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Abstract

This paper is devoted to the well-posedness of the stationary 3d Stokes-Coriolis system
set in a half-space with rough bottom and Dirichlet data which does not decrease at
space infinity. Our system is a linearized version of the Ekman boundary layer system.
We look for a solution of infinite energy in a space of Sobolev regularity. Following an
idea of Gérard-Varet and Masmoudi, the general strategy is to reduce the problem to
a bumpy channel bounded in the vertical direction thanks to a transparent boundary
condition involving a Dirichlet to Neumann operator. Our analysis emphasizes some
strong singularities of the Stokes-Coriolis operator at low tangential frequencies. One of
the main features of our work lies in the definition of a Dirichlet to Neumann operator

for the Stokes-Coriolis system with data in the Kato space H 1/2

uloc”

1 Introduction

The goal of the present paper is to prove the existence and uniqueness of solutions to the
Stokes-Coriolis system
—Au+esxu+Vp =0 in Q,
divu =0 inQ, (1.1)
ulr = ug

where
Q:={r R x3>wxn)},

I=00={zcR> z3=uw(zy)}

and w : R? — R? is a bounded function.

When w has some structural properties, such as periodicity, existence and uniqueness of
solutions are easy to prove: our aim here is to prove well-posedness when the function w is
arbitrary, say w € W1°°(R?), and when the boundary data ug is not square integrable. More
precisely, we wish to work with ug in a space of infinite energy of Sobolev regularity, such as
Kato spaces. We refer to the end of this introduction for a definition of these uniformly locally
Sobolev spaces Liloc, H? .

The interest for such function spaces to study fluid systems goes back to the papers by
Lieumarié-Rieusset [26] 25], in which existence is proved for weak solutions of the Navier-
Stokes equations in R® with initial data in L2, .. These works fall into the analysis of fluid
flows with infinite energy, which is an field of intense research. Without being exhaustive, let

us quote the works of:



e Cannon and Knightly [4], Giga, Inui and Matsui [18], Solonnikov [29], Bae and Jin [2]
(local solutions), Giga, Matsui and Sawada [14] (global solutions) on the nonstationary
Navier-Stokes system in the whole space or in the half-space with initial data in L*° or
in BUC' (bounded uniformly continuous);

e Basson [3], Mackawa and Terasawa [27] on local solutions of the nonstationary Navier-

Stokes system in the whole space with initial data in Lzzo . Spaces;

e Giga and Miyakawa [19], Taylor [30] (global solutions), Kato [22] on local solutions to
the nonstationary Navier-Stokes system, and Gala [I0] on global solutions to a quasi-
geostrophic equation, with initial data in Morrey spaces;

e Gallagher and Planchon [12] on the nonstationary Navier-Stokes system in R? with
initial data in the homogeneous Besov space B%r_l;

e Giga and co-authors [16] on the nonstationary Ekman system in R with initial data in
the Besov space BY, ; , (R% LP(R4)), for 2 < p < oo; see also [15] (local solutions), [17]
(global solutions) on the Navier-Stokes-Coriolis system in R and the survey of Yoneda

[31] for initial data spaces containing almost-periodic functions;

e Konieczny and Yoneda [23] on the stationary Navier-Stokes system in Fourier-Besov
spaces.

o Gérard-Varet and Masmoudi [13] on the 2d Stokes system in the half-plane above a

rough surface, with Hil/fc boundary data.

e Alazard, Burq and Zuily [I] on the Cauchy problem for gravity water waves with data

in H?, .; the authors study in particular the Dirichlet to Neumann operator associated

with the laplacian in a domain Q = {(z,y) € R n*(z) < y < n(z)}, with Hil/fc
boundary data.

Despite this huge literature on initial value problems in fluid mechanics in spaces of infinite
energy, we are not aware of such work concerning stationary systems and non homogeneous
boundary value problems in Ri. Let us emphasize that the derivation of energy estimates
in stationary and time dependent settings are rather different: indeed, in a time dependent
setting, boundedness of the solution at time ¢ follows from boundedness of the initial data and
of the associated semi-group. In a stationary setting and in a domain with a boundary, to the
best of our knowledge, the only way to derive estimates without assuming any structure on
the function w is based on the arguments of Ladyzhenskaya and Solonnikov [24] (see also [13]
for the Stokes system in a bumped half plane).

In the present case, our motivation comes from the asymptotic analysis of highly rotating
fluids near a rough boundary. Indeed, consider the system

1
—eAu® + €3 X ut+Vp® =0 in QF,
divut =0 in Q°, (1.2)
UE‘FE = 0,

U|zy=1 = (Vi 0),

where QF == {z € R3, ew(zp/e) < w3 < 1} and I'® := 9Q° \ {z3 = 1}. Then it is expected
that u€ is the sum of a two-dimensional interior flow (u"(z3),0) balancing the rotation with



the pressure term and a boundary layer flow uBL(:r/z-:; xp), located in the vicinity of the lower
boundary. In this case, the equation satisfied by uP” is precisely (L.1), with uo(yn;zn) =
—(u™(x1,),0). Notice that xj, is the macroscopic variable and is a parameter in the equation
on uPL. The fact that the Dirichlet boundary condition is constant with respect to the fast
variable yj, is the original motivation for study of the well-posedness in spaces of infinite
energy, such as the Kato spaces H, ..

The system ([1.2]) models large-scale geophysical fluid flows in the linear régime. In order
to get a physical insight into the physics of rotating fluids, we refer to the book by Greenspan
[20] (rotating fluids in general, including an extensive study of the linear régime) and to the
one by Pedlosky [28] (focus on geophysical fluids). In [9], Ekman analyses the effect of the
interplay between viscous forces and the Coriolis acceleration on geophysical fluid flows.

For further remarks on the system (1.2), we refer to the book [5 section 7] by Chemin,
Desjardins, Gallagher and Grenier, and to [6], where a model with anisotropic viscosity is
studied and an asymptotic expansion for u® is obtained.

Studying with an arbitrary function w is more realistic from a physical point of view,
and also allows us to bring to light some bad behaviours of the system at low horizontal
frequencies, which are masked in a periodic setting.

Our main result is the following.

Theorem 1. Let w € WH(R?), and let uoy, € H2,.(R*)?, ugs € H}, .(R?). Assume that
there ezists Uy, € HY? (R%)? such that

uloc
up,3 — Vhw : u07h = Vh . Uh. (1.3)
Then there exists a unique solution u of (1.1) such that

Va >0, sup [lull g1((@+0,112)x (=1,0))n0) < OO
172

sup / / IVoul? < 0o
lez? [0,1]2

a€N3 Jal=q
for some integer q sufficiently large, which does not depend on w nor uy (say q > 4).

Remark 1.1. o Assumption 1s a compatibility condition, which stems from singu-
larities at low horizontal frequencies in the system. When the bottom is flat, it merely
becomes ug3 = Vy, - Uy. Notice that this condition only bears on the normal component
of the velocity at the boundary: in particular, if ug - n|p = 0, then 15 satisfied. We
also stress that 1s satisfied in the framework of highly rotating fluids near a rough
boundary, since in this case ug3z = 0 and ugy, is constant with respect to the microscopic
variable.

o The singularities at low horizontal frequencies also account for the possible lack of inte-
grability of the gradient far from the rough boundary: we were not able to prove that

o
Sup/ / Vul|? < oo
1€z2 )1 Ji4[o,1]?

although this estimate is true for the Stokes system. In fact, looking closely at our
proof, it seems that non-trivial cancellations should occur for such a result to hold in the
Stokes-Coriolis case.



o (Concerning the regularity assumptions on w and ug, it is classical to assume Lipschitz
reqularity on the boundary. The reqularity required on ug, however, may not be optimal,
and stems in the present context from an explicit lifting of the boundary condition. It
1s possible that the reqularity could be lowered if a different type of lifting were used, in

the spirit of Proposition 4.3 in [1l]. Let us stress as well that if w is constant, then Hil/fc
reqularity is enough (cf. Corollary .

o The same tools can be used to prove a similar result for the Stokes system in three
dimensions (we recall that the paper [13] is concerned with the Stokes system in two
dimensions). In fact, the treatment of the Stokes system is easier, because the associated
kernel is homogeneous and has no singularity at low frequencies. The results proved in
Section[Z can be obtained thanks to the Green function associated with the Stokes system
in three dimensions (see [I1]). On the other hand, the arguments of sections |3 and [{]
of the present paper can be transposed as such to the Stokes system in 3d. The main
novelties of these sections, which rely on careful energy estimates, are concerned with
the higher dimensional space rather than with the presence of the rotation term (except

for Lemma ,

The statement of Theorem [l|is very close to one of the main results of the paper [I3] by
Gérard-Varet and Masmoudi, namely the well-posedness of the Stokes system in a bumped
half-plane with boundary data in Hil/ fC(R). Of course, it shares the main difficulties of [13]:
spaces of functions of infinite energy, lack of a Poincaré inequality, irrelevancy of scalar tools
(Harnack inequality, maximum principle) which do not apply to systems. But two additional

problems are encountered when studying (1.1):

1. First, is set in three dimensions, whereas the study of [13] took place in 2d. This
complicates the derivation of energy estimates. Indeed, the latter are based on the
truncation method by Ladyzhenskaya and Solonnikov [24], which consists more or less
in multiplying by xxu, where xx € C°(R971) is a cut-off function in the horizontal
variables such that Supp xx C Bg+1 and xx = 1 on By, for k € N. If d = 2, the size of
the support of Vyi is bounded, while it is unbounded when d = 3. This has a direct
impact on the treatment of some commutator terms.

2. Somewhat more importantly, the kernel associated with the Stokes-Coriolis operator has
a more complicated expression than the one associated with the Stokes operator (see
[I1, Chapter IV]| for the computation of the Green function associated to the Stokes
system in the half-space). In the case of the Stokes-Coriolis operator, the kernel is not
homogeneous, which prompts us to distinguish between high and low horizontal frequen-
cies throughout the paper. Moreover, it exhibits strong singularities at low horizontal
frequencies, which have repercussions on the whole proof and account for assumption

[3).

The proof of Theorem (1| follows the same general scheme as in [I3] (this scheme has also
been successfully applied in [7] in the case of a Navier slip boundary condition on the rough
bottom): we first perform a thorough analysis of the Stokes-Coriolis system in Ri, and we

define the associated Dirichlet to Neumann operator for boundary data in H il/ 02 .- In particular,

we derive a representation formula for solutions of the Stokes-Coriolis system in Ri, based on a
decomposition of the kernel which distinguishes high and low frequencies, and singular/regular



terms. We also prove a similar representation formula for the Dirichlet to Neumann operator.
Then, we derive an equivalent system to , set in a domain which is bounded in x3 and
in which a transparent boundary condition is prescribed on the upper boundary. These two
preliminary steps are performed in Section 2] We then work with the equivalent system, for
which we derive energy estimates in H], .; this allows us to prove existence in Section
Eventually, we prove uniqueness in Section [d] An Appendix gathers several technical lemmas

used throughout the paper.

Notations

We will be working with spaces of uniformly locally integrable functions, called Kato spaces,
whose definition we now recall (see [21]). Let 9 € C§°(R?) such that Supp ¥ C [~1,1]4, 9 =1
on [—1/4,1/4]%, and
> md(z) =1 Vo eRY, (1.4)
kezd

where 7y, is the translation operator defined by 71 f(z) = f(x — k).
Then, for s >0, p € [1,00)

LZloc(Rd) = {U S LfocGRd)’ ISHZ% H(Tkﬁ)uHLF(Rd) < OO},
S
Zloc(Rd) = {u S Hlsoc<Rd)7 sup H(Tkﬁ)uHHs(Rd) < OO}

kezd

The space H,,. is independent of the choice of the function ¥ (see Lemma 3.1 in [I]).

