

(D(Via): D@5y = Y - VigG(via ) + G(Y - Vi, o) + Glvg, ).
Theorem 4.1 implies
|G (1, p2)| < Clloge| ™ i oo ool oo

Thus, taking into account the regularity assumptions on the background flow u”, see (17), we
arrive at

[(D(Via) D(@)) 25| < [YIIVh@G (Viar )] + Clloge| (1 +[Y]).

Analogous considerations hold for the term |(D(v), D(U));:2
both (Vi a, @) and to (Via, V) leads to the result. O

( J_E)‘. Proposition 5.1 applied to

With the result of Lemma 6.3 in hands we can now start the proof of Proposition 6.2.

Proof of Proposition 6.2. We first recast (192) as
(MY =Y") = —=K(Y = Y?) +§* — 2(MY"),
and then take the inner product with Y — Yb, with the observation that

Y-Y) MY-Y)) =F+ %(Y —Y)) - M(Y -Y),
so that
E=—2Y-Y) KX -Y)+e2(Y-Y")
— (MY’ (Y -Y") — %(Y — Y M(Y - Y).
Recalling the definition of M in (191), we arrive at the following formula for the time derivative
E’ of the modulated energy:

E=——<2(Y-Y) KXY -Y)+e2(Y-Y") §

1

5(“’ - wb) J'(w— wb%
where J is the 3N x 3N block diagonal matrix whose 3 x 3 blocks are J; for 1 <i¢ < N.

_ (Y _ Yb) . M(Yb)/ _ (O.) o wb) . j/wb i (203)
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By Corollary 4.2, the first term of the right hand side of (203) can be bounded by
—ce 2 |loge|™! E for some constant ¢ which is positive and uniform with respect to e, and
will possibly change from line to line, while still satisfying these properties.

By (190), since the background flow is assumed to be smooth, the term §* can be bounded
by 2. Therefore the second term of the right hand side of (203) can be bounded by CVE,
where the constant C' is also positive and uniform with respect to ¢, and will also possibly
change from line to line, while still satisfying these properties.

Similarly the last three terms of the right hand side of (203) can be respectively bounded
by CVE|(Y®Y|, CVE|J'| and CE|.J'|.

Thus

E' +cs Y loge| ' E<CVE (1 + (Y| + !j’\) +CE|T. (204)
Regarding J', we use (22¢) and |Jp ;| < C to deduce
|7 < C|Q'| < Clw| < CY]. (205)

Combining this with the estimate for (Y")" from Lemma 6.3 in the energy estimate (204)
yields

Cc

———F E(1 Y EFlY]|. 2
Tiog?] +CVEQ +|Y|) + CE|Y| (206)

E <

Since |Y| < C(VE + 1), and using the uniform bound on Y? from (187), we arrive at

Cc

FF<————F+CVE(l+E 207
2loge] + (1+FE) (207)
and for Z =+ FE
7 <-——CS _zio0+ 2. 208
€2|10g5| + ( + ) ( )

Recall that the constants depend on the minimal distance between the particles dmin(t) (see
(66)). More precisely, if dpin(t) = d, then

Cd

A — -
e2|loge|

Z + Cy(1 + Z%), (209)
for all € < go(d).
By definition of T} 4 in (197), we find that on (0, 7% 4)

/ Cd

<-4 7.0, 210
2e2|log g| o (210)

By Gronwall’s inequality, and recalling that the modulated energy E is e-uniformly equivalent
to [Y—=Y’|2, we obtain that (198) holds for all ¢ € (0, T: 4), up to an adaptation of the constants
cqg and Cy. ]

Below, in Section 6.3, we will prove the following result on the asymptotic behaviour of
T: q as € converges to 0.

To this end, let us recall the definition diyin := inf;; dist(C;, C;) from (42) and that T
from (43) is the maximal time for which chin stays positive.
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Pr0p051t10n 6.4. There is eg > 0 small enough which depends only on the reference fila-
ments, v’ and ming<y din(t), such that for all T in (0,T), for d = 3 ming<r duin(t) and for
all e < g

T.q>T. (211)

Let us already observe that combining Proposition 6.4 and Proposition 6.2 we obtain the
following result.

