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Abstract

This article addresses the low Weissenberg asymptotic analysis (Newtonian limit)
of some macroscopic models of viscoelastic fluid flows in the framework of global
weak solutions. We investigate the convergence of the corotational Johnson-Segalman,
the FENE-P, the Giesekus and PTT models. Relying on a priori bounds coming
from energy or free energy estimates, we first study the weak convergence toward the
Navier-Stokes system. We then turn to the main focus of our paper, i.e. the strong
convergence. The novelty of our work is to address these issues by relative entropy
estimates, which require the introduction of some corrector terms. We also take into
account the presence of defect measures in the initial data, uniform with respect to
the Weissenberg number, and prove that they do not perturb the Newtonian limit of
the corotational system.

1 Introduction

This work is concerned with viscoelastic fluid flows, which have an elastic behaviour in short
times, and a viscous one in large times. Such non-Newtonian fluids are ubiquitous: glaciers,
Earth’s mantle, dough, paint, solutions of polymers. They have a complex dynamic. For
instance, phenomena such as the rod climbing effect, the tubeless siphon effect and die
swell can be observed in polymeric liquids. In order to get an insight into the physics of
viscoelastic fluid flows, the reader is refered to [Ren00, LBLO0Y, Ott05, [Osw05].

Because of elasticity, viscoelastic fluids remember their history, which means that the
dynamic of the flow at a given time depends on the past. This is in strong constrast with
Newtonian fluids (i.e. purely viscous fluids). The viscoelastic relaxation time is roughly the
time on which the flow remembers the past. The dimensionless number, which compares
the viscoelastic relaxation time to a time scale relevant to the fluid flow, is the Weissenberg
(or Deborah number) We. The bigger We, the more important is the elasticity with respect
to the viscosity.

The purpose of our paper is to face a problem raised by J.-C. Saut in his recent re-
view article [Saul2|: the mathematical study of the Newtonian limit of models from non-
Newtonian fluid mechanics, that is to say the limit We — 0. We focus on some macroscopic
models of polymeric viscoelastic fluid flows. The works presented here are a first step to-
ward a better understanding of the effect of a small amount of elasticity on the Newtonian
dynamic of a fluid with weak regularity.
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1.1 Macroscopic models of viscoelastic fluid flows

All macro-macro models we consider here are the coupling of a momentum equation on
the incompressible velocity v = u(t,z) € R? and an equation for the symmetric stress
tensor 7 = 7(t,z) € My (R) (or a symmetric structure tensor A = A(t,x) € My (R), which
has a microscopic meaning). In the sequel, we concentrate on two models: namely the
corotational Johnson-Segalman model

ou+u-Vu—(1—-—w)Au+Vp =V-7,
V-u =0, (1.1)
We (O +u- V1 +7W(u) —W(u)r)+7 =2wD(u),

and the FENE-P model
du+u-Vu—(1—-w)Au+Vp =V.-7,

V-u =0,
S GY RS (1% _ 1> BN
OA+u-VA—VuAd — A(Vu)" + ﬁl_@ = &1
Notice that these systems are posed in Q C R% a bounded domain, Q@ = R% or Q = T¢. We
T T
recall that D(u) := w is the deformation tensor and that W (u) := m is the

vorticity tensor. The quantity 0,7 +u- V7 +7W(u) — W (u)7 (resp. 0pA+u-VA—-VuA —
A (Vu)T) is known as the corotational (resp. upper convected) derivative of 7 (resp. A).

In addition, we assume that u satisfies a noslip boundary condition on 90€2. There is
no condition for 7 (nor A) on the boundary. We start from the initial conditions:

u(0, ) == uo, 7(0,-) := 70, A(0, ) := Ap.

We consider only the case of Jeffrey fluids, for which 0 < w < 1, in the framework of global
in time weak solutions. The case w = 1 turns out to be much more complicated (like Euler
in comparison to Navier-Stokes).

Corotational model A simple a priori energy estimate on (1.1]) leads to
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< wlluollFaey + 5 oMy (13)

This decay of energy is a consequence of the algebraic identity
(TW(u) = W(u)r): 7 =0.

Although it is convenient from a mathematical viewpoint and greatly simplifies the analysis
of the system, points out some drawbacks of the corotational model. Indeed, as
underlined in [WHO9S|, this decay of energy is not relevant from a physical viewpoint.
Furthermore, as noticed in [Ren00, Chapter 3|, the corotational model is unable to predict
some behaviours, such as the rod climbing effect.

The existence of weak solutions to the corotational model for d = 2 or 3 is due to
P.-L. Lions and N. Masmoudi [LM00]. The starting point of their analysis is the inequality
(1.3). They intensively rely on the use of defect measures to pass to the limit in the



product 7, W (uy,), where (u,,7,) is an approximated smooth solution to (L.1)). Note that

the regularity provided by is barely 7 € L™ ((O, 00); L2) and Vu € L? ((0, 00); L2).

The key of the proof is the control of 7 in L ((0,7"); L) fora ¢ >2and 0 < T < c0.
The initial velocity field is taken in the space I, ; C W—b4: forall 1 < p,q < co

b+ ([t @) <ob, 0
q 0 I 0 q q 0 La ) .

where A, := P,A is the Stokes operator with domain

I,q:= {uo e wq,

D(Ag) = {u e L, V2u € LY, ulgg = 0},

P, being the Helmholtz projector on L% with domain L?. The space L% is the closure
of the space {v € C3°(Q2) : V-v =0} in L?. For more properties about the space I, ; and
the Stokes operator, we refer to [GS91].

In more details, their existence result reads:

Result A (P.-L. Lions, N. Masmoudi). There exists a global weak solution (u,7) of (1.1)
satisfying the energy inequality (1.3)) such that for all 0 < T < oo,

Vu € LP((0,T);LY) and 7€ CY([0,00); L9),
provided that 7o € L1 and ug € I, 4,
e for some2 < q<+00, 1 <p<4oo,ifd=2,

e and for some 2 < q < 3, 1<p§2q%3, if d = 3.

FENE-P model This model is one of the many closure approximations of the micro-
scopic FENE (Finite Extensible Nonlinear Elastic) dumbbel model (see [DLY05al [DLY05D]).
Its low computational costs, compared to micro-macro models, and its acceptable predic-
tions make it a widely used model for numerical simulation of viscoelastic fluid flows.
However, as pointed out in [Keu97], it does not capture all the physics of the microscopic
model. Note that the parameter b in relates to the extensibility of the elastic dumbbels
at the microscopic scale.

The energy is replaced by a non-trivial free energy (or entropy), which has been known
from physicists since the work of L. E. Wedgewood and R. B. Bird [WBS8§| (see also
[WH9S8, (Ott05]). D. Hu and T. Leliévre in [HLO7] have recently rediscovered this entropy
and showed that it decays in time:
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+L‘)(b2;;®\;fe/9[—ln(detx4)—bln< —TréA)>+(b+d)1n<b+bd>](t)
+vale2/ot/gl( ?T;)glf%él +Tr (A7)

Hu0||L2(Q)+72b We /, In (det Ag) —bln | 1 — +(b+d)ln b d

(1.5)
Based on this decay, N. Masmoudi [Mas11] has achieved an existence result for the system
(1.2). The fundamental point is that the decay of the entropy (1.5)) yields a control of the
L? ((0,00) x Q) norm of 7.
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Result B (N. Masmoudi). Let d > 2. Assume that ug € L? is a divergence free vector
field and that Ay = Ao(x) is a symmetric positive definite matriz with Tr Ag < b and such

that
Tr Ao b

Then, there ezists a global weak solution (u, A, T) to (1.2) satisfying (1.5), such that

u € L™ ((0,00); L*) N L>®((0,00); H'), A € L= ((0,00) x Q) and 7 € L*((0,00) x Q).

1.2 Outline of our results

The existence theorems of global weak solutions open the way to the asymptotic analysis
at low Weissenberg number. From a formal perspective, it is easy to see that the velocity
field u of the non-Newtonian fluid model converges toward a solution u? of the Navier-
Stokes system
Ol +u - Vul — A’ +Vp? =0, Q,
V-u =0, Q (1.6)
w =0, 090.

Notice that the noslip condition is compatible with the limit, so that no boundary layers
are involved in this limit (at least at the leading order in We). That is why, we state our
results for the whole space domain = RY.

As far as we know, the Newtonian limit of non-Newtonian fluids has only been studied
in the context of strong solutions. First results in the direction of a better understanding of
this limit have been reached by J.-C. Saut in [Sau86] for Maxwell type flows (no diffusion
term in the momentum equation) in the linear regime. The only other result we are aware of
is the one of L. Molinet and R. Talhouk [MTO0S]| for strong solutions of Johnson-Segalman
systems (including the corotational and the Oldroyd-B systems). For these models no
energy of the type of is available in general, so they rely on a splitting in low and
high frequencies at a cut-off frequency depending on We.

The originality of our work is to address the Newtonian limit in the framework of weak
solutions relying only on energy (or free energy) methods. Thus our results do not ask for
more smoothness than the natural regularity available.

The first logical step in our study of the limit is to investigate the weak convergence. For
the corotational and the FENE-P models, we easily obtain the weak convergence toward the
Navier-Stokes system. More intricate calculations of relative entropies involving higher-
order corrector terms make it then possible to achieve strong convergence results. The
latter are the main focus of our paper.

1.2.1 Newtonian limit: weak convergence

The mathematical justification of the formal asymptotics requires a priori bounds uniform
in We. Some bounds, like the L*° ((0, 00); L2) bound on 7 for , are not uniform in
We. They were usefull for the Cauchy theory, but are useless for the Newtonian limit.
Notice that the initial data ug, Ay and 79 may depend on We. In order to get uniform
bounds in We, we have to assume that initial data is well-prepared, in a sense to be made
precise later on. We always start from data meeting the conditions of Result [A] or [B]leading
to the existence of weak solutions. We state the weak convergence results for a bounded
domain €2; the results being the same for the whole space or periodic boundary conditions.
Our first result is concerned with the weak convergence in the corotational system.



Proposition 1. Let d =2, 3. Let (u,7) be a weak solution of (1.1) in the sense of Result

Al Assume that
We

luoll72(q) + 5 I70l72(0) = O(1). (1.7)

Then, there exist
u € L((0,00): L*7) N L*((0,00): H') and 7”& L7 ((0,00): L)

such that u (resp. T) converges to u® (resp. 7°) at least in the sense of distribution, where
u® is a weak solution of the Navier-Stokes system (1.6) and 79 = 2wD (uo).

We turn to the weak convergence for the FENE-P model. It is formally clear that A

converges to A? := b-%d I. The key to the convergence of u is a bound on 7 in L? ((0, 00) x )

uniform in We, deduced from the decay of the free energy ((1.5)).

Proposition 2. Let d =2, 3. We consider a global weak solution (u, A, T) of in the
sense of Result @ Assume that |luo||r2(q) = O(1). Then we get several convergence results
i the limit We — 0.

e Assume that initial data is ill-prepared in the sense that

/Q [—ln(detAo) —bln <1 - TrbAO) +(b+d)ln <bid>] —0(1).