We will also work in the domain Q% := {x € R3, w(z},) < x3 < 0}, assuming that w takes
values in (—1,0). With a slight abuse of notation, we will write

l|lw|| pp (Qv) = Sup H(Tkﬁ)uHLp(Qb),
uloc
‘ kez?

ullgs, (@) == sup [[(Ted)ullgs(ov),
uloe kez?

where the function ¥ belongs to C§°(R?) and satisfies (1.4), Suppd C [-1,1]% ¢ = 1
on [71/451/4]27 and Hiloc(Qb) = {U S Hlsoc(Qb)7 ||u||H/Slo (Qb) < OO}, Lk (Qb) = {U €

c uloc
p

L5, Jullgz o) < o0}.
Throughout the proof, we will often use the notation |V?u|, where ¢ € N, for the quantity

Z |V %ul,

€N Jal=g

where d = 2 or 3, depending on the context.

2 Presentation of a reduced system and main tools

Following an idea of David Gérard-Varet and Nader Masmoudi [I3], the first step is to trans-
form (1.1) so as to work in a domain bounded in the vertical direction (rather than a half-
space). This allows us eventually to use Poincaré inequalities, which are paramount in the
proof. To that end, we introduce an artificial flat boundary above the rough surface I', and



we replace the Stokes-Coriolis system in the half-space above the artificial boundary by a
transparent boundary condition, expressed in terms of a Dirichlet to Neumann operator.

In the rest of the article, without loss of generality, we assume that supw =: o < 0 and
infw > —1, and we place the artificial boundary at 3 = 0. We set

Q0= {z € R3, w(xy) < 3 <0},
Y= {1‘3 = 0}.
The Stokes-Coriolis system differs in several aspects from the Stokes system; in the present
paper, the most crucial differences are the lack of an explicit Green function, and the bad

behaviour of the system at low horizontal frequencies. The main steps of the proof are as
follows:

1. Prove existence and uniqueness of a solution of the Stokes-Coriolis system in a half-space
with a boundary data in H'/?(R?);

2. Extend this well-posedness result to boundary data in o2 (R2);

uloc
3. Define the Dirichlet to Neumann operator for functions in H'/?(R?), and extend it to
functions in Hil/fc(RQ);
4. Define an equivalent problem in QY with a transparent boundary condition at ¥, and
prove the equivalence between the problem in QP and the one in ;
5. Prove existence and uniqueness of solutions of the equivalent problem.

Items 1-4 will be proved in the current section, and item 5 in sections [3] and

2.1 The Stokes-Coriolis system in a half-space

The first step is to study the properties of the Stokes-Coriolis system in R3 | namely
—Au+esxu+Vp =0 inRi,
dive =0 inR3, (2.1)
Ulzs—0 = vo.

In order to prove the result of Theorem [I} we have to prove the existence and uniqueness of
a solution u of the Stokes-Coriolis system in H}! (R%) such that for some ¢ € N sufficiently

large, .
sup/ / |Vu|? < oo
1€22 J14(0,1)2 J1

However, the Green function for the Stokes-Coriolis is far from being explicit, and its Fourier
transform, for instance, is much less well-behaved than the one of the Stokes system (which
is merely the Poisson kernel). Therefore such a result is not so easy to prove. In particular,
because of the singularities of the Fourier transform of the Green function at low frequencies,

we are not able to prove that
o
Sup/ / |Vu|* < oo.
1€22 J1+(0,1)2 J1

e We start by solving the system when vy € H'/ 2(R?). We have the following result:



Proposition 2.1. Let vy € HY/2(R?)? such that

I
[, ailina©P s < . 22)
R [¢]
Then the system [2-1) admits a unique solution u € HY (R3) such that
/ Vul? < oo,
R

Remark 2.2. The condition (2.2) stems from a singularity at low frequencies of the Stokes-
Coriolis system, which we will encounter several times in the proof. Notice that 18
satisfied in particular when vo3 = Vy, -V}, for some V), € HI/Q(RQ)Q, which is sufficient for
further purposes.

Proof. e Uniqueness. Consider a solution whose gradient is in LQ(Ri) and with zero boundary
data on x3 = 0. Then, using the Poincaré inequality, we infer that

[ [ [ v <.
0 R2 0 R2

and therefore we can take the Fourier transform of « in the horizontal variables. Denoting by
¢ € R? the Fourier variable associated with xj, we get

(I€? = 93t + ay +i&p =0,
(1€]* — 83)as + 8sp =0, (2.3)
i€ -ap + 0sus =0,

and
U|gq=0 = 0.

Eliminating the pressure, we obtain
(1€)? — 83)%3 — i05&™ - 1y, = 0.

Taking the scalar product of the first equation in (2.3) with (¢+,0), and using the divergence-
free condition, we are led to
(I€1* = 03)%a3 — D3 = 0. (2.4)

Notice that the solutions of this equation have a slightly different nature when & # 0 or
when £ = 0 (if £ = 0, the associated characteristic polynomial has a multiple root at zero).
Therefore, as in [I3] we introduce a function ¢ = p(£) € C°(R?) such that the support
of ¢ does not contain zero. Then pug satisfies the same equation as 43, and vanishes in a
neighbourhood of &€ = 0.

For £ # 0, the solutions of are linear combinations of exp(—Agx3) (with coefficients
depending on &), where (A;)1<k<6 are the complex valued solutions of the equation

(N =€)+ A% =0. (2.5)

Notice that none of the roots of this equation is purely imaginary, and that if A is a solution of
(2.5), so are —A, A and —A. Additionally (2.5 has exactly one real valued positive solution.



Therefore, without loss of generality we assume that Ay, Ao, A3 have strictly positive real
part, while \s, A5, \¢ have strictly negative real part, and A\; € R, Ao = A3, with $(\a) > 0,
%()\3) < 0.

On the other hand, the integrability condition on the gradient becomes

[ (P a(E 2a) + 256, ) P s < o,

We infer immediately that ¢ts is a linear combination of exp(—Agxz3) for 1 < k < 3: there
exist Ay, : R? — C3 for k = 1,2, 3 such that

3
p(§)us(§, x3) = Z §) exp(—Ak(§)x3).
Going back to (2.3), we also infer that
3
P(&)E - n (€, x3) = —i Z Ak (§) Ak (§) exp(—Ak(§)z3),
) (2.6)
o(©)et (e ) = i3 LEEm A 4 0 exp( ().
k=1
Notice that by (2.5)),
(S T S Y
Ak €12 = A% o
Thus the boundary condition |z,—0 = 0 becomes
A1 (€)
A3 (€)
where
1 1 1
Mo A1 A2 A3
(S D N U s M S )
A1 A2 A3

We have the following lemma:

Lemma 2.3.
det M = ()\1 — )\2)(/\2 — )\3)()\3 - Al)ﬂf’ + )\1 + )\2 + /\3).

Since the proof of the result is a mere calculation, we have postponed it to Appendix [A]
It is then clear that M is invertible for all £ # 0: indeed it is easily checked that all the roots
of are simple, and we recall that Ai, Ao, A3 have positive real part.

We conclude that A7 = As = Az = 0, and thus ¢(&)a(&,23) = 0 for all p € C5°(R?)
supported far from & = 0. Since @ € L?(R? x (0,a))? for all a > 0, we infer that @ = 0.

e Eristence. Now, given vy € HY?(R?), we define u through its Fourier transform in the
horizontal variable. It is enough to define the Fourier transform for £ #£ 0, since it is square



integrable in &. Following the calculations above, we define coefficients A1, Ao, A3 by the
equation

A1(&) 00,3
M) | A28 | =1 & Don v # 0. (2.7)
A3(&) —i&t By

As stated in Lemma the matrix M is invertible, so that Aq, As, A3 are well defined. We
then set

3
57373 Z eXp (6)51:3),

(g2 =2 .
f,.’L’g |£‘2 ZAk ( ) )\k§l> eXp( Ak(f)ajg,)
We have to check that the corresponding solution is sufficiently integrable, namely
(IEP (&, w3) + |03t (€, w3)|*)dE daxs < o0,
R3
* (2.9)
(€[ s(&, ) [* + 105113 (€, 23)[*)dE dag < oc.
RS
3
Notice that by construction, dsts = —i& - 4y, (divergence-free condition), so that we only have

to check three conditions.
To that end, we need to investigate the behaviour of A\, Ay for £ close to zero and for

& — oo. We gather the results in the following lemma, whose proof is once again postponed
to Appendix [A}

Lemma 2.4.

e As & — 0o, we have

M =lel - 5lel ™ +0 (I %),
M:m—fmﬁ+0m—a,

Xs = ¢l = 51el~5 +0 (Iel5).
where j = exp(2in/3), so that

A1(8) (111 0.3
A J =31 g )| 2P - don = [€los) + O(ol) | (210)
A3(€) Lg% —[&[1/3igt - 0o 1, + O(Ji0])
o As & — 0, we have
= ¢+ 0 (l¢l"),

Ay =€+ 0 (|5\2> ;
Ag=e T+ 0(|¢P).



As a consequence, for & close to zero,

AE) = 30(€) = L2 (i€ 50 + i€ 50 + [€l303) + O(EPTn(E)),
Ax(€) = 5 (7 ig -t + i 0+ [elfog)) + OUEP IR0, (11
A3(€) = % (™43 - v + e~ (i€ 00 + [€1003) ) + OIE 100 (€)))-

o For all a > 1, there exists a constant Cy > 0 such that

A ()] + IR < Ca,

—1
a”t < ¢ Sa:{ |A(€)] < Calbo ().

We then decompose each integral in (2.9)) into three pieces, one on {|{| > a}, one on
{l¢] < a™'} and the last one on {|¢] € (a7t a)}. All the integrals on {a=! < |¢] < a} are
bounded by

Ca/ L ‘@0(§)|2 df < CaHUOHJQgUQ(RQ)-
a~1<|¢|<a

We thus focus on the two other pieces. We only treat the term

/}R3 €12 i3 (€, 23)|* d€ das,

+

since the two other terms can be evaluated using similar arguments.
> On the set {|¢| > a}, the difficulty comes from the fact that the contributions of the
three exponentials compensate one another; hence a rough estimate is not possible. In order
to simplify the calculations, we introduce the following notation: we set
By = A1 + Ay + Az,
By = A4 +j2A2 + jAs, (212)
By = Ay + jAs + j*As,

so that
Ay 1 1 1 1 B,
Ay | = 3 I By
As 1 4% Bs

Hence we have Ay = (B; + axBs + OliBg)/S, where a1 = 1,a0 = j,a3 = j?. Notice that
a3 =1 and Yp o = 0. According to Lemma

By = 993,
By = —2|¢|M3(i€ - G0, — |€]03) + O(|00]),
By = —|¢]7Y34igL i1, + O(|00]).-

For all £ € R?, |¢| > a, we have

1
)\k—l—j\l'

% /0 3 (€, z3) s = 2 S A

1<k,1<3

10



Using the asymptotic expansions in Lemma we infer that

1 1 i +a?
- = 14_@ _4/3+O _8/3>‘
i — g (1 S 4 (e
Therefore, we obtain for [£] > 1
_ 1 o —}—a
o > adte = Bs (1 S g ogg )
1<k,I<3 kA 1<k,I<3

_ (yB 2+ 1(BQBl+BQBl)!€\ 13+ 0(1oo))
= (!5! |%0/%)

Hence, since vy € H'/?(R?), we deduce that

/|€ /0 €| 3|? dag dE < +oo.
>a

>> On the set |£| < a, we can use a crude estimate: we have

" \ePliia (€, ) Pz d
/|£ . /0 €L s (€, x3)Pdas dE < ckz /5 o

Using the estimates of Lemma [2.4] we infer that

/|£|</0 €12 i3 (€, z3)|Pdws dé

of e <(|60,3(£)|2 TP lon(€) )

¢l<a

|2 ‘Ak |
))

IN

g +EPI ) ) e

~ 2
c ('”“’3“)' el |@o,h<5>|2) g€ < oo
€] <a iy

thanks to the assumption (2.2)) on ¥y 3. In a similar way, we have

IN

> 5 2
/§|< /o (€2 an (&, z3)Pdwg dE < C " (WO’T&(’&)‘JJQ \ﬁo,h(§)|2> de,

/ / yagah(g,xg)dex3d5§C/ |50]? dE.
lé|<a Jo lé|<a

Gathering all the terms, we deduce that

[ (€Pa(e,22) P + 236, ) P s < oc,

so that Vu € L?(R3). O

Remark 2.5. Notice that thanks to the exponential decay in Fourier space, for all p € N with
p > 2, there exists a constant C, > 0 such that

oo
[ 197l < Gl

11



e We now extend the definition of a solution to boundary data in H l/ 02 _(R?). We introduce
the sets
K = {u € Hy%(R?), 30y € H,[%(R*?, u="V)- Uy},

uloc uloc

K= {ue H " (R, uz € K} (219

uloc

In order to extend the definition of solutions to data which are only locally square integrable,
we will first derive a representation formula for vy € H/?(R?). We will prove that the formula
still makes sense when vg € K, and this will allow us to define a solution with boundary data
in K.