Theorem 6.5. Under the same assumptions as in Theorem 3.4 we have on the one hand the
estimate (53) on the lifetime and on the other hand, forall T < T there exists C depending
only on u’, the reference filaments S;, infcpo, 7 dmm(t) and the initial velocities, and there
exists eg > 0 depending in addition on T such that for all € in (0,e0) and all t in [0,T] the
difference between the solution (h',w) to (22) and the “Faxén’s” velocities (v°,w’) defined in
(186) satisfies

(W, w)(t) — (vb,wb)(t)‘ < ‘(h’,w)(o) _ (0, 0P)(0)] ¢ w4 02| loge]. (212)

Indeed, as we emphasized in Section 3.4, this theorem provides a more precise approxi-
mation than Theorem 3.4, at the expense of e-dependent positions and implicit forces.

6.3 Proof of the part of Theorem 3.4 which concerns the filaments

We now turn to the proofs of (54) and of (56). In particular we are going to prove the
convergence of the filament positions given by the time dependent vector Y defined in (185)
to the limit dynamics for which we use the notation

Y(t) := K (h(t), Q)P (¢, h(1), Q(1)), (213)
where K is the 6N x 6N matrix whose 6 x 6 diagonal blocks are the K; i, for 1 <i < N, are
defined in (35), and proved to be invertible in Lemma 3.1, and § is the vector in ]RGN which
gathers the vectors 2, for 1 <i < N, defined in (36). It follows from (40) that

Y(t) = (9i(t), @i(1)1<i<n- (214)

From the estimates in the previous subsection we already know that the velocities Y and
Y® are close as long as the filaments are well separated. We now introduce

Y(t) := K™ (he(t), Qe(0)F (1, he(t), Q= (t)). (215)

The velocities Y correspond to the limit dynamics but with the positions of the filaments
given by the e-dynamics rather than the limit dynamics. In this sense, Y can be seen as
intermediate between Y? and Y. Next lemma takes benefit from the previous estimates of
Y — Y’ to establish some estimates of Y — Y as long as the filaments are well separated.

Lemma 6.6. For all d > 0 there exists a constant C(d) > 0 and eo(d) > 0 such that for all
e € (0,e0) and dpin = d,

Y — Y’| < C|loge| V2| |10 (), (216)
Proof. Recalling the definition of Y” in (186) and the one of Y above, we observe that
Y =Y = K7 = [loge[™'f) — K71 (K — [log e[ ' K)KTH,

where K and f should be understood as being evaluated at (h., Q<). Combining (75), (76),
(81) and observing that || + |f| < C, we conclude the proof of Lemma 6.6. O
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We now turn to the proof that (54) and (56) holds on [0,7} 4], where T} 4 is defined by
(197), that is in particular to to the estimate of Y — Y.

Proposition 6.7. For all d > 0, there exists C(d) > 0 and eo(d) > 0 independent of € such
that for all € € (0,e9), the estimates (54) and (56) hold on [0, T 4].

Proof. First we recall that the coefficients of (41) are smooth and globally Lipschitz, so that
recalling (213) and (214), we infer that

Y = Y| < C|(he, Q) — (B, Q). (217)
Recalling (10) and (8), we also have that the initial data (h(0),Q(0)) and (h(0), Q(0)) satisfy
|(h(0),Q(0)) — (1(0), Q(0))| < Ce, (218)

Thus, using (22a), (22b) and (40), by a combination of (198), (217) and Lemma 6.6 we obtain
that for all t <71, 4,

|(he(t), Q=(t)) — (h(t), Q(1))]
< Cs+/t\Y—Yb] FIY Y|+ Y - Y]|ds
0

< Ce+ /t (1Y (0) — Yb(O)ye*% + Cae?|loge| + Cylloge| 1) ds
0
e / ((he(s), Qe(5)) — (h(s), Q(s))] ds
0
< Ce + Oy log5|71/2t + C/O |(he(s), Qe(s)) — (B(S)aQ(Sm ds.