Then A tends to A in L* ((0,00); L? (2)) and

HA - AOHLQ((O,OO);LQ(Q)) = O(VWe). (1.8)

e Assume furthermore that initial data is well-prepared namely

/Q [— In (det Ag) — bIn <1 - TrbAO) +(b+d)In <b+bd)} =0 (We). (19

Then we have the following improved convergences:

|4 - A° (VWe), (1.10a)

(We) . (1.10b)

HL°°((O,oo);L2(Q))

HA B AOHLZ((O,OO);L2(Q))

Moreover, T is bounded uniformly in L? ((0,00) x Q), and u (resp. T) converges in the
sense of distributions toward u® (resp. 2wD(u®)), where u® satisfies the Navier-Stokes

system ((1.6]).

Before coming to the strong convergence, let us state a slight generalization of Propo-
sition 1| allowing to handle the case of oscillating initial data (ugn,70,). For the sake
of easiness, we temporarily consider initial data independent of We and treat only the
case d = 2. We assume that ug, strongly converges in L?(2) toward wug, and that To.n
is uniformly equiintegrable in L?(€2). In particular, we do not assume that To,n converges
strongly in L?(Q2). We then call (uy, 7,,) the associated weak solution of (1.1)), which satis-
fies the energy inequality . We show that passing to the limit on n introduces defect
measures in the limit system. These defect measures are due to the oscillations of the
initial data 79 ,. We prove that they disappear in the limit We — 0.



Proposition 1 bis. Let d = 2 and Q = R2. The result is in two points:
e Limit n — oco. There exists

u e L™ ((0, oo);L2"7) N LQ((O,oo);Hl), and T € L™ ((0,00);L2) ,

such that (uy,T,) tends to (u,T) at least in the sense of distributions and (u,T) satisfies
the system

ou+u-Vu—(1-—w)Au+Vp =V.-71

Veu =0 (1.11)

_ 1
We (O +u- VT +7W (u) — W (U)T+( 155 255 )]‘1'7' = 2wD (u)
2

loc

e Limit We — 0. There exists

with defect measures 8, € € L}, ((0,00); L').

u e L™ ((0, oo);LQ’“) N Lz((O, oo);Hl) and 7° ¢ L? ((O, oo);LQ) ,

solving the Navier-Stokes system (1.6|) in the sense of distributions and such that (u,T)
converges weakly toward (uo, 7'0).

This result is quite distant from the main focus of our paper. It is a natural continuation
of some techniques involved in the article [LM00]. We therefore postpone its proof to the
Appendix [A] The main difficulty is to get uniform in We a priori estimates on the defect
measures 0 and ¢, so as to pass to the limit in .

1.2.2 Newtonian limit: strong convergence

Our strong convergence results always follow from the same two steps: first we build an
ansatz for u, A and 7, and then we compare this approximation to u, A and 7 in an ap-
propriate norm derived from the energy, or the free energy associated to the system. This
is the leitmotiv of relative entropy (or modulated energy) methods. Since the pioneering
works of C. Dafermos [Daf79al [Daf79b], of R. Di Perna [DiP79| and of H.-T. Yau [Yau91],
relative entropy methods have become a crucial and widely used tool in the study of asymp-
totic limits to kinetic models in the contex of hydrodynamics [LMO1, [GSR04, BV05], of the
quasineutral limit for the Vlasov-Poisson system [Bre00, [HK11], of the behavior of shocks
for systems of conservation laws [LV1I] and of the stability in thermomechanical theories
[ILT06, [DST12]. They have also been successfully implemented in the approximation of
incompressible fluids by hyperbolic systems [BNP04, [NROG]|; see also [Tza05, [LT13|] for an
expository of the general method, which is close to ours, and the use of corrector terms.
Let us also mention the use of relative entropies for the study of the long-time behavior
of some micro-macro models for dilute solutions of polymers, and the convergence to equi-
librium by B. Jourdain, C. Le Bris, T. Leliévre and F. Otto [JLBLOO6|. Relative entropy
methods are also the key to the estimates of F. Otto and A. Tzavaras in [OTO0S].

The very rough idea is work with an energy (resp. free energy) ¢ = e(u, A, 7) like the
one in the left hand side of (resp. (L.)). Notice that e(u, A, 7) = e1(u)+ea(A)+e3(7).
The decisive point, is that the functions e¢;, for ¢ = 1,... 3 are globally convex. Thus, one
can make a Taylor expansion of ¢ around say (fL, A, %), and get that the quantity

E(u, A, 1) = e(u, A, 7) —e(@, A, 7) = Ver () - (u—a) — Vea (A) - (A= A) = Veg(7) - (1 —7)
is positive and controls the norm of

lu—af® +a|A - A* + 8|7 — 7%,



with a, 8> 0, a = 0 (resp. 8 = 0) for the corotational (resp. for the FENE-P) model.
The quantity € is called the relative entropy (or modulated energy). Its control is based
on an explicit computation of its total time derivative in order to establish a Gronwall type
inequality. These computations may be quite tricky (especially in the case of the FENE-P
system), as they involve the algebraic structure of the equations or .

This procedure yields an error estimate between u (resp. A, 7) and its approximation.
The convergence result holds for solutions of or with very low regularity, typically
weak solutions. However, in order to carry out the estimates of the relative entropies, we
need quite a lot regularity on the profiles of our ansatz.

The first of our two theorems below handles the case of the corotational system.

Theorem 3. Letd = 2, 3, ug € H*7 () independent of We and 19 € L? (Q)NL4 (), with
2 < g < 3. Notice that 19 may depend on We in the following sense: HTOHLQ(Q) = 0(1).
Let also

ue L ((0, oo);LQ"’) N L2((0, oo);Hl), and 7€ L™ ((0, oo);LQ) N LS. ((0,00); LY)
be global weak solutions to (1.1)) in the sense of Result associated to the initial data ug

and Ty.
Then, there exists 0 < T* < 0o independent of We and

u’ € L™ ((O,OO);L2’U) N L2((0, oo);Hl)

a global weak solution of (1.6) associated to the initial data ug, such that, in addition, u®
belongs to L™ ((O,T); H4) for all0O <T < T*. Moreover, for all0 <T < T%,

sup (wHu(t,-) —u (t,-)HLQ—i-w(l—w)/O |V (u—u®) |5

o<t<T
Pl = 2wt g [ =) = 0. (L)

Let us comment on this theorem:

e The proof is done in the case when € = R3. It is not hard to adapt our arguments to
the easier case 2 = R?. Furthermore, as no boundary condition is prescribed on 7,
and as u’ = 0 can be imposed on the boundary for the limit velocity field, there is no
boundary layer in the limit We — 0. Thus, our analysis extends straightforwardly
to the case when () is a bounded domain.

e We assume that ug does not depend on We only in order to alleviate the proof.
Of course, one can start from an initial data for u depending on We and get the
convergence (|1.12)) on condition that one assumes

HU(O, ) - UO(Ov )HLQ(Q) = O(\/%)

e Our result does not require further regularity for (u,7) than the natural regularity
yielded by . However, it is quite demanding on the limit profile «°. It might
be possible to weaken the regularity requirements on the initial velocity field. In
particular, we do not take advantage of the regularizing effect of the Navier-Stokes
equation, which yields u° € L? ((O, T); H5), because we need the L* bound in time.

7



0 in order to carry out the computations of the proof is

Y remains sufficiently

e The regularity needed on u
the reason why the convergence result only holds as long as u
regular.

e Note that nothing is prescribed on the initial stress tensor 7y, except the requirements
to get a global weak solution to (1.1). In other words, Theorem 3|is a convergence
result for ill-prepared data 7.

e Our theorem complements the study of L. Molinet and R. Talhouk [MTO§|. They
manage to get a convergence result of strong solutions for ill-prepared data, in the case
when the equation on 7 has the additional term a (D (u)7 4+ 7D(u)), with =1 < a < 1.
Our system corresponds to a = 0. In the general case, a # 0, there is no known
energy associated to the system. Hence their proof, unlike ours, relies on a cutting
up of v and 7 in low and high frequencies.

e This convergence result can be used, in the two-dimensional case, to prove the exis-
tence of global in time strong solutions to ([1.1)) for We small enough. Of course, we
would rely on the global existence of strong solutions to the Navier-Stokes system
when d = 2.

The proof of Theorem [3] serves as a guideline for the main result of our paper, which
is concerned with the strong convergence of the FENE-P system:

Theorem 4. Let d = 2, 3. Assume that ug € H*? (Q) is independent of We, that
Ao € L%(Q) is symmetric positive definite and Tr Ag < b. Assume furthermore that the
atial data is well-prepared in the sense that

W(bQ;)rd)Vife/Q [—ln(detAo) —bln (1 _ TrbA°> +(b+d)n <b+bd>]

=0 (We). (1.13)

Let
we L% (0,00 L2) N L2 ((0,00) '), A€ L¥((0,00) x Q) 7€ L2((0,00) x Q)

be the solution of in the sense of Result@ associated to the initial data ug and Ag.
Then, there exists 0 < T* < oo independent of We, u® a global weak solution of
associated to the initial data ug and a corrector A', such that, in addition, u° belongs to
L ((0,T); H*) and A* € L> ((0,T); H®) for all 0 <T < T*.

Furthermore, u and A converge in the modulated energy norm

sup (3llu =+ (=) 9 ()]

te[0,T

1
wb+d) 1 2 wb+d) 1 t 2 \?2 e
+%\NGHA_AO_W€A1HL2+%W/O HA_AO_W6A1HL2 :O( We)?

on every time interval [0,T], with 0 <T < T*.

(1.14)



Notice that the estimate (1.14) implies immediately the following strong convergences:

o=l oryan = © (VIVe)
H“ - u0HL2((O,T);H1) =0 (\/V%) g
A~ ADHLOO((O,T);L2) =0 (We), (1.15)
14— A° = We A 1o .1y.z2) = © <We3/2> :
HT - TOHLl((O,T);Ll) =0 (VVW) :

Most of the remarks made after the strong convergence Theorem [3| have their counter-
part for the FENE-P system. Let us make a few further comments:

e Notice that imposes that
|4 — ADH;(Q) = O (We).