To that end, let us introduce some notation. According to the proof of Proposition
there exists Ly, L2, Ly : R? = M3(C) and q1, g2, g3 : R> — C3 such that

57 fL'g Z Lk‘ eXp(—)\k(f)$3),
(2.14)
P&, x3) = Z% §) exp(—Ax(§)3).
For further reference, we state the following lemma;:
Lemma 2.6. For all k € {1,2,3}, for all £ € R?, the following identities hold
—Lgo1 —Lgoa —Li23 1&§1qk,1 €1qr2  1€1Gr3
(P =A)Lk+ | Liar  Liiz  Lias |+ | iSeqen il2qr2  §2qk3 | =0
0 0 0 —AkQk,1 —AkQk2  —AkGk3

and for j =1,2,3, k=1,2,3,
1&1 Ly 15 + &2 Ly 25 — MLy 35 = 0.
Proof. Let vy € H1/2(]R2)3 such that vg3 = Vj, -V}, for some V}, € Hl/z(Rz). Then, according

to Proposition 2.1} the couple (u,p) defined by (2.14) is a solution of (2.I). Therefore it
satisfies (2.3]). Plugging the definition (2.14]) into (2.3)), we infer that for all x3 > 0,

/ QZexp N} AK(€)0(€) dE =0, (215)
R
where
—Lygo1 —Lgos —Lpos 1€1qk1 i€1qr2  1€1Gk3
=(€F = M) L+ | Liin  Lrie Lz | + | i&aqra iaqr2  2qr3
0 0 0 —AkQk,1 —AkQk2  —AkGE3

Since ([2.15)) holds for all vy, we obtain

3
> exp(—Arz3)Ap(§) =0 VE Vas,

k=1

and since A1, Ao, A3 are distinct for all £ # 0, we deduce eventually that A () = 0 for all £
and for all k.
The second identity follows in a similar fashion from the divergence-free condition. O

12



Our goal is now to derive a representation formula for u, based on the formula satisfied
by its Fourier transform, in such a way that the formula still makes sense when vy € K. The
crucial part is to understand the action of the operators Op(Ly(£)¢(€)) on L2, functions,
where ¢ € C§°(R?). To that end, we will need to decompose L(¢) for ¢ close to zero into
several terms.

Lemma provides asymptotic developments of Lq, Ly, L3 and a1, a9, a3 as |{| < 1 or

|€] > 1. In particular, we have, for [£| < 1,

V2 L(&—6) —&H(&L+&) —iv2e
Li(§) = 20| GG —-&)  a&+a) v (2.16)
i) — &) —ilél(Ga+ &) V2[¢

+ (0P o) o).

1 : 2i(—&1 + &2)
7 T
L) = y 1 —2i(61 + )
€]
i(Ere i/t — £0e™/Y)  i(EaeT /A ik e/ cin /4
+(0(€?) o(e?) o),
1 —i 22(&&7’%'2)
O = ~ . e

9 i
| | | | |
i(glemr/4 _ 526—277/4) i(€2€z7r/4 + i£16—17r/4) e—im/4

+(0(?) oeP) o)
The remainder terms are to be understood column-wise. Notice that the third column of
Ly, i.e. Lyes, always acts on 993 = i - Vj,. We thus introduce the following notation: for
k=1,2,3 My := (Lkel Lkeg) S MSQ((C), and Ny := iles tf S M&Q((C). Mé (resp. Ng)
denotes the 3 x 2 matrix whose coefficients are the nonpolynomial and homogeneous terms of
order one in My, (resp. Ny) for £ close to zero. For instance,

V2 £(&L—&) —&(&L+&H) ; —&& &
M == -&(&-&) &&+&) |, N=—| & &&

We also set M = M), — M,i, Npe™ = Nj, — N,i, so that for £ close to zero,

M{“™ = O([¢]), and for k=2, 3, My =0(1),
Vk € {1,2,3}, N;"=O0([¢]).

There are polynomial terms of order one in M{*™ and N;*" (resp. of order 0 and 1 in M/*™

for k = 2, 3) which account for the fact that the remainder terms are not O(|¢]?). However,
these polynomial terms do not introduce any singularity when there are differentiated and
thus, using the results of Appendix [B] we get, for any integer ¢ > 1,

VINI™| = O(|g* 7+ 1) for |¢] < 1. (2.17)

i

|veagem
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> Concerning the Fourier multipliers of order one M} and N}, we will rely on the following
lemma, which is proved in Appendix [C}

Lemma 2.7. There exists a constant C1 such that for all i,j € {1,2}, for any function
g € S(R?), for all ¢ € C*(R?) and for all K > 0,

Op (ﬁjﬂ‘q&)) o(x)
_ 0ij o (@i—wi)(z; —yy)
= [ o | s 219

x {p*g(x) = prgly) — Vp*g(x) (z — y) L y<x}
where p:= F1( € S (R?).

Definition 2.8. If L is a homogeneous, nonpolynomial function of order one in R?, of the
form

L) = Y, aijﬁf’ja
1<ij<2
then we define, for o € W (R?),
Tltlole) = 3 ay [ diniglo =) {olo) = o) = V(o) (o~ )l yjac}
1<i,j<2 R?

where

ij(x)=Cr| =% -3—"2 ).
wote) =0 (=95

Remark 2.9. The value of the number K in the formula (2.18)) and in Definition 15
irrelevant, since for all o € W3(R?), for all 0 < K < K',

[ st = 9)p() - (@ = 1) ccnyicre = 0

by symmetry arguments.
We then have the following bound:

Lemma 2.10. Let o € W2>®(R?). Then for all 1 <i,j <2,
5@'5]}
1 @
H { i

Remark 2.11. We will often apply the above Lemma with o = p * g, where p € C*(R?) is
such that p and V?p have bounded second order moments in L?, and g € Liloc(RQ). In this
case, we have

< CllellsL V3l 3.
L (R2)

2 11+ Poll ey,
IV%¢lloe < Cllglzz, 1101+ |- )Vl p2(re)-

uloc

[ells < Cligllze

14



Indeed,

1 1/2 A 1/2
ol < sup (| ot an) ([l lote - )P )
R yl R2

reR?2 21+‘.T—

<Clgllzz, I+ Pl ize).

oc

The L>® norm of V2@ is estimated exactly in the same manner, simply replacing p by V2p.

Proof of Lemma[2.10, We split the integral in (2.18)) into three parts

zfﬂg@@) = [ dyle =) {ela) - o) - Vela) - (- )
€] lz—y|<K

+ /ﬂc—y|2K dyij(z — y)e(x) (2.19)

- / dyvij(x —y)e(y)
lz—y|>K
= A(z) 4+ B(z) + C(z).

Concerning the first integral in (2.19]), Taylor’s formula implies

s <o, [ A soxfvd,

le—y|<K ‘.’L‘ - y‘

For the second and third integral in (2.19)),

dy _
B(z)| + |C(#)] < Cligl / W K e
le—y|>K [T — Y|

We infer that for all K > 0,

HI & ¢"w <O (K[[v%] , + K elo)

Optimizing in K (i.e. choosing K = H(pHééQ/HV2<pH<1,é2), we obtain the desired inequality. [

> For the remainder terms M[®™, N/ as well as the high-frequency terms, we will use
the following estimates:

Lemma 2.12 (Kernel estimates). Let ¢ € C°(R?) such that ¢(€) = 1 for |¢| < 1. Define

N

oup(zp, xs) =F ! < (1= 9)(§)Lr(§) eXP(—)\k(ﬁ)HSS)) ,

k=1

NI

Uy (zp, 3) = F ! < (&) M (§) eXP(—Ak(§)$3)> :

k=1

]

Ya(h, 23) = F ' < PN (€) eXp(—Ak(@m)) :

k=1

Then the following estimates hold:

15



o for all ¢ € N, there ewists coq > 0, such that for all a, 8 > coq, there exists Cpp4 > 0

such that
Ca,ﬁ,q

Vi Ty, 3| < ——24 .
| SDHF( hs 3)| = |l’h|a+|$3’5’

o for all o € (0,2/3), for all g € N, there Cyq > 0 such that

Ca?q

Vi (zp,, 23)| < :
‘ ¢1( h» 3)’ = |$h|3+q—|—‘l’3|a+%’

o for all a € (0,2/3), for all ¢ € N, there exists Cy g > 0 such that

C
Vo (xp, x3)] < — 4 .
\ (xh, x3)| n [+ [z E

Proof. e Let us first derive the estimate on i p for ¢ = 0. We seek to prove that there exists
co > 0 such that

Cop

< — 2 2.20
< ot el (2:20)

V(a,ﬁ) S (CO7 00)27 3001,,37 ‘(pHF(mhv 1'3)
To that end, it is enough to show that for o € N? and 8 > 0 with |a|, 8 > co,

Su>po(!xalﬁllﬁﬁ(wﬂ%)lluma + | Ve@rF (- 23)ll 11 ge)) < 0.
73

We recall that Ag(§) ~ |¢] for |£] — oo. Moreover, using the estimates of Lemma [2.4] we infer
that there exists v € R such that Li(&) = O(|£]7) for |£] > 1. Hence

3

23)°|err (€ 23)] < CIL—8(O)] €7 |osl? exp(—R(Mi)z3)
k=1
3
< Ol =] 1€ IRk )asl” exp(—R(Ax)ws)
k=1
< CslePLgs1.

Hence for g large enough, for all z3 > 0,
s lorr (- 23)l| 1 Re) < C.
In a similar fashion, for a € N2, |a| > 1, we have, as [£| — oo (see Appendix
VL&) = O (lgP 1),
V* (exp(—Miz3)) = O (1€ 125 + |os1!) exp(—R(A\k)zs)) = O (J¢[ 1) .

Moreover, we recall that V(1 — ¢) is supported in a ring of the type Bg \ By for some R > 1.
As a consequence, we obtain, for all o € N? with |a| > 1,

IVeorr (€, 3)] < Calé] 11 g5,

16



so that
IVCrF (- 23) | 1 (r2) < Ca-

Thus ppp satisfies (2.20) for ¢ = 0. For ¢ > 1, the proof is the same, changing Lj into
€] Ak |? Ly, with g1 + g2 = ¢

e The estimates on 1,19 are similar. The main difference lies in the degeneracy of Ay
near zero. For instance, in order to derive an L bound on |x3|*t%/3V %), we look for an
L23(LE(R?)) bound on [a3|*F9/3|¢|94y (€, 23). We have

3
|23 ° 931 7(€) D ME™ exp(—Agas)
k=1
3
< Clas|*T31E1 > exp(—R(A\k)ws) | ME™ |1 <r
k=1
3
< OIS RN T YI M1 g <n
k=1
< ClE(E TP+ D1g <.