Here, we used the bound (187) on Y’ and the constant in the last line depends on the initial
velocities Y(0). By Gronwall’s estimate, we deduce that (54) holds for all t < T; 4. We also
note that, bookkeeping the computations above, this allows to prove the following bound on
the velocities:

Y - Y| < Cde_?\cl‘iii’fl 1Y(0) — Y?(0)| + Cylloge|~/2 + Cy|log | ~V/?te". (219)
Thus, estimating
[Y(0) =Y’ (0)] < [Y(0) = Y(0)| + [Y(0) = Y (0)] + [Y(0) = Y’(0)], (220)
and applying again (217) and Lemma 6.6 yields (56) on [0, T% 4]. O
We now turn to the proof of Proposition 6.4.

Proof of Proposition 6.4. Let T < T and d = 1 ming<r dunin(t). We first observe that (198)
implies T} g = 00 o dwin(7%,4) = d. Moreover, by (54), we have on (0,7 4),

Amin(t) = dumin(t) — Ce — Cy(e + | loge|~2)e", (221)

where the term Ce accounts for the filaments’ thickness. Thus, the choice d = % ming<r dmin(t)
implies for e sufficiently small (depending on d, T', u” and the reference filaments), dpin (t) = 2d
for all t < min{7} 4,T}. Since T, g4 = 90 O dwin(T%,q) = d this implies T, 4 > T". This concludes
the proof of (54) and (56) on [0,T]. This completes the proof of Proposition 6.4. O
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7 Asymptotic behaviour of the fluid

This section is devoted to the proof of the part of Theorem 3.4 devoted to the asymptotic
behaviour of the fluid, that is to the proof of (55), together with the proof of (57). To this
aim we first decompose ©? into

Z uf  and P’ = Z ol (222)
1<i<N 1<i<N
where
—Auf +Vpl =0 and divef =0 in F(2), (223a)
ub =S — W for e Si(t), (223b)
uf! =0 for zeS;(t), forj+#i. (223c)

Then, we apply Theorem 4.1 to uf, for each i, recalling that in S;,

2 Yipvig,

1<B<6
to obtain the following proposition.

Proposition 7.1. Let d > 0. Then there ezists o(d) > 0 and C(d) < o such that for all
g€ (0,e0) and all t € [0, T2"*] with dmin(t) = d

Hup( — |log E| Z UC Si(t) - Ub(ta ')]HHl(R:”\uiSi(t)) (224)
1<i<N

< Olloge| (| Y(®)] + o’ (t, ) w0
Moreover, for 1 < q < 3/2,

[wP(t, )~ [loge ™" Y Ve [v5® = (t, Nlyra < Cllogel ¥2(Y(0)] + (1, )wace),

1<i<N
(225)
Furthermore, for 1 < p < 3,
[u —llogel ™ Y U [vS — llyy < Cllogel 2(IY | + [lwrs),  (226)

1<isN

and, for3<p<6

_ ) —143_-1_5
[? —Jloge| " Y Ue, v — Yl < Clloge| 5 (1Y ()] + [ we).  (227)
1<i<N

Proof. Estimates (224) and (225) follow immediately from Theorem 4.1. Moreover, (226)
follows from (225) and Sobolev embedding.