However, looking at the decomposition (3.9) of 7, we note that nothing is prescribed
on the second term in the right hand side, namely

(b+dw 1 Tr A — Tr A°
b Wey (1- T (1 - T

which means that our result holds for ill-prepared data 7, such that 79 # 2wD (ug).
Hence, Theorem [ is in the same spirit as our strong convergence result on the
corotational system, and the work of L. Molinet and R. Talhouk [MTOS| on the
convergence of strong solutions to the generic Johnson-Segalman model.

e We carry out the proof in the case d = 3. The case d = 2 is even simpler. As in the
proof of Theorem [3] the restriction on the dimension comes from the estimate of the

term .
—/ /((u—uO—Weul)-Vuo)-(u—uo—Weul).
0 JQ

e Note that the smoothness assumption uy € H? is enough in the case d = 2 as well
as d = 3. It implies A' € L> ((0,T); LP), for all 1 < p < oo.

e The control of the norm (1.14)) is obtained through a Taylor expansion of the free
energy ([1.5) around the corrector A° 4+ We A'. This leads to the study of the positive
quantity (3.17)), called the relative entropy, which bounds the norm ([1.14). Expanding

the free energy around A° is not enough. It would yield a bound on A — A°, rather
than on A — A? — We A,

After the proof of this theorem in Section [3:2] we comment on the strong convergence
for other macroscopic models of viscoelastic fluid flows, namely the Giesekus, the PTT and

Oldroyd-B models.
1.3 Organization of the paper

For the reader’s convenience we devote the first section of this paper (Section [2) to the
proof of the results concerning the corotational system. The proofs are easier in this case,



and shed some light on some features, which help to understand our analysis of the FENE-
P system. We show the weak convergence of Proposition [I] in the Section [2.I] and the
strong convergence of Theorem [3[in Section In Section (3| we address the results related
to the FENE-P system. Proposition [2| (weak convergence) is showed in Section and we
demonstrate our Theorem /4| (strong convergence) in Section At the end of this part,
we make some brief comments on the convergence for the Giesekus and PTT models. The
proof of Proposition is postponed to the Appendix[A] In this appendix, we also show
refined LP ((0,7); L) a priori estimates on the corotational system. These estimates are
also the key for the existence of weak solutions to the corotational system.

2 Low Weissenberg limit for the corotational system

We concentrate on the low Weissenberg asymptotic analysis of the corotational system
(1.1)). The first part of this section is devoted to the weak convergence. In the second
subsection, we show the strong convergence result of Theorem [3] relying on a relative
entropy method.

2.1 Weak convergence

We carry out the proof of Proposition [1| in the case when Q C R is a bounded domain
and d = 2, 3. Our analysis extends straightforwardly to the case Q = T? and Q = R,
as we only work with local in space bounds. Let (u,7) be a sequence of weak solutions to
(1.1) satisfying the a priori bound (1.3)). According to the assumption (|1.7)) on the initial
data, we deduce that

u is uniformly bounded in We in L> ((0, c0); L2) N L2((0, 00); Hl),

T u.b. in We in L? ((O,oo);L2).

Let us notice that the bound on 7 in L*® ((O, 00); L2) is not uniform in We.

Compactness As is usual, the former bounds imply the existence of
u’ e LOO(((), oo);LQ"’) N Lz(((), oo);Hl) and 7°¢ L? ((O, oo);L2) ,

such that the following convergences hold (extracting subsequences if necessary), for all
0<T < o0,

u—uf L*((0,T); H'), (2.1a)
u(t,) —u'(t,-) L*Q), (2.1b)
u = P L> ((0, 00); L2) , (2.1c)
Vu—vVu®  L*((0,00); L?), (2.1d)
N L? ((0, 00); L2) , (2.1e)
T(t,) = 19(t,) L*Q), (2.1f)

and
Oru is uniformly bounded in L ((0, T); V') ,

where V" is the dual of V := {v € H}, V-v = 0}. For the latter bound we note that V-7
is bounded in L? ((0, T);H _1). The non-linear term is the only tricky one to estimate: for
all p, € C ((0,00); Ce™7), for all 0 < t < T,

(- Vult ), 0ot Ny | < ks NI fult MG oot )l

10



Therefore, using the Aubin-Lions lemma [CF88]|, we get the strong convergence

u—u®  L*((0,T); L) . (2.1g)

Weak convergence of 7 and u The simple observation leading to the convergence of
T is that

2wD(u) =7 =We (1 +u- V1 +7W(u) — W(u)T).
The Weissenberg number in front of the right hand side makes the convergence follow
directly from the bounds on v and 7 above. The Newtonian limit is therefore much more
simple than passing to the limit on a sequence of approximated solutions, when proving

the existence of weak solutions. We do not need refined convergence results for 7. For all
¥ € G ((0,00) x ),

(2wD (u) = T,9) pr p
= (O +u- VT +7W (u) = W () 7,%)p p
We—0

= We [— <7‘, 8t¢ +u - v¢>L27L2 + <7’W (U) -W (U) Taw>'D’,Di| — 0.

Moreover,
We—0

(2wD (u) = T, ) pr p — (2wD (uo) - TO’¢>D’,D’
which yields at the limit, 70 = 2wD (uo).
Let g, € C2°((0,00); C™7). The strong convergence of the velocity field in L? ((0,T); L?)
allows to pass to the weak limit in the nonlinear term u - Vu. Hence, we can pass to the
limit in the momentum equation and get that u® satisfies

<8tu0 + 4’ Vu® — (1 —w)Au?, 90‘7>D',D = <T0, LPU>D/,D =w <Au0, 90‘7>D’,D‘

It remains to apply De Rham’s theorem (see for example [Sim03| for a rigorous statement)
to ensure that u° is a weak solution to the Navier-Stokes system (I.6]).

Remark 5. We can pass to the limit in the inequality (1.3) assuming furthermore that
VWe g tends to zero in L?. Then using that 70 = 2w D(u®) and the obtained weak conver-
gences, we get the standard energy inequality related to the Navier-Stokes equations.

2.2 Strong convergence

Our goal is to give a proof of Theorem (3| stating the strong convergence of the velocity
field v and of the symmetric stress tensor 7 of the fluid flow solving . Our modus
operandi emphasizes in a simple case some features of the relative entropy method used
for the strong convergence in the FENE-P system.

To get the strong convergence, we expand u, p and 7 in powers of We:

u~u® +Weul, p~p®+Wep', 7794 Werl.

Very formal computations yield, as expected, that the lower order term u" = u%(¢,z) € R?
should solve the three-dimensional Navier-Stokes equation

Ol +u’ - Vul — Au? +Vp? =0 (2.2)
V-u =0 '
and that the stress tensor
70 = 2wD(u°). (2.3)

11



At first order in We, we expect u! = ul(t,z) € R3 and the symmetric tensor 71 = 71(¢,z) €
R? to solve

ol +u® - Vul +ul - Vul — (1 —w)Aut +Vpt =V 7!
V.ul =0 : (2.4)
o +u? - V0 + rOW (w0 - W(0)r? + 71 = 2wD(ul)

We aim at showing, first in the case of ) = R? that these expansions are in fact correct,
as well for well-prepared as for ill-prepared data m9. The idea of the proof is classical and
consists in using the relative entropy of the viscoelastic system. We proceed in two steps
for the proof: first we show the well-posedness of system , then we prove a Gronwall
type inequality on the relative entropy.

2.2.1 On the necessity of the first-order correctors

The first-order correctors u' and 7! are needed to achieve our estimates, although there
are transparent in the final convergence result (1.12)). Indeed, if one stops the expansion
of u and 7 at order 0, we get the estimate:

ol )~ )2+ 200 ) [ 9 (=) 22+ 1
0

! We t
+/0 HT_QWD(UO)HQLQ < o5 [ 70]|72 —Qw/o /Rs ((u—uo) -Vuo) . (u—uo)
— 4w 7 —2wD(u)) : D(u® .
2 [ [ - 2D@) D6, 25

which does not seem to allow to conclude. In fact, the natural idea would be to bound

’—Qw/ot/R3 (=) - V) - (u— o)

and to split

— 2w /Ot /R3 (1 —2wD(u)) : D(u’) = —2w /Ot /]jo (r —2wD(u°)) : D(u°)

— 4w2/ (D(uo) — D(u)) : D(u®). (2.7)
0 JR3

t
<2 [0 fu = 6)

The term in the right hand side of (2.6|) is nice since HVuOH oo 18 locally integrable in
time and can be dealt with using Gronwall’s inequality. The annoying terms are the ones
appearing in ([2.7)). We can bound the latter by

20 [ lr = 2D | 2 [ DO s+ 406" [V (w= )] 1P

<l I 2opt@ v [ 19 =+ [ 1060

and absorb some terms for v small in the left hand side of (2.5)). Yet, the term

LI TN
> [ e

remaining in the right hand side need not to be small in the limit We — 0.
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2.2.2 Well-posedness of the profiles

We carry out an H™ a priori estimate on (2.2)) in the same fashion as was done in [Tem75|
for the Fuler system: there exists C' > 0 such that, for m > 3, for all ¢ sufficiently small,

1 ¢ 1
3 0 i+ [ 19000 5 s < 5 o]+ Co (0.

Hence, for all 0 < T < m =T,

1
0
[ u HLoo((o,T);Hm) < m < 0. (2.8)

Therefore, there exists a global weak solution u° € C? ([0, 00); Hil) N L™ ((0, 00); L2"’) N
L?((0, 00); Hl) of (2.2)), such that, for all 0 < T < T*, u® € L> ((0,T); H™). This regu-
larity for m = 4 is sufficient for the rest of the computations. Note that an L? ((O, T);H 4)
bound on «° is not enough to us, so that we do not take advantage of the regularizing
effect of to weaken the assumption on the initial data ug.

From ([2.4)), one retrieves
' =2wD(u!) — 970 —u® - V70 — OW (u®) + W (u®)7O, (2.9)

so that we can introduce it in the momentum equation at first order:

(2.10)

Ot +u¥ - Vul +ul - Vul — Aul + Vp! = f!
V-ul =0

We complement (2.10) with the initial data «!(0,-) = 0. Using the equation satisfied by
u?, the source term may be written under the form

= -9, (V- 7‘0) -V (uo . VTO) -V (TOW(UO)) +V- (W(uO)TO)
= wA (uo V) — wA?u? + VAPY — 2wV - (u° - VD(uO)) — 2wV - (D(uO)W(uo))
+ 2wV - (W(u®)D(u))
= wA (u® - Vu°) —wA?u? = VV - (10 Vu') = 20wV - (4 - VD(u?))
— 2wV - (D(uO)W(uo)) + 2wV - (W(uO)D(uo))
which is in L ((O,T); L2). Straightforward energy estimates on (2.10) show that a se-
quence of approximated solutions is bounded in L> ((O,T); LQ) N L? ((O,T); Hl), which
yields the existence of a weak solution

u' € CY([0,T); H 1) N L> ((0,T); L>7) N L*((0,T); H').

Using the regularity of u”, we get the extra estimate u' € L>((0,7); H'). Hence, one
deduces from the latter, (2.9) and the equation satisfied by u", that 7! € L? ((0, T); L2).

2.2.3 Weak strong estimate

We now turn to the estimation of the remainders

UM =y —u® — Weu! (2.11)
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and 7 — 70, In order to carry out the computations below, we need the regularity on the

profiles u?, u!, 7° and 7! we have assumed above. On the one hand

UM + UM . Tu+u-vUM — (1 —w)AU) + Vv (p —p¥ = Wepl)
= —We (ul -V(u—uo)) +V. (T—TO —WGTI) ,

which yields

1 r 2 t T 2 t T T
2HU()(t,-)HL2+(1—w)/O HVU()||L2+/O /RS (v u) - U
t t
< —We/ / (u' - V(u—u)) LU —/ / (T—TO—WeTl) VU™, (2.12)
0 JR3 0 JR3

On the other hand
-9

We
+ W(u)(r —7°) + (W (u) — W(uo)) 0+ 7t 4 2w

= —(u—uo) -VTO—(T—TO)W(u) —70 (W(u) — W(uo))

D(U(T))
We

8t(T—TO)+u~V(T—TO)+

which gives

1 1 [t 1
5 It =7, -)HiﬁWe/o 7 =70l = 5 lImo = 2D (wo)II72

+/(:/RST%(T_TO)_AtAS((u_UO).vTO);(T_TO) o
+/0t/RS (70W<u_u0>):<7_70>+/0t/m (W@ — u)r) : (7 — 19)
+\2z\2/0t RSVU“’):(T—TO).