The right-hand side is in L! provided o < 2/3. We infer that
] |x3\“+q/3vqw1(w)’ < Cuy Yz Vo€ (0,2/3).
The other bound on % is derived in a similar way, using the fact that
VEMI™ = O(jg 0+ 1)
for £ in a neighbourhood of zero. O

> We are now ready to state our representation formula:

Proposition 2.13 (Representation formula). Let vy € HI/Q(R2)3 such that vo 3 = V- Vj, for
some Vi, € HY2(R?), and let u be the solution of [2.1). For all x € R3, let x € C°(R?) such
that x =1 on B(zp,1). Let ¢ € C°(R?) be a cul-off function as in Lemma([2.18, and let ppr,
W1, Yo be the associated kernels. For k =1,2,3, set

fu(rws) == F 1 (0(€) exp(—Aps)) -
Then

3 o
u(z) = F! <Z Li(§) <é.0(’;(‘i))> exp(—)\km)) (z)
k=1

3

+ D I[M]fe(,s) * (1= X)von)(x)
k=1
3

IV i) * (1 )V (@)

k=1

(1 = x)vo,
+ PHF* <V (1— XO){Z/h)) (x)
+ P1* (1= x)von) (@) + Y2 * (1 — x)Va) ()

17



As a consequence, for all a > 0, there exists a constant C, such that

a
2 2 2
su w(xp, x3)|°dxsg dxy, < C, <U + Vi )
keZ%/lc—l-[O,lP/O ulen, o) s o+ \llvoll H 1o (2) IVilly H o (B2)

Moreover, there exists ¢ € N such that

su Vu(xp, x3) dxdx<C<v2 A )
swp [ 19t P o < € (Il oy + Vil o

Remark 2.14. The integer q in the above proposition is explicit and does not depend on vg.
One can take ¢ = 4 for instance.

Proof. The proposition follows quite easily from the preceding lemmas. We have, according
to Proposition [2.1]

3 ()
u(r) = F (ZLk@ (%i )> p(—Akxs;)) (@)

k=1

s (1= ) oo ) (o
(1?::1%(5) TN p(—Akxs3) | ().

In the latter term, the cut-off function ¢ is introduced, writing simply 1 = 1 — ¢ + ¢. We
have, for the high-frequency term,

3
(S0 seyme [ T0ma® ) _M)
(l;( P(&))Li(8) <V'((1X)Vh)(£) p(—Axx3)
= (o tean [ C=0mn© Yo (=00
= F (SOHF(fv 3) <VﬁVh)(§)>> (PHF(v 3) <v‘((1_X)Vh)(§)>

Notice that V, - (1 — x)Vi) = (1 — x)vos — Vrx - Vi € H/?(R?).
In the low frequency terms, we distinguish between the horizontal and the vertical com-
ponents of vg. Let us deal with the vertical component, which is slightly more complicated:

since vo3 = Vyj, - Vj,, we have

3
! (Z #(§)Li(§)esVi - (1= x)Va)(§) eXP(—)\kﬂ?3)>
=1

3
! (Z d(§)Li(§)esil - (1 —x)Vu(§) eXP(—AkiU:s)) :
=1

We recall that N = iLes tﬁ, so that

Li(&)esi€ - (1= x)Va(§) = Ni(§)(1 = x)Va(§)-

18



Then, by definition of 1 and fg,

3
F (Z P(E)N(E) (L — x)Va(§) GXP(—AM?))

3
= F! (Z P(E)NL(E)(1 = X)Va(é) eXP(_)\kl’B))

3
+F (Z PENE () (1 = X)Vi(§) eXP(-MﬂJg))

~

3
= STV S (1) Vi) + F (dalE )1 ) Va©)
k=1

3
= SCT[NH frr (L= x) - Vi) + o x (1= X) - V).
k=1

The representation formula follows.

There remains to bound every term occurring in the representation formula. In order to
derive bounds on (I + [0,1]%) x Ry for some [ € Z?, we use the representation formula with a
function x; € C§°(R?) such that x; = 1 on [ + [—1,2]?, and we assume that the derivatives of
x: are bounded uniformly in [ (take for instance x; = x(- + 1) for some y € C§°).

e According to Proposition 2.1} we have

" -1 3 <m>ex —ALT )
/0 F <kz::1Lk(f) Y- 0avh) p(—Akz3)

< G, (HXWO,hH?L]l/z + IV Vall3ge + ||XIUO,3||?{1/2(R2)) .

2

d.%‘g
L2(R2)

Using the formula

1 Bsquey = 171 + |

R2 xR2 ’17 - 3/’3

|f(x) — f(y)|2 dedy Vfe Hl/Q(R2)7

it can be easily proved that

Ixull iz ey < Clixlwree lull vz gz (2.21)

for all x € WH(R?) and for all u € H'/?(R?), where the constant C' only depends on
the dimension. Therefore

Ixivonllgie <Y Iximkdvonll e
kez?

< > X1k 9v0 bl gr1/2
keZ2 | k—1|<143/2

IN

Clixillwe llvonll gz »

uloc

so that

‘ 3 oo
[l (0 (255 Y exniian)

k1 V- (xitVa

2

drg < C, <Hvo||§{1/2 + HVhHiIl/z ) .

uloc

uloc

L2(R2)
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Similarly,

2
3 —_—
o _ X1vo,n(€)
/ vF! (Z Ly () </\> exp(—)\kxg)> dxs
0 Pt V- (xiVh) @)
< C(Mols + Va2 ).
Moreover, thanks to Remark for any q > 2,
°° > Xivo,h (&) i
_ X1Vo,h
/ viF! (Z Ly (&) <A> eXP(—)\kxs)> dz3
1 = V- (xiVa) @)

< 0y (ol + Vil )

uloc uloc

We now address the bounds of the terms involving the kernels ¢rp, 11, %2. According
to Lemma we have for instance, for all z3 > 0, for all z;, € [ + [0, 1]?, for o € N2,

/R2 Voour(yn, x3) (v(l ~x1)von )) (xh — yn) dyn

(1= x)Va
1

< Caplo| lvo(@h — Yn)l———5 dyn

lyn|>1 lyn|® + x4

1

+Ca.8,/0| Va(zn = yn)|—— duyn
1<|yn <2 lyn|® + T3
<

3

9 1/2 1/2
C||Vil| 2 1 +C [vo(zn — yn)| d 1+ |yn|” d
h Luloc 1 6 2 1 + ‘ "y yh B 2 yh
+ 3 R Yh lyn|>1 (\yh\a+x )

1 . B(E-1)
< ClVallz, —— + Clhol 2, inf (1,252 )
ulocl+x3 uloc

for all v > 2 and for «, 8 > c¢g and sufficiently large. In particular the HZIOC bound
follows. The local bounds in L?, _ near x3 = 0 are immediate since the right-hand side is
uniformly bounded in 3. The treatment of the terms with 1, 1o are analogous. Notice
however that because of the slower decay of 1, 19 in x3, we only have a uniform bound

in H((1+[0,1]%) x (1,00)) if q is large enough (g > 2 is sufficient).

There remains to bound the terms involving Z[M}], Z|N}], using Lemma and Remark
We have for instance, for all x3 > 0,

HI[N;ﬂfk *((1— Xl)vh)‘ L2(1+[0,1]2)

< OWVallzz, (10 +1- PUuCos) i) + 10+ |- PIVEC )l gee)) -

c

Using the Plancherel formula, we infer

I+ ) fe(s 2s) | 2 ey Cllo(€) exp(—Akz3) || g2 (r2)

Cllexp(=Arz3) || 12(By) + C exp(—pars),

VARVAY
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where R > 1 is such that Supp ¢ C Br and p is a positive constant depending only on
¢. We have, for k =1,2,3,

‘V2 exp(—)\kazg)‘ <C <x5|V§)\k| + x§|V§)\k|2) exp(—Axz3).

The asymptotic expansions in Lemma [2.4] together with the results of Appendix [B|imply
that for £ in any neighbourhood of zero,

V21 = O([¢)), V= O([€]?),
Vi = O(1), VAp = O([¢]) for k = 2,3.

In particular, if & = 2, 3, since A\ is bounded away from zero in a neighbourhood of zero,

/ dxs| eXP(_)\kw?))H%{?(BR) < 0.
0

On the other hand, the degeneracy of A; near & = 0 prevents us from obtaining the same
result. Notice however that

| lexpt=nz) s,y < Co
for all @ > 0, and .
| el exp(=Auas) 2 s < o0
for ¢ € N large enough (¢ > 4). Hence the bound on V7u follows. O

> The representation formula, together with its associated estimates, now allows us to
extend the notion of solution to locally integrable boundary data. Before stating the corres-
ponding result, let us prove a technical lemma about some nice properties of operators of the

type Z ﬁf” , which we will use repeatedly:

Lemma 2.15. Let ¢ € C°(R?). Then, for all g € L2, (R?), for all p € C*°(R?) such that

uloc
V% has bounded second order moments in L? for0<a <2,

&'5;} e {fz‘@} -
/RJ"IL& px /Rﬁz g | P

ngj} o — {fifj} .
/szzha p* /RZ*DI S

Remark 2.16. Notice that the second formula merely states that

§i€;} )_ {&{7}
A * =7 *
V( La pxg el | Ve

in the sense of distributions.
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Proof. e The first formula is a consequence of Fubini’s theorem: indeed,

&5;}
Af4m\“g

= /RG dx dy dt %’j(m —y)g(t)p(x) x
< {pla—t) = ply =1) = Vp(z =) (x = )1y}

P /R L dxdy ding(y' = t)g(t)p(z) x
< {plx—t)—plx—y) = Vp(x —t) - ( =)Ly _g<1} -

Integrating with respect to x, we obtain
/ 1 Fig’} Py
R? i
= /sz dy dtvij(y' — )g(t) {0 p(t) — @ = p(y') — 0 * V() - (t — ¥ )Ly _g<1 )

= / dtg(t)T FZ@} © * p.
R €]

e The second formula is then easily deduced from the first one: using the fact that Vj(z) =

—Vp(—z) = —Vp(z), we infer

&'53} B Fifg‘
7T = T
@thapw Aﬁ 5

We are now ready to state the main result of this section:

Corollary 2.17. Let vg € K (recall that K is defined in (2.13).) Then there exists a unique
solution u of (2.1)) such that u|y,—0 = vo and

a
Ya >0, sup / / \u(zp, 3)|2des dr), < oo,
kez? Jk+[0,1)2 Jo

o
dg € N*,  sup / / \Vu(zp, x3)2des doy < co.
kez2 Jk+10,1)2 J1

(2.22)

Remark 2.18. As in Proposition the integer q in the two results above is explicit and
does not depend on vy (one can take ¢ = 4 for instance).
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Proof of Corollary[2.17 Uniqueness. Let u be a solution of (2.1)) satisfying (2.22)) and such
that u|zy—0 = 0. We use the same type of proof as in Proposition (see also [13]). Using a
Poincaré inequality near the boundary z3 = 0, we have

o0
Sup/ / \Vu(zp, z3)|*dzs dz), < co.
kez? Jk+[0,1)2 Jo

Hence u € C(Ry,S'(R?)) and we can take the Fourier transform of u with respect to the
horizontal variable. The rest of the proof is identical to the one of Proposition The
equations in are meant in the sense of tempered distributions in xj, and in the sense of
distributions in x3, which is enough to perform all calculations.