Concerning (227) for 3 < p < 6, we combine (70) and (71) instead of just relying on (71).
More precisely, combining (70) and (71) with Hlder’ inequality yields for all 3/2 < ¢ < 2 and
all § >0

HuP — | log 6’_1 Z Ue, [USi — ub] “Wll‘q(R:“\uiSi) (228)
1<i<N ¢
3 1

< Clloge| o 2P (1Y (1)) + | i) (229)
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Since the H'-estimate in (70) excludes the sets occupied by the filaments, we had to
exclude it in the above estimate. However, the pointwise estimates (68) imply that for all
q<?2

luP —[loge[ ™ 3 Ue,[v% —wl|iruis,) (230)
1<i<N
< Nogel 121 Y (0] + |4 lr.»). (231)
Combining (228) and (230) yields (227). O

In order to conclude that (55) and (57) hold true, we show the following result.
Lemma 7.2. Let 1 <¢ < N and denote
w = Ug, [v5% = "] = Ug [0% (t,) — (¢, -)]. (232)
Then, there exists g > 0 such that for all € in (0,e¢), for all t € [0, T™*¥],
o forall1 <p <2, and all compact subset K of R3, there exists C' in (0, +0) such that
lwlze ) < ClQeis i + Pie) = (Qis ) (| Y | + [0 [wroe) + Cl(v,w) — (8,@)]. (233)
e for 2 < p <6, and all compact subset K of R3, there exists C in (0, +00) such that

_ A A 3 1 N
lwlzery < CUQesi hie + hie) — (Qiy hi)|P 2 6(|Y| + Y] + HUbHWLOO) (234)
+ C‘(’an) - (,[)7(;})’
Before proving Lemma 7.2, we show how to deduce (55) and (57).

Proof of (55) and (57). Let T' < T and d = iminte[O’T] cfmin(t). Then, by Proposition 6.4,
for € sufficiently small, we have T/*** > T and duyi, = d on [0,T]. Therefore, Proposition 7.1
and Lemma 7.2, as well as (54) and (56) yields (55) and (57). O

Proof of Lemma 7.2. We first observe that w satisfies

wiw) = 5 [ S -k~ )0 i) [ S - k)% o)) ')

T wy + wa,

where

and
wala) = [ Sla =) (QEOW)ES = )6 — K (6% = o)) @' (0),

where A ) )
Q = Qi :QF and ¢(z) 1= Q(z — hy) + hig + hip,
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is the rigid body motion that transforms C; to C;. Then, using S(QTx) = QTS(2)Q, we find

wi(a) = / St~ k) — ) (y) dH' ()
50" / S(6(2) — k() — ) (w) dH ()
- w')(2) = Q" U, [v¥ — w')((x)).
Using the fundamental theorem of calculus, we observe that for any v € I/V10 ", s€[1,00],
[ =0 dlry, < ClQeishie + hic) = (Qis hi) |V s, (235)
Hence, for p < 2, by recalling (89), we infer that
lwilze < ClQeis hie + hie) — (Qiy ha) |5 = | oo - (236)

On the other hand, pointwise bounds analogous to (67) imply for all p < o0

wal g, < Cl(@Qeis i + Bic) = (@ir )| (15 = ey + IV (05 = ) | on e
+Cl(v,0) — (8,0).

(237)

Combining (236) and (237) yields (233).

Finally, we give the proof of (234). Notice that in the case |(Qci, hic+hic) — (Qi, hi)| = 1,
the estimate follows from (89) and the Sobolev embedding by estimating the two terms
separately. Thus, since (237) holds for all p < o0, it suffices to show for 2 < p < 6 and for

[(Qeyis hie + hie) — (Qiy hi)| < 1,
lwille < ClQeshie + i) = (Qish D20 — oy (238)

With ¢ as above, the critical Sobolev inequality yields for s < 3 and s* = (3s)/(3 — s)

[ =¥ ol <[V, - (239)
Therefore, for any p < 6, s < 2, 6 € [0, 1] such that
1 6 1-96
-2 240
b s T e (240)

Hlder’s inequality, (235) and (239) yield

[ — 0@l < |(Quis b + Fae) — (Qun ) |Vl g (241)

Elementary calculations show that for all 2 < p < 6 and any d > 0 we can choose s < 2, such
that (240) holds with

3 1
-2 _-_5 242
0 b2 ) (242)
Hence,
- A~ B 1 .
Jwilzr < CHQeirhie + hic) = (Qinha)l» 27|05 — | oy (243)
This concludes the proof of Lemma 7.2. O
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