The linear combination 2w+We gives the energy equality
t W t
AT + 2000 =) [ VOO 4 F ) =+ [l =
(2.14)

We 2 ¢
<l - 2D @) —20 [ [ @0 va).00
2 0 R3

—QwWe/ot/R3 (ul-V(u—uo))-U(T)—l—We/Ot/R?)Tl:(7‘—7’0)
—We/ot/RB((u—uO)-VTO) ; (T_TO)+We/Ot/Rg (W () 29)

t ¢
+We/ (W(uo - u)TO) (1 — 7'0) + 4w? We/ / rt.vu
0 JR3 0 JR3

W t
:26‘|T0—20JD(U0)’|%2+/ (A+B+C+D+E+F+G). (2.15)
0

We estimate each term of the right hand side of (2.15]) separately. The goal is to split
each term into a part which is sufficiently small to be absorbed by the left hand side of
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(2.15)), a part which is controlled through a Gronwall type inequality and remainder terms
of order O(We). Let v > 0. This parameter is going to be taken small independently of
0 < We < 1 in the sequel. We have

|A] < 2w '/ (U(T) - Vul) - UM + 20 We
R3

/ (U0 . vul) . U
R3
< 20| U] s [[00]] o VU] 2 + 20 Wel[ U] o || o [VU] 2
1 3 1 3
< 20073 [UO|2, Vel o v VU2 + 20 We | UD| 7, ||Vl VU 2,

w T 4 3wy .
< OO, [VuLs + 2 w2,

3
b 22 Wel[ U0 |2, Va1 + 22 wel| 0|2,

The second term is of order O (We2). Indeed,
/ (! - U™ g
R3

/ (- Val) - U
R3

1 3
< 2w We2 [ [t VU o < 20 We? [l |2, |Vl 90,
< LW [ o |Vt [ + o We [ VU2

IB| < 2w We + 2w We?

/ (! - Tty - U0
R3

= 2w We?

The third term is estimated in a simple way

we
2

We

€1 < Wellr! ol = 7"l z2 < G- 1 Mz + 5 Il =7l

so is the last term
20 1|2 2 (r)]|2
G| < = We ||7"||}. + 2w*v We||[ VU"|| L.
v
For the fourth term, we rely again on a convexity inequality

/RS U™ v : (r - 19 /RB (w9 : (7 — 1)

< Wel| U] o V70| o 17 = 7| o + We? [l - 970 [l = 77

D] < We + We?

We 2 We 2
< X, ort) e + S e o2,
We? We?
N o + S = 2,
The next two terms are treated analogously:

/Rg ("W (@) : (r =) /R (W) : (r — 79

< We [[7°]] oo (VU] o 7 = 70 2+ We? [|7°]] oo 1970 2 7 = 701 2
We v
<
- 2
We? 2 2
+ 02 v s +

|E| < We + We?

- We
[z VU2 + 5 Nl =71z

We?

=)
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and the same type of estimate holds for F. We deduce from these estimates that there
exists a value of v > 0, depending (among others) on w and ||uo| 4(q), but not on We,
such that for all 0 < We < 1,

t
We
T+t =) [ VOO + 5

S e, =7l [ =7l

We
<~ llo—2wD (uo) 172

t W
+ Cu/) (17022 + We [ V7] + We |[Vul |, +1) <wHU(T)HiQ + 5|l - TOHL2>
t Wi t
W [l 93+ 216
1% 0 0

W62 t 2(,02 t
Y L R A o P N

The constant €y, depends on the choice of v, on w and again on [[ug|| (g, but is inde-
pendent of We. Via Gronwall’s lemma, we finally manage to control a relative entropy
associated to the viscoelastic system (1.1)): for all 0 <t < T < T*,

t W
MO+t =) [ 0O+ B ) =+ 5 [ =2l

(2.17)

1 2 Lrw 1 13

< We 2\\To_zwp<uo)\m+/o (% We o] |9
1 2 We 2 2 We? 2 2
b2 S a2 O + S 0 et

202 t
2 ||Tl||§2)} exp <t—|— cy/o (172, + We [ 02)12.. + We [[va'|[£, + 1>> .

This estimate shows the convergence statement ([1.12)) of Theorem [3| in the modulated
energy norm.

3 Low Weissenberg limit for a FENE-P type fluid

In this section, we focus on the low Weissenberg limit for global weak solutions of (|1.2))
posed in a bounded domain Q C R?, in the torus @ = T¢ or in R%.

The free energy (1.5 is the fundamental tool for the mathematical analysis of the
FENE-P system. It plays a role analogous to the energy ((1.3) of the corotational system.
However, due to its non-trivial form, it leads to intricate computations.
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Because of its importance, we recall the result of D. Hu and T. Lelievre [HLO7|
1 2 ! 2
3 It + (=) [ 1Vl

+W(b2;rd>vife/ [—ln(detA)—bln<1—TréA)> (b+d)1n<bbd>](t)

w(b+d) / / Tr A 2d
2 We?

TrA 1 . TZA
< % ol 2y + (l’gd)vte/g [— In (det Ag) — bn (1 - M;“”) 4 (b+d)ln (bidﬂ
(3.1)
and give an outline of how this a priori estimate is derived. We work with regular solutions
of . The free energy estimate relies on the computation of the total time derivative
of the left hand side of using the formula: for any invertible matrix M = M(t)
depending smoothly on ¢

+ Tr (Afl)

(0 +u- V) (IndetM) = Tr (M 0y +u-V)M). (3.2)

A simple energy estimate yields on the one hand,

)l o+ (=) [ (e )], = - / [ 7 vt ol

1 b+d A:Vu 1
- [ gl )

On the other hand, using (3.2]) and the equation on the structure tensor A, we have

1 d 1

-1
—(0t+u~V)ln(detA):ﬂw—%ﬂm )7
Tr A 2D(u): A 1 Tr A 1 d
— In (1 - - S eieltele N T N S
b(0: +u V)n( 5 ) 1_T2A We(l_TEA)Q—i_We TIE)A7

which boils down to

/Q[—ln(detA)—bln <1—T1;)A> (b+d)In (b d)] / /Q T
/ / TrTilA 1 _26%,4 +Tr(A7)
+/Q [— In (det Ag) — b1n (1 - TrbAO) 4 (b+d)n (bidﬂ (). (3.4)

The estimate (3.1)) is thus seen to hold thanks to the linear combination (3 + We (bzg)w .

This proof actually serves as a model for our more complicated Computatlons of the relative
entropy estimates below.

As for the asymptotic analysis of the corotational system, we first investigate the weak
convergence of u. In a second part, introducing corrector terms, we manage to prove the
strong convergence of u, A and 7. The strong convergence is the truly tricky point.
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3.1 Weak convergence

Letting We go to 0 in (1.2)) yields formally that A converges toward
b
REE L
b+d
In the rest of this section we handle the proof of Proposition

The convergence of A toward AY comes directly from the entropy inequality (3.1)). The
main observations, which lead to such a convergence result, are that the functionals

FooAs —ln(detA)—bln(l—rﬁ;)A> (b+d)1n<bbd) (3.5)
HeAs oA Q‘fMJrT (A (3.6)

TrA\2
=52 =5
defined for appropriate symmetric positive definite matrices A with 0 < Tr A < b,

e have a global minimum at 4 = A% = I with value 0,

b+d
e are globally strictly convex,
e and thus yield a bound on ‘A — A0|2.

Hence, one can use the decay of the free energy to prove the estimates (|1.8]), (1.10a) and
(1.10b)). Notice that we also have the inequality 0 < F < H.
We conclude, using these properties and the decay of the free energy that for all ¢ > 0,

0</\A A0 <0/[ In (det A) — bln (1—Tré‘4)) (b—i—d)ln(bbd)](t)

< C'Wellug|Z2 (0
+w(bzz_d)/ﬂ{—ln(detAo)—bln<1—Tr(;lo)> (b+d)1n<bjd)].

(3.7)
and that
¢ 2
og/ / A A9
Tr A 2d _1
<c// e AR
< 5 2HUOHL2 Q)
w(b+2) Tr(Ap) b
—i—2bV\7e/Q [—ln(detAo)—bln (1— 2 ) (b+d)In (b d)]
(3.8)

The bounds and imply the estimates of Proposition

It remains to establish the convergence of u and 7. Assume now that initial data is
well-prepared, i.e. that is satisfied. We deduce a uniform L? ((0, 00); L2) bound on 7
from the convergence of A. Indeed, let us rewrite 7 in the following way:

b+dw 1
b We

T =

b

A | _erawr fa-a TrA—TrAO
A b We 1_TrTAO b(l TrAO)(

5

(3.9)
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The first term in the right hand side of (3.9)

1A-A

Tr A°
We1 — :

is bounded in L? ((0, 00); LQ) uniformly in We, thanks to the convergence result ({1.10b|) for
well-prepared data. For the second term, we notice that A is bounded in L ((0, 00); L™)
by b and that

(b+dw 1 Tr A — Tr A° (b+dw 1 Tr A Tr A° T
- = e Tr A — v 0 - IrT.
b We <1_TrbAO> (1_TrbA) b We 1_T 1_Tl;4

This part is bounded thanks to the decay of the free energy. Indeed, using the inequality
Tr A Tr (Afl) > d?

valid for the positive definite matrices A, we find that the fourth term in the right hand
side of (3.1) bounds the L? ((O, 00); Lz) norm of Tr7:

™A 2 T Al > ™A 2 N d?
(1_T1;)A)2 17TII‘)A r - (I_TII,)A)Z 17TII‘)A Tr A
[TrA—d(1- 54"
TrA(l—TrA)2
[TrA—d(1- "]
2
b(1-5)
2
_l T4 b 2 2
= ~ha ] > b+ d)%a? We* (Tr7)”. (3.10)

It remains to see the convergence of 7 and w. Assume that d = 2, 3. From , it
comes that v is uniformly bounded in We in L* ((0,00); L?) and L*((0, oo);Hl). Rea-
soning in the same manner as in Section we deduce from the uniform bound on 7 in
L2 ((0,00) x Q) the existence of

u’ e LOO((O, oo);LQ"’) N LQ((O,OO);HI),

such that u converges to u” in a fashion similar to (2.1). To see the weak convergence of
7, the idea is to use the equation on A in the system (|1.2)):

b+d
- _(+b)w (0,447 - (uA) ~ Vud - A (V)] (3.11)
The right hand side of (3.11]) converges in the sense of distributions toward
(b+ d)w

b
- {&AO +u?-vA° — 2mD (uo)} = 2wD (uo) .

Finally, we can pass to the weak limit in the equation for «°, and get that u° solves the

Navier-Stokes system (|1.6]).