Ezistence. For all x;, € R? let x € C§°(R?) such that x = 1 on B(xp,1). Then we set

3 o
ule) = F (Z Li (&) <é/0(;(7i))> eXP(—/\kx:z)) (z)
k=1

va Mkl:]fk L3

3
> I (5 23) * (1 = x)vo,n)(2)
k=1
3
> I (+x3)
k=1

NG fi (s w3) * (1 — x)Va) (@) (2.23)

(1 —x)wo,
+ QHF * (V (1 { X())?/h)) (x)
+ e (1= x)vo) () + 2 % (1 = X) Vi) (2)-

We first claim that this formula does not depend on the choice of the function x: indeed,
let x1, x2 € C§°(R?) such that y; = 1 on B(wy,1). Then, since x1 — x2 = 0 on B(zy,1) and
X1 — X2 is compactly supported, we may write

3
ZI[Mé]fk(wxs) * (X1 — x2)von) +¥1 x (1 — x2)vo.n)

3
Fl (Z &) My(x1 — X2)Uo,hexp(—>\k963)>

and

S I[N fi(ws) * ((x — x2) Vi) + v # (x1 — x2)Va)

3
= F- 1<Z¢> )Nk(x1 — Xx2) Vi exp(— /\k933)>
k=1

3
= F1 <Z ¢ Lkegf ( X2)Vh> eXp(_)\k$3)> :
k=1

On the other hand,

(x1 — x2)vo.n
PHEE <V ((x1 — XQ)Vh)>

3
D IrI3) A s LI PRI
(;( ¢(&)) L <V'((X1—X2)Vh)) p(—Ak 3))
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Gathering all the terms, we find that the two definitions coincide. Moreover, u satisfies
(2.22) (we refer to the proof of Proposition for the derivation of such estimates: notice
that the proof of Proposition only uses local integrability properties of vg).

There remains to prove that u is a solution of the Stokes system, which is not completely
trivial due to the complexity of the representation formula. We start by deriving a duality
formula: we claim that for all n € C§°(R?)3, for all z3 > 0,

3 —
[ o) @y do, = [ wnaten) 5 (k; (thmg))hexp(_xm)) (2.24)
3 —
F-1i (Z i€ (thﬁ(g))?)exp(—)\kxg)) .
k=1

To that end, in ([2.23)), we may choose a function y € C5°(R?) such that x = 1 on the set

— Vh(flf‘h) .
R2

{z € R?, d(z,Suppn) < 1}.

We then transform every term in (2.23). We have, according to the Parseval formula

2 Xvo,1(§)
be (S (m@))exﬂ—%x@)'”

) s R
= Gy 2O <v AL

= / XVonF <23:<Lk77 ) exp(—j\kwg)>
_ /R2 Vi - F (i (le )3exp(—)\km3)).

Using standard convolution results, we have

3)

) exp(—Agxs3) d€

/ % (1= X)von)n = / (1= x)vop "1 1.
R2 R2

The terms with 12 and ¢gr are transformed using identical computations. Concerning the
term with Z[M}], we use Lemma from which we infer that

t ~
[ 2] s (@ = 0w = [ (1= 00T [Ml] Fsen
R2 R2
Notice also that by definition of M}, ]\\4/,% = M. Therefore

3
/ b (L= von + 3 / T[MY] fio (1= )von)
R? k=17R?

= /11@2(1 —X)vou - F <Zt<zk€1 Lyea)io(€) eXP(—j\WE:&)) :

k=1
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and

3
/ b (1= Vi + / T[N fix (1= Vi)
RQ —1 ]R2

3
= /1&2(1 — )V F! (Zﬁt(izkez&)ﬁéf;(f) eXP(—j\WS)) :
k=1

Now, we recall that if vy € HY/?(R?) NK is real-valued, then so is the solution u of (2.1)).
Therefore, in Fourier space,

ﬂ(',fL’g) = é(-,xg) Vs > 0.

We infer in particular that
3 5 3 -
ZL exp(—Agr3) = Z & exp(—Agx3).

Gathering all the terms, we obtain (2.24]).
Now, let ¢ € C§°(R? x (0,00))3 such that V- ¢ =0, and € C5°(R? x (0,0)). We seek to
prove that

/ u(—A(—e3x(¢)=0 (2.25)
R3

+
as well as

/ w- V= 0. (2.26)
R}

Using ([2.24)), we infer that

/ u(—A¢—e3 x ()

[ o (o)
L (g

0
= (J€]* =A%) "My, + "My, | -1
0

é eXp(_S\k.ﬁg)) 3

where

)

= ([€* = A2) "Nk + "Ny | —1

OO =
o O O
O O =
o O O

)

According to Lemma

M, = i§1qk1  182qK1  —AkGk1
&1qr2  1€2qr2  —MeQk2

so that, since & - éh + 83@23 =0,

M (O)C(E, x3) = (95C3 — AiC3) (ZZ 1)

)
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Integrating in z3, we find that

/ My (6)C(E, z3) exp(—Apx3)dxs = 0.

Similar arguments lead to

/ / Vi F~ (ZNk (€, 23) exp(— X;ﬂg)) =0

and to the divergence-free condition ([2.26)). O

2.2 The Dirichlet to Neumann operator for the Stokes-Coriolis system

We now define the Dirichlet to Neumann operator for the Stokes-Coriolis system with bound-
ary data in K. We start by deriving its expression for a boundary data vy € H'/?(R?) satisfying
[22), for which we consider the unique solution u of 2.1) in H'(R}). We recall that u is
defined in Fourier space by (2.8). The corresponding pressure term is given by

3 2
ple ) =3 A Wexp<—Ak<g>z3>.

The Dirichlet to Neumann operator is then defined by
DN g := —03u|z3=0 + P|zs=0€3-
Consequently, in Fourier space, the Dirichlet to Neumann operator is given by

m@):fyk@(w( Ni& + \él2 Ai)?gL)>

—~

=: Msc(€)vo(§), (2.27)

K

>

where Mgc € M33(C). Using the notations of the previous paragraph, we have
3
Msc =Y AeLy + e3 g
k=1
Let us first review a few useful properties of the Dirichlet to Neumann operator:

Proposition 2.19.

e Behaviour at large frequencies: when || > 1,

&1+ G 4k &1
€] \€|
Msc(§) = §i1&2 , O(l¢]'#).
e g If\ b
—ié1 —i&  2[¢]
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e Behaviour at small frequencies: when || < 1,

1 1 i(&’;&)
e = 2| e Ll
io-6) —i6+&) V2.
g a

o The horizontal part of the Dirichlet to Neumann operator, denoted by DNy, maps H1/2(R2)
into H-1/2(R?).

o Let ¢ € CO(R?) such that (&) =1 for |€] < 1. Then

(1 - ¢(D))DN3 : HY*(R?) — H~Y/(R?),
D¢(D) DNs, | D|¢(D) DNs : L*(R?) — L*(R?),

where, classically, a(D) denotes the operator defined in Fourier space by

a(D)u = a(§)u(§)
for a € C(R?), u € L*(R?).

Remark 2.20. For || > 1, the Dirichlet to Neumann operator for the Stokes-Coriolis system
has the same expression, at main order, as the one of the Stokes system. This can be easily
understood since at large frequencies, the rotation term in the system can be neglected in
front of €%, and therefore the system behaves roughly as the Stokes system.

Proof. The first two points follow from the expression together with the asymptotic
expansions in Lemma[2.4] Since they are lengthy but straightforward calculations, we postpone
them to the Appendix [A]

The horizontal part of the Dirichlet to Neumann operator satisfies

IDN;, vo(€)] = O(J¢] |80(€)])  for [¢] > 1,
DNy, 00(€)] = O([i0(€)])  for €] < 1.

Therefore, if [g, (1 + [€]2)Y/2]00(¢)|? d¢ < oo, we deduce that
[ 1R IDN w @) de < oc.
R2

Hence DNy, : HY/2(R?) — H~'/2(R?).
In a similar way,

IDN3 00(€)] = O(I¢] [50(€)]) for |€] > 1,

so that if ¢ € C§°(IR?) is such that ¢(¢) = 1 for £ in a neighbourhood of zero, there exists a
constant C such that

(1= 6()DN5 w0 ()] < Clel lin(€)] V¢ € B2
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Therefore (1 — ¢(D)) DN3 : HY/2(R?) — H~Y/2(R?).

The vertical part of the Dirichlet to Neumann operator, however, is singular at low fre-
quencies. This is consistent with the singularity observed in Lq(&) for £ close to zero. More
precisely, for £ close to zero, we have

—

DN; 0p(€) = ‘;@0,3 +0(la0(€)).

Consequently, for all £ € R?
[€6(6)DN3 w0(§)| < Cli(€)]. 0

Following [13], we now extend the definition of the Dirichlet to Neumann operator to func-
tions which are not square integrable in R?, but rather locally uniformly integrable. There
are several differences with [I3]: first, the Fourier multiplier associated with DN is not homo-
geneous, even at the main order. Therefore its kernel (the inverse Fourier transform of the
multiplier) is not homogeneous either, and, in general, does not have the same decay as the
kernel of Stokes system. Moreover, the singular part of the Dirichlet to Neumann operator for
low frequencies prevents us from defining DN on H il/ 026. Hence we will define DN on K only
(see also Corollary 2.17).

Let us briefly recall the definition of the Dirichlet to Neumann operator for the Stokes
system (see [13]), which we denote by DNSEI- The Fourier multiplier of DNg is

g ab

Ms(6) lfr;m g Z&
s(@=| && &
g it @

—1&1 —i&  2|¢|

The inverse Fourier transform of Mg in S’(R?) is homogeneous of order -3, and consists of
two parts:

e One part which is the inverse Fourier transform of coefficients equal to i&; or i&s. This
part is singular, and is the derivative of a Dirac mass at point ¢ = 0.

e One kernel part, denoted by Kg, which satisfies
C

Ks (D) <

In particular, it is legitimate to say that
C

]FlMS(t)\ <

in D'(R?\ {0}).

Hence DNy is defined on H'/2 in the following way: for all ¢ € Ce°(R?), let x € C§°(R?)

uloc

such that x = 1 on the set {t € R? d(t,Supp ) < 1}. Then

(DNs u, p)prp := (F 1 (MsXt) , ) gr-1/2 gr1/2 + /R2 K ((1=x)u) - .

In [13], D. Gérard-Varet and N. Masmoudi consider the Stokes system in R3 and not R3., but this part of
their proof does not depend on the dimension.
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The assumption on x ensures that there is no singularity in the last integral, while the decay
of Kg ensures its convergence. Notice also that the singular part (which is local in the physical
space) is only present in the first term of the decomposition.

We wish to adopt a similar method here, but a few precautions must be taken because of
the singularities at low frequencies, in the spirit of the representation formula . Hence,
before defining the action of DN on K, let us decompose the Fourier multiplier associated with
DN. We have

Msc (&) = Ms(€) + (&) (Msc — Ms)(€) + (1 — ¢)(&)(Msc — Ms)(E).

Concerning the third term, we have the following result, which is a straightforward consequence
of Proposition and Appendix B}

Lemma 2.21. As || — oo, there holds
a 3—lal
Ve(Msc - Ms)(€) = O (¢l 19!)

fora € N2, 0 < |a| < 3.

We deduce from Lemma that VO [(1 — ¢(€))(Msc — Mg)(€)] € LY(R?) for all a € N?
with |a| = 3, so that it follows from lemma that there exists a constant C' > 0 such that

FH(1 = 6(9) (Mse — Ms)(©)] ()] < ‘tc‘?)

There remains to decompose ¢(&)(Mgsc — Mg)(€). As in Proposition the multipliers
which are homogeneous of order one near & = 0 are treated separately. Note that since the
last column and the last line of Mgc act on horizontal divergences (see Proposition ,
we are interested in multipliers homogeneous of order zero in Mgc 3;, Msc 3 for i = 1,2, and
homogeneous of order —1 in Mgc 33. In the following, we set

. V2 (1 -1 _ M, 0
Mpi==-\1 1) M={¢o o)

_ W2 (646 W2 (646
=g (@—@)’ V2= ( >

We decompose Mgc — Mg near £ =0 as

o (Msc ~ 5O = +09) (i) 1L

where M; € M3(C) only contains homogeneous and nonpolynomial terms of order one, and
MJf™ contains either polynomial terms or remainder terms which are o(|€]) for § close to zero
if 1 <1i,7 < 2. Looking closely at the expansions for A\ in a neighbourhood of zero (see )
and at the calculations in paragraph , we infer that M]™ contains either polynomial
terms or remainder terms of order O(|¢[?) if 1 < 4,57 < 2. We emphasize that the precise
expression of M"™ is not needed in the following, although it can be computed by pushing
forward the expansions of Appendix[A] In a similar fashion, M§™ and M3§™ contain constant
terms and remainder terms of order O(|¢|) for i = 1,2, M3%™ contains remainder terms of

) (1= GO + o),
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order O(1). As a consequence, if we define the low-frequency kernels K™ : R? — My (C) for

! = ! = 4 by Mrem ) frem
Krem . —1 11 12
=7 (o (i i) )
Kyem .= F! <¢ (%gj;:) i (& 52)) ;
K3 o= F (—ig(€)¢ (Mgg™ Mgs™)),
rem . T—1 rem ‘g% §1£2
K4 =F QZ)(&)M?;B 5152 5%

we have, for 1 <7 <4 (see Lemmas and [B.5)

We also denote by Mf7" the kernel part of
FH (1= )M + (1 - ¢)(Msc — Ms))
which satisfies

C
|zp]3

| My ()| < Va, € R?\ {0}.

Notice that there is also a singular part in F~! (—(1 — ¢)M), which corresponds in fact to
F~1(—M), and which is therefore a Dirac mass at zj, = 0.
There remains to define the kernels homogeneous of order one besides M;. We set

My :=Vii (&4 &),

M3 = _iftV%
_ 1 /g 5152)
M= 1 (5152 g )

so that My, My, Mg, My are 2x 2 real valued matrices whose coefficients are linear combinations

of élﬁj . In the end, we will work with the following decomposition for the matrix Mg, where

the treatment of each of the terms has been explained above:

Mgc = Mg + M + (1—-¢)(Mgc — Mg — M) + ¢ <f‘\4/; ’f‘ﬁl) + pMTE™,

We are now ready to extend the definition of the Dirichlet to Neumann operator to func-
tions in K: in the spirit of Proposition Corollary [2.17] we derive a representation formula
for functions in K N H'/2(R?)3, which still makes sense for functions in K:

Proposition 2.22. Let p € C§° (R2)3 such that @3 = VY, - @), for some ®), € C5° (R?). Let
X € C5°(R?) such that x = 1 on the set

{z € R?, d(x,Supp ¢ USupp ;) < 1}.

Let ¢ € CSO(RE) such that ¢(&) = 1 if |€] < 1, and let p := F~1¢.
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o Let vy € HY?(R?)? such that v0,3 = Vi - V. Then

(ON(w). ¢l = (DNs(uohpop+ [ o Mo
+ <f_1 ((1 - ¢) (MSC - MS - M) %) ’@>H*1/2,H1/2

[ e M+ (1= )

el (8 6h) ()90,
[ en AN (1= 00+ KF™ ¢ (1= 1))}

[ o TR (1 50V) + K™ ¢ (1= 0V
[P T+ (1= ) + K (1= 0}

[ T+ (1= VA + KF™ ¢ (1= 0VA))-

o The above formula still makes sense when vy € K, which allows us to extend the definition
of DN to K.

Remark 2.23. Notice that if vg € K and ¢ € K with w3 = Vj, - @y, and if o, Py, have
compact support, then the right-hand side of the formula in Proposition|[2.29 still makes sense.
Therefore DN vg can be extended into a linear form on the set of functions in K with compact
support. In this case, we will denote it by

<DN(UO)7 @)7
without specifying the functional spaces.

The proof of the Proposition is very close to the one of Proposition and Corollary
[2.17) and therefore we leave it to the reader.

The goal is now to link the solution of the Stokes-Coriolis system in Ri with vp € K and
DN(wp). This is done through the following lemma:

Lemma 2.24. Let vy € K, and let u be the unique solution of (2.1)) with u|z—0 = vo, given

by Corollary[2.17
Let ¢ € C°(R3)3 such that V- ¢ = 0. Then

Vu-Vp+ /3 ez X u - = (DN(vo), plzs=0)-

RY

R
In particular, if vo € K with vo3 = Vy, - Vi, and if vo, V3, have compact support, then

(DN(vg),v0) > 0.
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——\3
Remark 2.25. If p € C§° (R‘i) 15 such that V - ¢ = 0, then in particular

P3las=0(Th) = —/ O3p3(wp, 2) dz
0
= / V- on(xn, z) = Vi - @
0

Jor @5 = [ on(-,2)dz € C°(R?). In particular p|u,—o is o suitable test function for Propo-
sition [2.22

Proof. The proof relies on two duality formulas in the spirit of (2.24]), one for the Stokes-
Coriolis system and the other for the Dirichlet to Neumann operator. We claim that if vy € K,
then on the one hand

8 Vu- Vi + /]R3 e3 X U= /R2 v F  ("Msc(§)¢les=0(€)) (2.28)

+

and on the other hand, for any n € C§°(R?)? such that i3 = V}, - 0, for some 6, € C5°(R?)?,

ONG) o = [ 0P (Msc(©n(©)). (229)

Applying formula with 7 = ¢|zs=0 then yields the desired result. Once again, the proofs

of (2.2§ - - are close to the one of (2.24 - From (| , one has

e3xXu-p = — U-eg X
RE R3

o o O
>

Il
T
S
k,.’
\
M
&
g
@’
§
\

Moreover, we deduce from the representation formula for u and from Lemma [2.15]a represen-
tation formula for Vu: we have

= F! 3 exp(—Apx Xbop €1 &2 — x
Vu(z) = F (}; p(—Akw3) Li(§) (V'(th)>(§ 3 Ak))( )

+ D IIMEIV fil(,23) + (1= x)vos) (@)

(1= xv0ne)
+ Venrs (v - <<f—0><’3vh>)

Vipr (1= x)von) () + Vipa (1 = x) Vi) (@)
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Then, proceeding exactly as in the proof of Corollary 2.17], we infer that

3 0o
Vu-Vo = / w0 F ! (Z / |£|2exp<—xk:c3>thsa(&,xs)dxs)
R k=10

3 0o
- / v F ! (Z/ )\kexp(—)\kﬂﬁs)th33@(§,$3)dfC3>-
R2 k=10

3
R

Integrating by parts in x3, we obtain
& N tr N & N tF tr
/ exp(—Apr3) Li03p(&, x3)das = /\k/ exp(—Apx3) Lpp(€, x3)das — Lpp|zs—0()-
0 0

Gathering the terms, we infer

co 3
Vu -V +/ e3xXu-p = / 7)0]-"71 (/ Z exp(—kag) tPMﬁ)
R2 0
3

R} k=1

+
+ / Uof_l (Z j‘k: th’@‘:Eg:O) 3
R? k=1

3
Ry

where
0 -1 0
Pe = (P =)L+ 1 0 0L
0 0 O
&1
= —| & (%,1 k2 Qk,:s)
—\k

according to Lemma Therefore, since ¢ is divergence-free, we have

L ~ k1
Pro = (=003 + Nep3) | G2 |-
qk,3

so that eventually, after integrating by parts once more in xs,

Vu-Vg0+/ e3 X u-p

3 3
R R

+
) 3., k1
= /vof_ Z)\k L+ | G2 | fes| @las=o0
R k=1 Q3

= / v F ! (tMSC‘;vag:O)'
R2

The derivation of (2.29) is very similar to the one of (2.24) and therefore we skip its proof. [

We conclude this paragraph with some estimates on the Dirichlet to Neumann operator:
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Lemma 2.26. There exists a positive constant C such that the following property holds.
Let ¢ € C(R?)3 such that @3 = Vy, - @), for some @, € C°(R?), and let vy € K with
vo3=Vp-Vy. Let R>1 and xg € R? such that

Supp ¢ U Supp ¢, C B(zg, R).
Then

[(DN(w0), )] < CR (Il oragae) + 1@l vvaey) (eoll s + IVl o )

uloc

Moreover, if vy, Vi, € HY/?(R?), then

(DN(v0), #)pr,p| < C (Il 2@y + 1@nll ) (Ivollzrae + 1Vall gz)-

Proof. The second inequality is classical and follows from the Fourier definition of the Dirich-
let to Neumann operator. We therefore focus on the first inequality, for which we use the
representation formula of Proposition [2.22]

We consider a truncation function y such that x = 1 on B(zg, R+ 1) and x = 0 on
B(xo, R+ 2)¢ , and such that |[V¥x|lec < Cq, with C, independent of R, for all « € N. We
must evaluate three different types of term:
> Terms of the type

K (1= x)vo) - ¢,
RQ
where K is a matrix such that |K(x)| < C|z|™3 for all z € R? (of course, we include in the
present discussion all the variants involving V}, and ®5). These terms are bounded by

1
C T3l = x(@ =) Jvo(z —1)| |p(z)| dz dt
R2xR? [t
1/2 1/2
vo(z —t)? 1
§C/dx<px (/ lol@ =H)F ) —_dt
R?2 ()] lt|>1 |t]3 =1 [t
< Cluolzz Nl
<

CRwullzz, el

> Terms of the type

[, on TG = 0001 5
where M is a 2 x 2 matrix whose coefficients are linear combinations of £;§;/|¢|. Using Lemma
and Remark these terms are bounded by

1/2

1/2
Cllelizllvollzz, 11+ Pl I+ V20l

oc

Using Plancherel’s Theorem, we have (up to a factor 27)

IL+1-Pollze = 12 - A)dllaee < C,
141 P)V0llzz = (1 = A)] - Pol ez < C,

so that eventually

AﬁwﬂMWLw%MHPSCWMWMQMSGWWMMWMZ
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> Terms of the type

(FH(M(EXT0()) @) 172 172 and /
R

where M (&) is some kernel such that Op(M) : HY/?(R?) — H~'/2(R?) and M is a constant
matrix.
All these terms are bounded by

@ - Mug
2

CHX”OHHU?(W)HSOHH1/2(R2)'

In fact, the trickiest part of the Lemma is to prove that

||XU0||H1/2(R2) S CR”U0||H11/2 . (230)
To that end, we recall that
2 _ 2 | (xvo) (z) — (xvo) (y)[>
ol qeey = Iciolfagesy + [ FXl = O g ay,
We consider a cut-off function ¥ satisfying (1.4]), so that
IxvollZegey < D Il(m?)xwoll7
kezZ?
< xlE Yo Iwd)woll
keZ?,
[k|<CR
< CRIIxllz sup [l (md)vol 2.
Concerning the second term,
xvo(@) — xvo(y)[”
2
= ( > md(@)x(@)vo(x) — Tkﬁ(y)x(y)vo(y)>
kez?
= Y [mI@)x(@)vo(x) — 7I(y)x(y)vo(y)] [n (@) x ()vo(x) — () x(y)vo(y)]
klez?,
[k—1]<3
+ ) m(@)x(@)vo(e) — () x(y)vo(y)] [nd (@) x (@)vo(x) — () x(y)vo(y)] -
k€72,
|I<:—€l\>3

Notice that according to the assumptions on 9, if |k — | > 3, then 7,9(x)n;d(x) = 0 for all
x € R2. Moreover, if 71,(z)7(y) # 0, then |z — y| > |k — I| — 2. Notice also that the first sum
above contains O(R?) non zero terms. Therefore, using the Cauchy-Schwartz inequality, we

infer that
_ 2
/ |(xvo) () (xgvo)(y)l dz dy
R2 xR2 |z — |
_ 2
< CR®sw / | (Tr0x o) () (T/;é‘xvo)(y)l dz dy
kez? JR2xR2 |z — |
1
S — 0 0 dr d
+ Y Gy L. @@ (@l de dy
k—1|>3
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Using (12.21)), the first term is bounded by

CRQHXH%/VLOOHUOH?;II/Q )

uloc
while the second is bounded by C'lvol|3.
Gathering all the terms, we obtain (2.30)). This concludes the proof of the Lemma. O

2.3 Presentation of the new system

We now come to our main concern in this paper, which is to prove the existence of weak
solutions to the linear system of rotating fluids in the bumpy half-space . There are
two features which make this problem particularly difficult. Firstly, the fact that the bottom
is now bumpy rather than flat prevents us from the use of the Fourier transform in the
tangential direction. Secondly, as the domain € is unbounded, it is not possible to rely on
Poincaré type inequalities. We face this problem using an idea of [13]. It consists in defining a
problem equivalent to yet posed in the bounded channel Q°, by the mean of a transparent
boundary condition at the interface ¥ = {z3 = 0}, namely

—Au+esxu+Vp =0 in Q°,
. _ . b
divu =0 in Q°, (2.31)
u’F = Uo,

—03u+ pes = DN(u|gy—0) on X.