Remark 6. Notice that if one further assumes (1.9) with o (We) instead of O (We), we
can prove that u® satisfies the energy estimate associated to the Navier-Stokes system.

19



3.2 Strong convergence

This section is devoted to the proof of our main convergence result, namely Theorem [4
We aim at showing that u converges strongly toward u" solving the Navier-Stokes system,
for sufficiently nice initial data. Let

ud e L™ ((O,oo);LQ"’) N LQ((O, oo);Hl)

be a global weak solution of the Navier-Stokes system , with no-slip boundary condi-
tion, associated to the regular initial data ug € H*? (€2). As in Section there exists
0 < T* < oo independent of We such that «°, in addition, belongs to L> ((O,T); H4) for
all 0 <T < T,

We follow the same steps as in the proof of the strong convergence for the corotational

model (cf. Section [2.2)):

1. Thanks to formal computations we identify relevant corrector terms for u, A and 7.

2. From the entropy for the FENE-P system, we then derive a formula for the relative
entropy.

3. We finally show a Gronwall type estimate on the relative entropy.

This scheme proves more complicated due to the complex form of the free energy (3.1))
associated to the FENE-P system in comparison to the simple energy estimate (1.3]). From
the analysis carried out in Section 3.1 we already know that we have the following control

wb+d) 1 2 wb+d 1 [ 2
%%HA(t7')_AO(t7')HL2+vaveQ/O 4= A%

< “(bgd)vée/g [—ln(detA) b (1 - TréA)> +(b+d)hn (bjd)} )

wb+d) 1 [ Tr A 2d .
M We2/o/g T+ (A7)

™wA\2 1 _ D[4
( B T) 1 b
However, as emphasized in the proof of the strong convergence for the corotational
model, we need to push the expansions of u, A and 7 up to the order 1 in We, in order
end up at a Gronwall inequality with a small source term, of order O (We). This requires
to handle the term

— (7’ - TO) VvV (u —ul - Weul) (3.12)

coming from a weak strong energy estimate on the momentum equation. One of our main
difficulties is that for the FENE-P system the transport equation holds on the structure
tensor A, not on the stress tensor 7 as in the corotational system , and that A and 7
are related by a non-trivial nonlinear relation. This accounts for the difficulty to extract
the terms in from our equations.

We face this issue by expanding the entropy around the corrector A?+We A'. We
thus derive a new entropy, the relative entropy , for the FENE-P system, relevant to
the study of the low Weissenberg asymptotics. Notice that expanding the entropy around
A° rather than around A° + We A! would not be enough.

The expansion of the relative entropy in terms of We makes it possible to underline
the correspondence between the corotational and the FENE-P systems. Roughly speaking,
our leading idea is that the terms at main order O(1) in We can be handled similarly in
both cases. The other terms are remainder terms, which are shown to be small and hence
do not make a difference at the limit.
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3.2.1 Formal computation of the corrector terms
We simply rewrite the FENE-P system in terms of II(A) := 17%—“ - I
b
ou+u-Vu—(1—w)Au+Vp = %ﬁv-n(/x)
V-u =0
HA+u-VA—VuAd — A(Vu) + LT1(A) =0
— (tdw 1
— b WWH(A)
As for the corotational system, we begin with the formal computation of the corrector
terms. Let us assume that

uw~u’ 4+ Weut, p~p’+ Wep!, A~ A%+ We A + We? 42

(3.13)

Expanding IT near A yields:
II(A° + H) =TI(A°) + (DI)(A")H + %(DQH)(AO)(H, H)+O(H?).

Hence, one infers

AO
H(AO + WeAl + We2 A2) = w —
b
A0 Tr Al Al
+ We 7 + T A0
b(l—LbAO) ===
9 AV Tr A2 A2 AY(Tr A1)? Al Tr Al
+We o 2 + 1 TI‘AO + o 3 o 2
p(1- DA 1T e (1 DAY g (1 A
+O(W63).

Plugging the ansatz in the momentum equation, we get that u® solves the Navier-Stokes
system (L.6]), and at first order in We that u' solves

ot +ul -Vl +ul v — (1 —w)Au' + Vp!

(b+ d)w A°Tr A? n A? N A%(Tr A')? Al Tr Al
' 2 Tr A0 3 2
b p(1-TA0)" LT e (1 AT g (1 T

b

Note that both «® and u! are incompressible fields, and meet the no-slip boundary condition
on 9Q. We impose the initial condition u*(0,-) = 0.
Plugging now the ansatz in the equation on the structure tensor A and identifying the

orders in We leads to

AO
— 5 -1=0
Tr A9 ’
1 A
T ATy Al Al
A +u’ VAY = VulA? — A% (Vi) + + — =0,

2
b (1 — “TAO> 1 b
A + 0 VA +ut VAL — viulA? — valAl — Al (VUO)T —A° (Vul)T
A% Tr A2 A? A%(Tr A2 n Al Tr Al

+ =0,
b(l—TMO)2 1- B 2b2(1—T‘fTA°)3 2b(1—TrTA°>2

b
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from which we retrieve

b
A= —1
b+d’
b 2
1 _ 0 1 _
b 4
TrA?=4(—— ) D@’): D(u°
a2 =1 (L) D6 D)
Letting
1 (b+dw A% Tr A2 A?
I
b r AO 2 1— Tr A0 |
b (1- 1) ;
we notice that
b
OA" +u0 - VA — Vil A — A% (V)T = wuAl — A (V)T + m# =0.

(3.15)

Remark 7 (Analogy with the corotational system). Again, there are some similarities
between the correctors ™0 for the corotational system, and A for the FENE-P system. The
equation for 70 and the equation have an analogous structure, and A' and 7°
are equal up to a constant. This parallel is a leitmotiv of our further computations.

Remark 8 (On the regularity of the corrector terms). Let us say some words about the
reqularity of the profiles. We argue exactly as in Section . As soon as ug € H*(Q),
we get that

u’ € L™ ((0,7); HY),

ul € L™ ((O,T);Hl) ,

Al € L™ ((0,T); H*) € L™ ((0,T) x Q), (3.16)

e L™ ((0,7); H?),

e L*((0,T); L?).
Remark 9 (On the definite positivity of the correctors). The first-order corrector A°
1s evidently definite positive. For We sufficiently small, this happens to be also the case

for AY + We AY, uniformly in t and x. This follows from the fact that D(u®) belongs to
L>((0,T) x Q).

3.2.2 Relative entropy: expansion of the free energy at first-order

Expansion of 7 Let us consider
Fi A F(A) —F (A" + We A') — DF (A% + We A') (A — A° — We A1),
where F is defined by . Expanding F by the Taylor formula yields
—In(det(B + H)) = —In(det(B)) — Tr (B™'H) + O (H?) ,

~bIn <1— Tr(B+H)> = bl <1— HB) + 1TrH +0 (H?),

b b - 57
TvH
F(B+H)=F(B)-Tr (B~ H) + ;ﬁ +O(H?).

b
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Therefore,

_ ) 1
F(A) = —In(det(4))—bln <1— TrbA>+1n (det(A® + We A"))+b1n <1_ T (4 J;WeA ))
0 1)1 0 ny T (A — A% — WeAl)
+Tr((A +Wed) (A4 —WeA))_ e '

b

The positivity of the Hessian matrix and the Taylor formula with integral rest at order 1
F(A) =F (A +WeA') + DF (A° + We A') (A — A° — We A')
! 2
+/ (1—t)D*F (A + We A' +¢ (A — A — We A')) (A — A° — We A')" dt
0
shows that F(A) is positive and bounds |A — A% — We AY|2.
Expansion of H In the same fashion, we consider

H: Ar— H(A) —H (A" + We Al) — DH (A — We A?) (A — A° — We AY).
where H is defined by (3.6). Expanding H by the Taylor formula yields

Tr(B + H) Tr B 1 2Tr B 9
= + + —~ | Tt H + 0 (H?),
(1-mEm)® (=% =827l b
2d 2d 24 Tr H
- =~ —m5 - ro (),
1_Tr(Bb+H) 1_TbB b( _¥)2
Tr(B+H) ") =Tr(B™')—Tr <§2> +0 (H?),
so that
H(A) = 4 2 +Tr (471

T‘I‘A 2 1 _ TI'A
(1-5) b
Tr (AO + We Al) 2d
a (1 B Tr(A0+WeA1)>2 * 1— Tr(AOJEWeAl) B
b

Tr (A% 4+ We A1) ™)

1
B <1 . Tr(A0+WeA1)>2

2Tr (AO + We Al)

T b (1 _ Tr(AOJ;)WeAl)>

Tr (A — A — WeAl)

b
2dTr (A — A” — We A1) - <A—A0—WeA1)
r

(A0 We A1) 2 0 1)2
b(l—T(AZWA)) (A9 + We A1)
Tr A 2d
= — +Tr (A7t
i
0
_ TrA + 2d —Tr((AO%—WeAl)A)

(1- ey T

Tr (A— A% —We Al) <A—A0—WeA1)
- N2 r 0 2
(1—TTAO> (A0 + We Al)
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The positivity of the Hessian matrix and the Taylor formula with integral rest at order 1
H(A) =H (A% + WeA') + DH (A° + We A') (A — A° — We A")
1
+/ (1—t)D*H (A + We A" + ¢ (A — A% — We A')) (A — A" — We AV)? dt
0
shows that H(A) is positive and bounds |A — A% — We A'|2,
These remarks lead us to consider the quantity

e(t) = 300N+ =) [ 90O,

+WV\1/e/S]]?(A)(t")+WV\;e2/Q /Qﬁ(A). (3.17)

We call it the relative entropy of our system. Its role is analogous to the relative entropy

(2.17) for the corotational system.

3.2.3 Estimate of the relative entropy

To put it in a nutshell, our purpose is to establish a Gronwall type inequality on

1 t
0= S0 + @ - [ VU,

wb+d) 1 2 wb+d) 1 t 2
%WeHAAOWeAIHLQ+2bWe2/O |4 — A% —WeA'||,,

for d = 2, 3. This latter quantity is, of course, smaller than the relative entropy: © < C'€.
Roughly speaking, the Gronwall inequality should look like

D < E0)+ /tC(S)Q(s)ds + O(We), (3.18)
0

where s — C(s) is a positive and locally bounded function. Notice that this is exactly what
we did for the corotational system: see in particular (2.16)). If we manage to prove (3.18]),
we can expect to get the following bounds:

= 6 2oy = © (VWe). (3.19)
A = A% L (01y:12) = O (We) (3.20)
14— A% = We A'| 1o 1y.12) = O (we3/2) , (3.21)

provided that €(0) = O(We) (well-prepared initial data for u and A). Moreover, improving
the bound on A — A? — We A! yields a better bound on 7 — 7% in L!. This is a consequence
of the formulas

o_ (b+dw 1 0
— =7 TI(A) — 2wD
T—T 2 We (A) wD(u”)
1 |A—AY—WeAl TrA—Tr A — WeTr Al
_ (b —i—bd)wvve TrX\ge L TrAO WeTrA ' (3.22a)
1= %5 b(1- DA (1- T4
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and

1 ATrA — Tr A — We Tr Al

e (1 1) (1= )

1 ( A I I> TrA— Tr A — We Tr A!
1

We 7T1;)A b(l—Trl:qO)
_1( A B )TrA—TrAO—VVeTrAl_i_1TrA—TrAO—VVeTrA1
We 1—“TA b(l_TrbAO) We b<1_Trl;AO>

(3.22b)

In order to establish a Gronwall type estimate on ®, we compute each of the terms
appearing in (3.17). The two first terms can be handle thanks to an energy estimate on
the momentum equation. We have

ou+u-Vu— (1 —w)Au+Vp=V -7,
6tu0+u-Vu0—(1—w)AuO+VpO:V-TO+(u—uo)-Vuo,
8tu1+u'Vu1—(1—w)Au1+Vp1:V-Tl—i-(u—uo)~Vu1—u1-Vu0,

which yields

(O +u-V) (u—u’—Weu') — (1 —w)A (u—u’ — Weu') +V (p—p° — Wep')
=V (r—7"=Wer!) — (u—u®— Weu')  Vu® — We (u—u°)  Vu'. (3.23)

Testing the equation (3.23)) against UM = u —u® — Weu, yields the estimate of the
following lemma.

Lemma 10. We have the energy estimate

1 t
SITOEN G+ =) [ 9O,

t
:—/t/ (T—TO—WeTl)ZVU(T)—/ / (U(”)-Vu0>-U(7")
0 JQ 0 JQ

— We t uw—u®) - vul) U, .
we [ ((u=a) - vut) U0, (320

We split the right hand side of (3.24]) into terms which are of order O (We)

t t t
—We//TO:Vul, We//rl:VU(’”), We//T:Vul,
0 JO 0 JQ 0 JO
t
—We//((u—uo)-Vul)~U(r),
0 JO

a term which allows to close the Gronwall estimate

t
_ / / (U0 . vu0) .y
0 JQ
and other terms

t t t t
—/ / 7 : Vu, —/ / 7V Vi, / / T Vi, / / ¥ Vu, (3.25)
0 JQ 0 JQ 0 JQ 0 JQ
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which need not be small. Luckily enough, we manage to show that the latter terms do not
appear in the final estimate of the relative entropy.

We now state and prove three key lemmas showing that the terms of the relative entropy
involving F(A) and #(A) cancel the terms in (3-25). From the proof of the entropy estimate
(3-1), we already know that this holds for the term — fg Jo7:Vu.

Lemma 11. We have

s o]

w(b+d) t
_ : . 2
5 We/]: —|—/0 /QT Vu. (3.26)

The next lemma indicates how to get rid of the term — fg fﬂ 79 Vaul:

Lemma 12. We have

_wlbtd) 1 0 1 1/t/ 0 1
5 We[/QF(A + We A') + ; Q”;'-[(A + We A')

__Mvife/g}'(AoJrWeAl) _/Ot/QTO:wM()(We)- (3.27)

2b

Let us notice that the sign of — fot Jo ™ Vu is precisely opposite to the sign we would
like in order to kill — [ [;, 70 : Vu® (cf. (3:25)). However, we will see (cf. Lemma ,

that the term
1 w(b+d)

“WE % //D?—[ (A +WeA') (A— A" —WeA').
(§]

adds the quantity 2 fg fQ 79 : V0, so that we will recover what we wish.

Proof of Lemma[I2 The proof consists merely in a computation of the total time deriva-
tive 0y + u - V of the left hand side of (3.27). Note that we often use the fact that
Tr ((Gt +u-V) Al) = 0. Expanding in powers of We, we get

1
-~ Wl (A% + We A")

= WeTr ((A°+ WeA) ™ (9 +u- V) 4"

— (O +u-V)F (A" + We A')

_ % (1 LHT?,ZO)Z 1 _2@ + Tr ((AO + WeAl)_l)

b

:—WeTr<(A1)2> + We? [i FWeh— 1Tr< (ay* (8t+u-V)A1>

(A0)"!
(9 1\ k
- Z Weki&(_l)k Tr <(1(412)2+1 >

We focus on the term of order We. It follows from the expression (3.14]) of A! that

wb+d) [* CORTY
—— /0 /QTT<(A0)3> ——TO.D(UO).
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Therefore (3.27)) holds with a remainder term equal to

1k
b+d //Q[ W’“Tr<($)2+l(at+u-vml>

3.28
s (A o
—ZWe (—].) Tr W = O(We),
k=3
which concludes the proof of the lemma. O

Remark 13 (On the remainder term). The notation O (We) in (3.27)) hides the structure
of the remainder term. The term

w t 00 1\ k
(bz‘g D We /0 /Q ;(—l)kWek_l Tr<($),3+l O +u-V) A1>

in (3.28) involves u. One can rely on the standard splitting of the total time derivative

8t+u-V:8t+u0~V+(u—uO—Weul)~V+Weu1.v, (3.29)

and estimate the term

b+d w0+ d) / /ﬂk 1 Wek~ 1Tr< (A" (u—uO—Weul)-VA1>‘

L wlb+d) b+d ZWek 1//‘

Then the first term in the right hand side above is O (We), and the second term can be
absorbed in fgC(s)CD(s)ds (see the Gronwall inequality (3.18])).

+ZWek 1//‘ uU—u —Weu) VAl‘

Remark 14 (On the convergence of the infinite series). Using the regularity statements
(3.16) and the identity (3.29)), we notice that

O +u-V)A € L2((0,T) x Q)

so that for all k > 1,

k
Wek~ 1Tr< () (8t+u.V)A1>‘

(A())k+1

b+d\ 2k
k—1 1 1
< We < ) (/ / ‘A ) 8t+u V) A HL2 ((0,T)xR)

- b+d k+1
W () A 0+ - 9) A -

Thus, the series converges for We sufficiently small, i.e.

1
b+ d || A poo (0,03

0 < We <
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We finally show that the crossed terms fg fQ 7: Vu? and f(f fQ 79 : Vu can be recovered
thanks to the first-order terms in the Taylor expansion of F and H around A® 4 We AL
This emphasizes the importance of pushing the Taylor expansion of F and H up to the
order 1.

Lemma 15. We have

—“’(b;brd)l U DF (A" + WeA') (A— A" — We A')
+//DH (A°+Wed') (A—A4° - WeAl)}

__wbtd) 1 /Df (A% + We A) (A — A° — We AY)

t=0

2b
// :Vau® + 70 Vu +2// (3:30)
b+d// <3t+u QV) (A— A WeAl))

b+d// (A= A°— WeAl) 7 : v

3wb+d// (A_AO_WeA)Ej;;4>

+ O (We).

Again, the proof relies on a computation of the total time derivative of the left hand
side of (3.30) and on expansions in We. The computations, however, are much more heavy
than in the preceding lemma. We shall see that the terms of order O (Weo) in

—(0y+u-V)DF (A” + We A') (A—AO—WeAl)—Vi]e/ DH (A° + We A') (A— A" — We A")
Q

compensate each other, which is not a surprise as DF (AO) = DH (AO) = (0. The crucial
terms appear at order O (We). The fundamental trick we use in order to highlight the
crossed terms fg Jo7: Vu® and fg Jo ™ Vu is to express A in terms of 7 and Tr A:

T — -

This is somewhat reminiscent of the change of variable A = %T + I for the corotational
and Oldroyd-B systems (see [HLO7]). Thanks to (3.31]), we get

__b
b+dw

—9 (1 - TrbA> D(u) — (b+bd)wT + We (Hbd)w (1 - TrbA> [vur +r (vu)T] .
(3.32)

(8 4+ u-V)A=Vud+ A(Vu)"

Moreover, we split the term

) <1_ TrA> Dlu) = 2 (1 B TrA0> D) _2Tr (A—A° —WeAl)D(u%




so that

b
VA= —— (2wD(u) —
(Or+u-V) (b—i—d)w( wD(u) — 1)
Tr(A— A" — We Al) b Tr A T
—2 ; D(w) + We o (1 - = ) [vm + 7 (Va) } . (3.33)
Proof of Lemma[I5 The proof consists in the calculation of

— (O +u-V)DF (A" + We A') (A— A" — We A') (3.34)

- 1/ DH (A° + We A') (A— A° — We A') (3.35)

We 0

We expand this quantity in terms of We. As expounded above, we are especially interested
in the terms of order 1. For these terms, we use the change of variable (3.31)) in a decisive
way. All the terms of order We? or more are put in the remainder. In the sequel, we first

compute ([3.34]), then (3.35).
e We begin with the computation of (3.34]):

— (0 +u-V)DF (A" + We A') (A— A" — We A')

_ o (&5+UV)A1 . 0_ e 1 a
_ Wﬁ((AuweAl)? (A4 WA)) (3.360)
+Tr (A% 4+ We AD) ™ (9 +u- V) (4 - A0 = We Al) ) (3.36b)

O +u- A— A — We Al
T (0 + vl)_(TerA We A')) (3.360)

b
We now look closely at the two first terms appearing in the right hand side above.
> Term (3.36a)):
(O +u-V)A
(A0 + We A1)?
(O +u-V)Al
(40)?

—WeTr< (A—AO—WeAl))

:—WeTr< (A—AO—WeAl))

00 k
— We? ;(—1)’f(k + 1) Web 1 Ty (W (j;) (A— A"~ We A1)> .
(3.37)
> Term ([3.36b):
Tr (A% + We A') ™ (& +u- V) (4 - A%~ We A1) )
:ﬂ<(at+u-V) (A—AO—WeA1)>

A0
Or+u-V)A
e (SR
- k
4 We? [ (—1)F Web—2Tr ((&t +u-V)(A- A0 _ WeAl) (1(1;)1)12“) (3.38)
k=2
(6,5 +u- V)Al 1
T <(AO)2A )} |
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Adding the terms of order We? in (3.36]), we already see that

=0,

Tr<(8t+u-V) (A—AO—WeA1)> LT (9 +u-V) (A= A% - Wedl))

A0 1_TrbAO

which means that the zeroth-order term vanishes.
At the order O (We) in ([3.36]), we have the terms

. 1 .
—Tr (w (A — A0 WeA1)> —Tr (WA1> . (3.39)
(A9) (a0)
We concentrate on the second term in (3.39). We rely on the identity (3.33)):
T <(8t +u ~2V)AA1> b Te <2wD(u)2— TA1>
(A9) (b+ d)w (A9)

Tr (A — A" — We A1) D(u)
2 b o <(A0)2A1>

T
—We b <1_TrA> Tr (VUT+T(VU) A1>

(b+ d)w b (A0)?
Notice that

b 2wD(u) =7 .\ _ 2 |
(b4 d)w Ir < (A9)? Al) Tt dw (1 —2wD(u)) : D (u°)

2b
7(()—}- D [7’ cVu — 70 Vu} ,

which contains some of the crossed terms appearing in (3.30]), though not with the right
sign for 7 : Vu®. The analysis of (3.35) makes it possible to recover all the crossed terms

of (3.30).
e Let us now expand (3.35)) in powers of We:

1
— woPH (A% +WeAl) (A—A°— WeA)

1 Tr(A-A"—Wedl) 1 Tr(A—AO—WeAl)

— + -
We (1 _ Ter>2 We (AD + We A1)?
b

= —2Tr <(A — A% —We A" (jol)?)>

2
+ 3 We'Tr ((A—AO —WeAl) Ej;;)

[eS) k
+We? Y (=1)F(k + 1) WeF* Ty <(A — A" — We A') (4) > : (3.40)
k=3

Yet, thanks to (3.31))

—2Tr<(A—A0—WeA1) A ):-2Tr(él‘(§,)>+2weTr<(Al)§>.