In the system above and throughout the rest of the paper, we assume without any loss of
generality that supw < 0, infw > —1. Notice that thanks to assumption (1.3]), we have

0
u3|zy—0(Tn) = uo3(xp) —/( )Vh~uh(wh,z) dz
W(Th

= wo3(xp) — Vaw - ugp(zp)

0
-V - / up(xp, 2) dz
w(xh,)

0
= Vp- <Uh(9€h) — /( )uh(:ch,z) dz) ,
W Zh

so that ug|;,—o satisfies the assumptions of Proposition
Let us start by explaining the meaning of (2.31):

Definition 2.27. A function u € H}, (Q°) is a solution of ([2:31) if it satisfies the bottom
boundary condition u|r = ug in the trace sense, and if, for all p € C§° (ﬁb) such that V-p =0
and @|r = 0, there holds

/Q,,(Vu Vot ez xu-p) = —(DN(ulzz=0), ¢las=0)p' D

Remark 2.28. Notice that if ¢ € C§° ((Tb> is such that V - ¢ =0 and ¢|r = 0, then

0
P3|lzz=0 = Vi - @y, where <I>h(a;h) = - /( )goh(:z:h,z)dz € Cgo(RQ)
w(zp

Therefore ¢ 1s an admissible test function for Proposition|2.24.
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We then have the following result, which is the Stokes-Coriolis equivalent of [13, Proposi-
tion 9|, and which follows easily from Lemma and Corollary [2.17}

Proposition 2.29. Let ug € L2, (R?) satisfying (L.3), and assume that w € W1 (R?).

o Let (u,p) be a solution of (L.1)) in Q such that u € H}

loc

Va > 0, sup/ / (Jul? + |Vul?) < oo,
1€ez? J1+[0,1]2 Jw(zp)

oo
sup/ / |V7u|? < oo,
lez? J1+[0,1)2 J1
for some g € N, ¢ > 1.

Then u|qy is a solution of (2.31), and for x3 > 0, u is given by (2.23), with vy =
U‘$3:0 c K.

(Q) and

o Conversely, let u= € HY,_ (QP) be a solution of [R:31), and let vy = u™|z—0 € K.
Consider the function u™ € H} (R3) defined by ([2.23). Then, setting

u (z) if w(zp) < x3 <0,

u(@) = { ut(z) if w3 >0,

the function u € HL () is such that

Va > 0, sup/ / (Jul* + |Vul?) < oo,
€72 J1+[0,12 Jw(zp)

oo
sup / |un’2 < 00,
1€z2 Ji+0,1)2 J1
for some q € N sufficiently large, and is a solution of (1.1)).

As a consequence, we work with the system from now on. In order to have a
homogeneous Poincaré inequality in Q°, it is convenient to lift the boundary condition on
I', so as to work with a homogeneous Dirichlet boundary condition. Therefore, we define
V = (Vh,V3) by

Vi i=wuopn, Vai=wuoz— Vi -ugp(r3—wxp)).
Notice that V|z,—0 € K thanks to , and that V is divergence free. By definition, the
function
u:=u—Vlqb

is a solution of

—Al+e3xu+Vp =f in Qb
diva =0 in Q°
g ’ 2.32
e =0, (2.32)
—030 + peg = DN(ﬂ|x3:0—) + F, on X X {0}

where

f:IAV—@gXV:AhV—QgXV,
F := DN(V|z5=0) + 33V ] 5=0-
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Notice that thanks to the regularity assumptions on up and w, we have, for all [ € N and for
all p € C5°(028)3 with Supp ¢ C ((=1,1)? x (=1,0)) N Y,

[{f,0)pp] < Clllluonllgz, + lwosllg, ) el (o0 - (2.33)

where the constant C' depends only on ||w||y1.00. In a similar fashion, if ¢ € C5°(R?)? is such
that @3 = V}, - @), for some @), € C§°(R?)?, and if Supp ¢, Supp ®;, C B(xo, 1), then according
to Lemma [2.20

(P, )] < Clllluonllye, +luoalls, +10nl 1) (1ol + [@nllmze) - (230

2.4 Strategy of the proof

From now on, we drop the ~in (2.32)) so as to lighten the notation.
e In order to prove the existence of solutions of (2.32) in H}, (), we truncate horizontally

uloc
the domain 2, and we derive uniform estimates on the solutions of the Stoke-Coriolis system

in the truncated domains. More precisely, we introduce, for all n € N, k € N,
0, :=0n {z € R3, |z1| < n, 29 < n},
Qo1 = Qg1 \ U,
Y, = {(z,0) € R3, |z1| < n, 29 < n},
Ehkt1 = Zpt1 \ i,
I,:=Tn{zecR3 |z1| <n, 2 <n}.

We consider the Stokes-Coriolis system in {2, with homogeneous boundary conditions on the
lateral boundaries

—Auy +e3 X u, +Vp, =f, x € Qy
V-u, =0, z e,

u, =0, e\ Q, (2.35)
u, =20, zely,

_83Un +pn63|x3:0 = DN (un|x3:0) + F7 T € Y.

Notice that the transparent boundary condition involving the Dirichlet to Neumann operator
only makes sense if wy|4,—0 is defined on the whole plane ¥ (and not merely on 3,,), due to
the non-locality of the operator DN. This accounts for the condition un|gn o, = 0.

Taking u, as a test function in , we get a first energy estimate on u,

IVt [72 09
= — (DN (un‘xz.:()) 7un‘w3:0> —(F, un‘w3:0> + (fs un) (2.36)
<0

0
/ Un b (Th, 2"dz'
w

+ Cn unll g1 (q,)
(zh)

< Cn <|Un,h|:p3=0||H1/2(En) + ‘
H1/2(En)

< OnHunHHl(Qn)a

where the constant C' depends only on HUOHHQZ and ||wl[yy1.00. This implies, thanks to the
Poincaré inequality,

E, = / Y, - Vu, < Con?. (2.37)
Q
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The existence of u, in H'(Q°) follows. Uniqueness is a consequence of equality with
F=0and f=0.

In order to prove the existence of u, we Wlll derlve H 1loc estimates on u,, uniform with
respect to n. Then, passing to the limit in and in the estimates, we deduce the exi-
stence of a solution of in HL, (Q9). In order to obtain H}, . estimates on u,, we

follow the strategy of Gérard-Varet and Masmoudi in [I3], which is inspired from the work of
Ladyzhenskaya and Solonnikov [24]. We work with the energies

Ey = Vuy, - Vi, (2.38)
Qf

The goal is to prove an inequality of the type
By < C (K + (B — Er)), Vke{m,... n}, (2.39)

where m € N is a large, but fixed integer (independent of n) and C' is a constant depending
only on [lw[[y1.ec and [[uonllgz, ||UhH 12 . Then, by backwards induction on k,

uoc

we deduce that
E, <Ck* Vke{m,...n}

so that E,,, in particular, is bounded, uniformly in n. Since the derivation of the energy
estimates is invariant by translation in the horizontal variable, we infer that for all n € N,

sup / |Vu,|? < C
c€Cm J (ex(—1,0))NNb

where

Crm = {c, square of edge of length m contained in ¥,, with vertices in ZQ} . (2.40)

Hence the uniform H}! uloc POUNd on u, is proved. As a consequence, by a diagonal argument, we
can extract a subsequence UW”))%N such that uy(,) — u weakly in H' () and Up(n) l2z=0 —

| p5—0 weakly in H'/2(3}) for all k € N. Of course, u is a solution of the Stokes-Coriolis system
in Q°, and u € H},,.(Q°). Looking closely at the representation formula in Proposition m
we infer that

(DN wy () |l23=0: ©) 01,0 =5 (DN t|2y—0, 0)pr,p

for all admissible test functions ¢. For instance,
/ M[?:[e;‘n * ( X) (uw(n)|w3=0 - u|m3=0)
= [ ] a0 ) (g lramo — vleamn) 0
R2 [t|<k
[ ] @M =0 (g leamo — vleamn) (O
R2 [t|>k

For all k, the first integral vanishes as n — oo as a consequence of the weak convergence in
L?(X;). As for the second integral, let R > 0 such that Suppy C Bg, and let kK > R+ 1.
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Then
/R2 o /|tZk‘ dt@(x)M]T_[eF(x N t)((l o X) (u7/1 |$3 =0 — u|x3=0) (t)
1
e /t|zk dt@@;ﬂm (‘uw(m |xs=0(t)’ * ‘u|x3=0(t)’)

H§2
1 1/2 dt 5\ 1/2
C’/ dx|o(x </ dt) (/ ———(Ju|gy—o|* + |u ) | zs= )
e N o e a1 o= g ool & [ivcolaco] )
1 1/2
< _
< c(%u%qﬂ %m)égmwuﬂ(ﬂ>ﬂm_ﬁﬂ0

uloc
)l (k — R)™72
loc

IA

—i—supHun\m:()’
n

(=

Hence the second integral vanishes as k — oo uniformly in n. We infer that

+ supHun\m:o’ 12
loc n

BLLY eMpe" + (1 = X) () lzs=0 — Ulzs=0) = 0.
Therefore u is a solution of (2.32)).
The final induction inequality we will be much more complicated than (2.39)), and the
proof will also be more involved than the one of [I3]. However, the general scheme will be
very close to the one described above.

e Concerning uniqueness of solutions of , we use the same type of energy estimates
as above. Once again, we give in the present paragraph a very rough idea of the computations,
and we refer to section (| for all details. When f = 0 and F' = 0, the energy estimates
become

Ey < C(Bg1 — Ey),

and therefore
Ey <rEpqq

with r:= C/(1+ C) € (0,1). Hence, by induction,
FE < TkilEk < CTkilkZ

L (Q°). Letting k — oo, we deduce that
FE;=0. Slnce all estimates are invariant by translation in xj, we obtain that u = 0.

for all k£ > 1, since u is assumed to be bounded in H 1

3 Estimates in the rough channel

This section is devoted to the proof of energy estimates of the type for solutions of the
system (2 , which eventually lead to the existence of a solution of -

The goal is to prove that for some m > 1 sufficiently large (but 1ndependent of n), Em
is bounded uniformly in n, which automatically implies the boundedness of u,, in H, ul oc <Q )
We reach this objective in two steps:
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e We prove a Saint-Venant estimate: we claim that there exists a constant C7 > 0 uniform
in n such that for all m € N\ {0}, for all k € N, k > m,

k4 Ejtm — E;
By < Cy |k* + Exymir — B + — sup —tm )
m= j>m+k J

(3.1)
The crucial fact is that Cy depends only on ||w||jy1,00 and HUO,hHHQl , ”UO,SHHll MU /2
utoc utoc UlOC
so that it is independent of n, k and m.
e This estimate allows to deduce the bound in H&loc
ment.