(40)°
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On the one hand,

_m@f)‘;g)
— —4We (1 - TrbA> 57 . D (u°)

et o e T (A A~ We )
AN Y AN wb

T Vuo,

and on the other hand

(A)? 4b
2 We Tr ((A0)3> = (b +d) We % : V.

We conclude that (3.30]) holds. Notice that one uses ideas similar to those of the remark
in order to see that the remainder terms (3.37)), (3.38)) and (3.40) are indeed of order O (We).
To ascertain the convergence of the infinite series, one argues as in the remark [I4] O

Gathering the estimates of the lemmas [T} [I2] and [I5] we end up at the following
estimate of the relative entropy: there exists C' > 0 such that for all 0 < We < 1,

CE(t) < €(0) — / t / (U0 . vty u®)

b+d// (3t+“ QV)A (A—AO—WeA1)> (3.41a)

b+d / / (A—A”—Wed')7:Vu° (3.41D)
L 3w b+d / / ( (A— A° — We A Ej&l) (3.41c¢)
+ O (We).

We proceed for the term

t
_/ /(U(T) . Vuo) U™
0 /0

exactly as we did for A in (2.15)), while proving the strong convergence of the corotational
system. In dimension d = 3, for instance, we bound for all v > 0

I 4 2 3v [ "2
< 27 || 19000y 10y + - [ 190

so that for v sufficiently small independent of We, we can absorb the second term in the
left hand side of (3.41]).

uo) U™

Remark 16 (On the dimension). Notice that this is the only step of our proof which is
dependent on the dimension. In particular the computations of lemmas[I1], [I9 and 15 can
be carried out for every d > 2.
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For 1' , we first split the total time derivative according to (3.29)). We then estimate
Al
8 +u® - V)Al

2

b+d We w(b+d)

14 ¢ 0 1 2
e ) A4 - weal| L
(3.42)

and absorb the second term in (3.42)) in the left hand side for v small enough independently
of We (see the Gronwall inequality (3.18))). Moreover,

wb+d) [? u—u’ — Weul) VA
(;br)/o /Qﬂ<( o7 ) (A—AO—WeA1)>‘

b+d We// U — U —Weu) VA12

)2
so that we absorb the second term in (3.43)) in the left hand side of the Gronwall inequality,
and absorb the first one in the integral term fgC(s)C‘D(s)ds. The term

b+d// < vAl(A—AO—WeA1)>=O(We)

is put in the remainder. We handle the terms (3.41b)) and (3.41c|) similarly.
Finally, we conclude that the Gronwall inequality (3.18)) on ® is true:

wb+d) v [* 2
e [ 1A= A = We A [

(3.43)

D < (0 / C(5)D(s)ds + O(We), (3.44)

We do not make the function s — C(s) explicit. Note that it may depend on b, w, u°, u',
but not on We. Moreover, as stated above, it is positive, and locally bounded. Let T* be

the supremum, which may be infinite, of the times T such that

t
sup / C(s)ds < .

0<t<T J0O

We infer from (3.44)) that for all "> 0, for all 0 < ¢t < T,

0 < D(t) < [€(0) + O (We)] exp (t + /0 tC(s)ds) |

This, along with (3.22a)) and (3.22b)), implies the estimates ([1.15)) and finishes the proof of
Theorem [l

3.3 Final remarks

On the Giesekus and PTT models In the paper [Masll]|, N. Masmoudi addresses
the existence of weak solutions for two other systems, namely the Giesekus model and the
Phan-Thien and Tannes (PTT) model. These models are quite similar, so we just give
some indications for Giesekus’s. The non-dimensional equation on the stress tensor reads

1 2w
o, _ T 2 1 2w
T +u- V1 —Vur —7(Vu)' + a7+ -7 eD(u) (3.45)
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with o > 0. As usually, we can rewrite the equation (3.45]) in terms of the positive definite
matrix A := I—i—%'r

2

T ow w
@A+wVA—wm—AGM)+ﬁ@pydﬁ+wgm—nza (3.46)
Computing,
1 aw? 1 1 _ w 1 1 _
L (Te (A7)
> ——=(detAd)d | ———~ —1
~ We? ( ) ( d >

> — (1— (det A)d )

We?

we infer that the property det A > 1 is propagated in time, so that Tr A > d i.e. Tr7 > 0.
Assume now that det Ay > 1. Then, we have the following free energy decay in time

1 t
ey + =) [ [ [V
w w t 9 1
. — 3.47
+2We/QTr7'(t, )+2We ; Q<oz|7‘| +WeTr7-> (3.47)
1 w
< gl + 55 [ T

One immmediately deduces a L? ((0,T) x Q) bound on 7.
We formally see that 7 (resp. A) tends to 2wD (u®) (resp. I), when We — 0. To
address the asymptotics, one works with the entropy expressed in terms of A

1 t
§Hu<a->um+<w> | LIl

w2 t
—— [ [TrA(t,)) —d] + — A-IPP4+TrA—d 3.48
+ o LA —d g [ fowld—1P 4 Ta—a) (49

w
ﬂ@b + o L (A=),

As in the FENE-P case, one builds corrector terms of u, A and 7. Evidently, u? is the
solution of the Navier-Stokes system with no-slip boundary condition and initial data
equal to ug, A° ;=1 and 79 := 2wD (uo). One derives a formula for the relative entropy
by expanding the free energy around A 4+ We A!. The fundamental remark is that
A+ |A —1|? is globally convex. The computations are far more simple than for the
FENE-P system and lead to the convergence in the relative entropy norm

—_

1 t
sup <2Hu—u0—WeulHi2(Q)+(l—w)/o /QHV(u—uO—Weul)Hig(Q)

te[0,7
0 1
e [a- a0 - wea 2,

(NI

Further details are left to the reader.
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On the Oldroyd-B system For the Oldroyd-B system, the constitutive equation is
(3.45) with v = 0. As for the Giesekus model, the property det Ay > 1 propagates in time
and implies Tr 7 = 0. Instead of (3.47)), we have

1
gty + 0= 7 [0l 5 [ 7er00 555 [ e
1
< ool ooy + o [ o0

so that we lack an a priori bound on 7 in L? ((0,T) x Q). The Cauchy theory for weak
solutions of this system is lacunary. So is the analysis of the Newtonian limit (for an
Oldroyd-B system with a regularizing term, see the analysis of J. Barrett and S. Boyaval
[BB11]). We are not able to say anything on the limit, even on a formal level assuming the
existence of solutions. As the Oldroyd-B system is widely used in applications, despite its
inadequate prediction of some physical phenomena, these questions are challenging.

A A remark on the Newtonian limit for oscillating initial
data

This appendix is devoted to the proof of Proposition We assume that the initial data
To.n 18 strongly oscillating in n (not in We). In our setting (see below), these oscillations
introduce defect measures at the limit n — oco. In order to handle these defect measures,
we need refined a priori bounds on the solutions of . Our analysis is close to the paper
[LMOO] by P.-L. Lions and N. Masmoudi, where the existence of weak solutions is proved.

A.1 Further a priori bounds for the corotational system

We complement the bound by carrying out LP ((0,7"), L) estimates on the system
. In particular, these bounds are crucial for the Cauchy theory of weak solutions as
developed in [LMO0].

The proof of such estimates is divided into two parts. First, assuming an LP ((0,7"), L9)
estimate on 7, we prove a control on the velocity using the momentum equation. Then,
using the equation on 7, we use a Gronwall lemma to show an L” ((0,7), L?) estimate on
7 taking advantage of the estimate of the velocity in terms of 7.

A.1.1 An L?((0,7); L?) control of the velocity field u through an L? ((0,T"); L9)
estimate on 7

In order to estimate Vu in LP ((0,7); LY), we decompose v in a sum u = u' + u? + u?,
where u! and u? are the unique solutions to the Stokes system

o’ —vAU +Vpt = f

Vo =0 (A1)
u'(0,) =0
with f!:= —u - Vu, f?:= V-7, and where u? is the unique solution to

o —vAud +Vp? =0
Voud =0 . (A.2)
ug(oa ) = Ug
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As ug belongs to I,,, for 4 < g <ooand 1 <p < L

[V < Cuolly,, - (A.3)

3
HLP((QT);L‘?)
The second term u? can be estimated by applying the nonstationary version of Cattabriga’s
estimate given in [GGS93| (see corollary 4.2 and estimate (1.6)):
2
HV“ HLP((07T);L11) <C HTHLP((O’T);LQ)’ (A.4)

From (1.3)), we conclude that u - Vu is bounded in L" ((0,7); L*) for all 1 < r < 2 and

s = 3312. Hence, applying Theorem 2.8 from [GS91] and Sobolev’s injection theorem, we
get
((0,1);L*) <C HV2 1‘ L7((0,T);L*) <Cllu- VUHLT((O,T);LS < Clry sy fluollzz s 170l 2]
withl<r§2ands*:%:ﬁ,sothat
1
[ P P ) (A5)
From ({A.3)), (A.4) and (A.5) we conclude that
90l 22 < C Wt gy + € [Nl Tl limolle] (4.0

with constants uniform in 7" and We.

A.1.2 Extra LP((0,7);LY) estimates on 7 through a Gronwall estimate
Let us now estimate ||7|| 1» (o7, 4), for any 0 < T,

1<p<i1 and 3 <q<oo. (A.7)

Testing the equation on 7 against 7|7]972 gives

1 1
=0 ||IT||%, —l—/ (u- V) 7|72 +/ TW (u) - 7|7]972 —/ W(u)T - 7|79 2 4+ — ||7||?
q R2 R2 R2 We

2w

= — D(u) : -2,
2 [ ol

Yet, it follows from the incompressibility of the velocity field

/ (u-VT): T]T\q’Q = / Uq (OaTpy) 7'57|T]q72
R2 R2

q
—/ ualaa (‘7_|q) _/ aa <ua’7—‘ ) = Oa
Rz ¢ R2 q

and
/ W () < 7r]e? = / T W) 57 797
R2 R2
— 1 q—2 _ q—2| _
=3 TayOyUBTaB|T] TayOyUBTaB|T] = 0.
R2 R2
Therefore,
1 1 2w 9 _ 2w
S0l + g Il = e [ D@7l < G2 IVl I (A9
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A.1.3 Gronwall Lemma related to 7
Letting Z := ||7]|%,, it follows from (A.8),

st 7 S e IVl
which rewrites s Y

o (27) + W2t < i IVl
A Gronwall-type argument yields for all ¢ > 0,

Il () = 250) < rlss ©)exp (— ) + 3 [ 19l ()enp (3 ) s (49

On the one hand, for all 0 < ¢ < T,

H/ IVull o (s exp< >ds

< C Wes HT|| o

< C Wes ||Vu|| L7 (0 L)

L°°(O,T)

o + W € [luollze ol ol

1
<OWei T'% ||T|1Lm(<o,T>;Lq) + Wei C [ljuoll 2, ol I 7oll 2]

which implies for T} sufficiently small

< C [luol 2 oy, - o]l 2]
17l oo o320y < 7l 0+

1— 2w (LL)e We (1—2w( )ﬁ%)

The latter yields a local in time a priori estimate on 7 and then on Vu using the first part:
for all T' > 0,

(A.10)

7l e o.myszaay < C [T We, uollya ol 7ol 2 oll ] (A.11)
and

|vul < O[T, We, Juoll ol Il moll ] (A12)

LT ((0,7):L(R2)) —

The explicit computation of the constants appearing in (A.11]) and (A.12) is tedious. Note
that they blow up exponentially fast when T" — co or We — 0.

On the other hand,
t s—t T T s—=T
\% — | d < \Y% — | dtd
[ reun e () a9 e () das
< We [[Val| 1o 1) 19)

and

from which we get by interpolation

t s—1
[ 19l sy exo (St ) s

< We [ Val| oo 0,7y 19 »
Lo5(0,T)

. <We||VuH L (0L

L7-1(0,T)
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Combining this last inequality with (A.9)) yields

q=1
il < We o [7ll o (0) + 2w ||Vl o ,

L= 1 ((0,T);L9) — 1((0,1);L9)
and for w sufficiently small, thanks to (A.6]), a bound
171, s2r ooy < € [N0llzz ol ol 1l (A13)

uniform in time and in We.

Remark 17. The singularity in 1/\7\/6(171 in the estimate (A.10) prevents us from obtain-
ing a bound uniform in We in LS ((0,00); L?). However, for fired We, we can use this
bound. This explains why this bound is usefull for the proof of weak solutions, and not for
the low Weissenberg asymptotic analysis.

A.2 Newtonian limit with defect measures in the initial data

Let (un,T,) be a sequence of weak solutions to (1.1]) associated to the initial conditions

un(0,-) :=ugn(), Tn(0, ) =100 ().

We assume that:

e The sequence (uy,, 7,) satisfies and the a priori bounds (A.11) and (A.12). Note
that the energy bound (| . bounds uy, (resp. 7,) uniformly in n and We in the
spaces L?((0, 00); Hl) L> ((0,00); L?) (resp. L? ((0,00); L?)).

® ug, converges strongly in L? toward ug.

® 70, is uniformly equiintegrable in L?, ie. that

sup/ 70,02 Mzge ), (A.14)
|To,n|>M

n

In particular, we do not assume that 79, converges strongly in L2, which allows the presence
of defect measures initially.
A.2.1 Defect measures

We begin our analysis by making a change of unknown, underlining some special features
of (1.1)) when d = 2. Following [CS12, equation (251)], let us introduce the new unknowns

Gp = Tp,11 — Tn,22, by, = Tn,12, Cn 1= Tp,11 + Tn,22-
We compute (dropping for the moment the subscripts n)

T2 (Gour — Orus) (111 — T22) (Drug — Bouy) )

W(u) - W =
T (U) (U/)T < % (7_11 _ 7_22) (81@(12 — 82u1) T12 (01U2 — 82”1)

Hence, the transport equation on 7, becomes

Oty + Up - Vay — 2b, curlu, + = = % (O1un,1 — O2un2)
Oibyp, + up - Vb, + %an curl u,, + % = s (O1un2 + Ooun1) (A.15)
Oren + Un - Veo + 5 =0
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where curluy, := 01up 2 — O2up 1. In particular ¢, is decoupled from a,, and b,. Of course,
the sequences (ay), (by,) and (cn) inherit from the properties of (7,,), and (a,) (resp. (by),

(cn)) satisfy the a priori bounds ) and (A.11)).

The presence of defect measures in the initial data means that

|(10 n|2 \a0|2+0¢0 LOO((O T) L2) (A.16a)
2 5 |bo2 + By L®((0,T); L), (A.16b)

A way to quantify the possible loss of convergence in products of weakly converging se-
quences is to introduce defect measures. As

|an|? is uniformly bounded in n in (wb.) L ((0,T); L%),
|b,, |2 wb. in L((0,T); L?),
ay, curl u, u.b. in Lq%l(((),T);L%),
b, curl u, u.b. in Lq%l((O,T);L%),
(O1u1,p, — O2uzp) G, u.b. in Lot ((0, T); L%),
(D12, + Oa1 ) by wb. in L*((0,T); L?),
|V, | u.b. in L' ((0,00); L),

there exists a € Lloc((O7 00); L%) (resp. S € Lloc((O7 00); L%), 0,e,m, A E quocl ((0, 00); L%),
€ [L™ ((0,00); L)]) such that for all T > 0,
jan]? = af* + a L((
[baf* = [ + 8 L>=((0,
apcurlu, — acurlu + 6 L1

by, curlu, — beurlu + ¢ La—1

(Orugn + Oourp) by = (O1u® + ou' ) b+ A LaT

(

(

(Drury — Oouzp) an — (O1u' — Bu?) a+n L#(
(

Vun|? = [Vul? + p (L ((0,

Let us state a couple of straightforward properties on the defect measures:
e The measures a, [, p are positive.

e For every bounded measurable set £ C (0,00) x R?,

VE(E)Wa(E), |ANE)
VI(E)\/a(E), |e(EB)

n(E)|
o(E)|

I/\ I/\
I/\ I/\

\ﬁv \ﬁv (A.17)

Moreover, testing the momentum equation against u, then passing to the limit, and
passing to the limit in the momentum equation then testing against u yields an equality
between the terms appearing in the averaging process:

2(1 — w)p + 17+ 21 =0. (A.18)

2
Such an inequality implies in particular € L ((0, 00); Lq%)
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A.2.2 Weak convergence analysis

Our purpose is to pass to the limit on n, then on We. There are three steps:

1. We show the convergence of u,, (resp. 7,,) toward u (resp. 7), and pass to the weak
limit n — oo in the system (|1.1)).

2. We pass to the limit n — oo in (1.3)), in order to get a priori bounds on w and 7
uniform in We.

3. We study the limit We — 0, as in the Section [2.1

We will have recourse to the uniform equiintegrability of 7, in LS. ((0, 0); LQ) showed by
P.-L. Lions and N. Masmoudi in [LMO00].

First step Classical arguments yield the existence of

u e L™ ((0, 00); L*7) N L*((0, 00); Hl) and 7€ L™ ((0, 00); L*) N L§S, ((0,00); L),

loc

satisfying the energy inequality (1.3)) with a right hand side slightly modified to account
for the fact that 79, does not converge to 7y in L?. Passing to the limit n — oo in the
system (1.1 for (up, ), we get that (u,T) solves

ou+u-Vu—(1—-w)Au+Vp =V.71

oy (A.19)
6t7+u.VT+TW(u)—W(u)T+<_16 25 >+Vée7- = 22D (u)
2

in the sense of distributions. We focus now on the low Weissenberg limit in (A.19)).

Second step We intend to let n — oo in the energy estimate

2 r 2 We 2 r 2
w f|unl[72 + 2w(1 — w) ; IVunllze + == lImallz2 + ; 772
We

3+ 5 Ioal? (4:20)

= w [luon

so as to retrieve bounds on the defect measures § and € uniform in We. Assuming no defect
measures initially (i.e. agp = fp = 0), we already know that (1.3)) is satisfied at the limit.
Nevertheless, in the presence of defect measures, using the inequalities
[l oo ((0,000:22) < T inf ([ | oo 0,00):22) »
IVull z2((0,00):22) < Hminf [V | £2((0,00):22) -
171 oo ((0,000:22) < HINE [ 70| oo ((0,00):22) -

171 22 ((0,00);22) < T |70 | L2000y 2) »

is responsible for the loss of a lot of information. In particular, we lose all information on
the defect measures propagation.
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The heart of the matter is to justify the following formal limit n — oo in (A.20)

T T
ol + 2w(1 - w) / 1Vu)Z + 2u(1 — w) / / p
0 R2
We We
+IITHi2+/ (o +48) + /||T||L2+ // (o + 48)
2 4 Jre

We
—wIIUOHL2+ Iroll72 + — 1 / (o +45) . (A.21)
R2

If the latter holds uniformly with respect to We, then we get uniform bounds on p, & and

B in L ((0,00);L1), and by

1 1
In| < (u+a) !5|S§(u+a),

we bound 1 and ¢ uniformly in We in L! ((O, oo);Ll). The same holds of course for A
and € as well. In order to show (A.21), we need to prove that u, a and [ belong to
LlloC ((0, 00); Ll). According to the results above,

o, BeL%((0,00),LF) and pe L, ((0,00),L%) (see (ATF)).

However, these bounds are not uniform in We, and do not imply a Lz e ((0, o0); Ll) bound.
Here a stronger result is needed on the sequence 7,:

Result C (P.-L. Lions and N. Masmoudi). We assume , i.e. the uniform equiinte-
grability of 105, in L?. Then, 1, is uniformly equzmtegmble in Ly, ((O, o0); Lz), i.e. for all
T >0,

sup sup/ |7 M=e ), (A.22)
te(0,T) n J|m|>M

We refer to [LMOOQ] Section II1.3 for details concerning the proof. Let us point out the
main idea. It is to consider 7, as a solution of the linear system

{ Oyt + 1 Vg + T W (1) — W ()T + ghery = 2200

Tn (07 ) = T0,n
with v fixed, which yields an affine mapping K, : 79, — 7, depending on u. Yet, K,
satisfies estimates independent of w. For R an auxilliary parameter, one then decomposes
the initial data into

To,n = To,nljrg o |<k + Ton iz >R

and bounds

/ |7 S/ | K. (To,nlro,n|<R)(2+/ | Ky (Tovnllro,nlzR)F-
=M | >M R?

The second integral is made small for R large thanks to (A.14]). The first is small in the
limit M — oco. Note that up to this point, we do not take care on the dependence on We.
We deduce from ({A.22)), that

an curlu, — acurlu, b, curlu, — bcurlu,
(O1u1m — Oaugp) an — (O1ur — Qouz) a, (Orugy + Ot p) by — (O1ug + Oour) b

are uniformly equiintegrable in Lloc ((O, oo);Ll). Therefore, they converge weakly in
L! (( 00); Ll), and their weak limits &, ¢,  and X belong to Lj,. ((0,00);L1). The

loc

defect measure y is in L}, ((0,00); L') because of the equality (A.18).
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Final step We proceed exactly as in the Section from (|A.20)) we get the existence

of

u® € L™ ((0,00); L*?) N L2((0,OO);H1) and 7" € L?((0,00); L?),

such that convergences analogous to (2.1) hold. Passing to the limit We — 0 in (A.19)
leads to the fact that u" satisfies the Navier-Stokes system (1.6)) in the weak sense.

Remark 18. In order to pass to the limit in the energy equality , we assume more-
over that VWety tends to zero in L? and that We(ag + 400) tends to zero in L'. Thus
passing to the limit, using the sign of the defect measures and the obtained weak conver-
gences, we recover the usual energy estimate for the Navier-Stokes system.
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