Let us first explain the induction, assuming that (3.1) holds. The proof of (3.1) is post-
poned to the subsection [3.2]

(©2) via a non trivial induction argu-

3.1 Induction
We aim at deducing from (3.1)) that there exists m € N\ {0}, C > 0 such that for all n € N,

/ Vuy, - Vu, < C. (3.2)
Qm

The proof of this uniform bound is divided into two points:

e Firstly, we deduce from (3.1), by downward induction on k, that there exist positive
constants Cy, Cs,mg, depending only on Cy and C] appearing respectively in (2.37])
and (3.1), such that for all (k,m) such that k& > Csm and m > my,

k4 Ejim—E;

B +m? + — sup 7J+m, J

m= j>m+k J

B, < Cy (3.3)

Let us insist on the fact that Cy and C5 are independent of n, k, m. They will be adjusted
in the course of the induction argument (see (3.8)).

e Secondly, we notice that (3.3]) yields the bound we are looking for, choosing k = |Csm |+
1 and m large enough.

e We thus start with the proof of , assuming that holds.

First, notice that thanks to , is true for k£ > n as soon as Cy > Cj, remembering
that u, = 0 on Q°\ ©,,. We then assume that holds for n,n —1,... k4 1, where k is
an integer such that k > Cym (further conditions on Cq,C3 will be derived at the end of the
induction argument, see )

We prove at the rank k by contradiction. Hence, assume that does not hold at
the rank k, so that

K Ejym—E;
E, > Cy {k2 +m3 + — sup Wﬂ . (3.4)
m= j>m+k J
Then, the induction assumption implies
Ejtm+1 — Ex
k 14—k Ejrm — E;
é 02 (k+m+1)2—k2+( +m+5> sup an}
m j>k+m J
K3 Ejym—E;
< Oy {2k(m+ 1)+ (m+1)*+80— sup ”mf} (3.5)
m= j>k+m J
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Above, we have used the following inequality, which holds for all K >m > 1

(k4+m+D' =k = 43(m+1) +6k*(m +1)% + 4k(m + 1) + (m + 1)*
8mk® + 6k% x 4m? + 4k x 8m> + 16m*

<
< 80mk3>.

Using , and , we get

[ K Ejim — E;
Cy | K2+ m?+ —= sup an}
L M= j>k+m J
< E (3.6)
[ k2 k4 Eitm—E;
< C1 K2 420k(m+1) + Ca(m +1)% + (80024 + 5) sup —H =
L m m= ) i>k+m J

The constants Cp, C1 > 0 are fixed and depend only on ||w||1, and ”UO,hH}ﬁl , ||u0,3||H11 ,

[Unll 172 (cf. (2.37) for the definition of Cp). We choose mg > 1, Co > Cp and C3 > 1
uloc

depending only on Cy and C so that

{ k> Csm Co(k? +m3) > Oy [k? + 2C2k(m + 1) + Ca(m + 1)?] (3.7)

ol
and m Z mo HHpRes { and CQ% Z Cl (8002% + %) .
One can eagily check that it suffices to choose Co, C3 and myg so that

Co > max(201, C()),
(CQ — 01)03 > 800102, (38)
Vm > mg, (CoCp+Cp)(m+1)% < m?.

Plugging into , we reach a contradiction. Therefore is true at the rank k. By
induction, is proved for all m > mg and for all £ > Cym.

e It follows from (3.3)), choosing k = [Cym| + 1, that there exists a constant C' > 0,
depending only on Cp, C1, C2, Cs, and therefore only on ||w|jy1,« and on Sobolev-Kato
norms on ug and Uy, such that for all m > my,

ELm/QJ SE\_C%mH-l <’ m3+i sup M

(3.9)
M j>|Cam|+m+1 J

Let us now consider the set C,, defined by (2.40)) for an even integer m. As C,, is finite, there
exists a square c¢ in Cp,, which maximizes

{HunHHl(QC))C € Cm}

where . = {x el oy, € c}. We then shift u,, in such a manner that c is centered at 0. We
call 4, the shifted function. It is still compactly supported, yet not in €, but in Qa,,

/ |van|2_/ Vuo* and / \vanﬁ_/ V.
Qon Qn Q /2 Qe

Analogously to Ej, we define Ej. Since the arguments leading to the derivation of energy
estimates are invariant by horizontal translation, and all constants depend only on Sobolev

m

42



norms on ug, Uy, and w, we infer that ( still holds when FEj is replaced by Ek On the
other hand, recall that Em/2 maximizes HunHH1( q.) on the set of squares of edge length m.
Moreover, in the set ¥4, \ X; for j > 1, there are at most 4(j +m)/m squares of edge length
m. As a consequence, we have, for all j € N*,

Ej+m_E < /27

so that (3.9) written for @, becomes

E‘/m/2 <C m?

1 m\ ~
—+ — sup 1 + - Em/2
M= \j>(Cs+1)m J
1 —~
This estimate being uniform in m € N provided m > myg, we can take m large enough and

get
3

~ m
Em/2 < C 0%7
so that eventually there exists m € N such that
3
m
sup [un 7 <O
o [l ((ex(-1,00n00)) -0l

This means exactly that u,, is uniformly bounded in Ob). Existence follows, as explained

in paragraph [2.4]

uloc(

3.2 Saint-Venant estimate

This part is devoted to the proof of . We carry out a Saint-Venant estimate on the

system , focusing on having constants uniform in n as explained in the section . The

preparatory work of sections and allows us to focus on very few issues. The main

problem is the non-locality of the Dirichlet to Neumann operator, which at first sight does not

seem to be compatible with getting estimates independent of the size of the support of u,.
Let n € N\ {0} be fixed. Let also ¢ € C§°(Q2°) such that

V- Y = 07 Y= 0 on Qb \ Qn7 @|x3:w($h) =0. (310)
Remark states that such a function ¢ is an appropriate test function for (2.35)). In the
spirit of Definition [2.27] we are led to the following weak formulation:
Vun - Vi + / Uny * Ph
Ob
- <DN (un|13:0_) 790|:)33:O_ >D’,D - <F7 §0|z3=0_ >D/7D + <f7 @)DQD (311)

Thanks to the representation formula for DN in Proposition [2.22] and to the estimates (2.33)
for f and (2.34) for F, the weak formulation (3.11)) still makes sense for ¢ € H'(QP) satisfying
B.10).

Ob
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In the sequel we drop the subscripts n. Note that all constants appearing in the inequalities
below are uniform in n. However, one should be aware that E}, defined by depends on
n. Furthermore, we denote u/,,_o- by vo.

In order to estimate Ej, we introduce a smooth cutoff function xx = xx(yn) supported in
Yr+1 and identically equal to 1 on ¥Xi. We carry out energy estimates on the system (12.35)).
Remember that a test function has to meet the conditions . We therefore choose

Ph Xk Wh 1/Ob
= = z S H Q 5
v ( V. ‘I)h ) < —Vh : (Xk fw(xh,) uh(mh, z’)dz’) ) ( )
B _ 0
= T Vax(an) - ot un(@n, 2')dz’

which can be readily checked to satisfy (3.10). Notice that this choice of test function is
different from the one of [I3], which is merely xju. Aside from being a suitable test function
for (2.35)), the function ¢ has the advantage of being divergence free, so that there will be no

need to estimate commutator terms stemming from the pressure.
Plugging ¢ in the weak formulation (3.11)), we get

/QXIC|V“|2 = —/QVU' (VXk)U+/QVU3'V<Vth($h)'/w;h) Uh(xhyzl)dz/>
— (DN (v0) , Plug=0-) = (I, @log=o-) + (f. ) - (3.12)

Before coming to the estimates, we state an easy bound on ®; and ¢

1
1®nll 2 () + el () + I Prles=oll rrzme) + les=oll prr2e) < OB, - (3.13)

As we have recourse to Lemma to estimate some terms in , we use repeatedly
in the sequel, sometimes with slight changes.

We have to estimate each of the terms appearing in . The most difficult term is
the one involving the Dirichlet to Neumann operator, because of the non-local feature of the
latter: although vy is supported in %,, DN(vg) is not in general. However, each term in
, except — (DN (vp) , ¢|z5—0- ), is local, and hence very easy to bound. Let us sketch the
estimates of the local terms. For the first term, we simply use the Cauchy-Schwarz and the

Poincaré inequalities:
1 1
2)” 2)”
/Vu-(VXk)u§C</ \vu|) (/ \u|> < C By — By).
Q Qi kt1 Qg kr1

In the same fashion, using (3.13]), we find that the second term is bounded by

/ Vus -V (Vth(l“h) : / up(xp, z’)dz’) dzpdz
Q

w(zn)

< /Q|Vu3| VVth(xhﬂ/( )|uh($h,2/)|dzldfvhdz
W(Th
—i—/Q|VhU3] ]Vth(:rh)\/( )!thh(:rh,z')]dz'dxhdz
W(Th
+/Q |03u3 Vi xk(zh) - un(zh, 2)| drpdz
< C(Egsr — Eg).
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We finally bound the two last terms in (3.12]) using (3.13)), and (2.34)) or (2.33):

0

1

uh(xhv Zl)d2/>
H1/2(R2)J

’<F790’13=0*>| < C(k + 1) {HX’Cuh’xBZOHHl/Q(RQ) + th ’ <Xk/( )
W (Zh

M=

1
< Ok +1) |Bfyy + (Bon — B | < O+ DEYR,

1

()] < (k+ 1)ER,,.

The last term to handle is — (DN (vg) , ¢|z5—0-)- The issue of the non-locality of the
Dirichlet to Neumann operator is already present for the Stokes system. Again, we attempt
to adapt the ideas of [13]. So as to handle the large scales of DN(uvp), we are led to introduce
the auxiliary parameter m € N*, which appears in . We decompose vg into

oo — XkV0,h n (Xk+m — Xk) Vo,h
T\ -V (Xk Jisteny wn(@h, Z’)d2'> V- ((Xk+m = XK) S Un (@h; Z’)dzl)

N (1 = Xktm) vou
—Vh - ((1 — Xk+m) ff(xh) up(zh, Z’)dzl) '

The truncations on the vertical component of vy are put inside the horizontal divergence, in
order to apply the Dirichlet to Neumann operator to functions in K.
The term corresponding to the truncation of vy by xg, namely

XkUO,h QDh|1. =0~ >
— ( DN , 3
< ( Vi (X gy tn e )2 ) ( Vi Bilayoo-
XEkV0,h XEkV0,h

- <DN ( T (kS n (22" > ’ < Vi (i Sy un(an, 2)d2) >>

is negative by positivity of the operator DN (see Lemma [2.24)). For the term corresponding
to the truncation by Xj4m — Xk we resort to Lemma and (3.13]). This yields

(Xk—i—m - Xk) Vo.h gph‘ -
DN ’ : v3=0
’< < ~Vp - ((Xk+m = Xk) (e Uh($h,2')dz') < Vi ®Phlay—o- )

11
< C (Ek-i-m-i-l - Ek)2 Ek;2+1'

However, the estimate of Lemma is not refined enough to address the large scales inde-
pendently of n. For the term

DN (1 B Xk'“[;l) Yo,h , , , ¢h‘$3:07 ’
-V - ((1 — Xk+tm) fw(xh) up(xh, 2 )dz) Vi ®nlzy—0-
we must have a closer look at the representation formula given in Proposition Let

- (1 = Xktm) V0,1 ( (1 = Xktm) vo,n >
Vg = 0 N = < :
-V, - ((1 — Xk+m) fw(xh) up(xp, 2')dz ) =V -V
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We take x := xj11 in the formula of Proposition If m > 2, Supp Xx+1NSupp(l—xXg+m) =
(), so that the formula of Proposition becomeg?|

ONio. ) = [ Plascor - Ks w0+ [ pluco - M 550

R2 R2

4 [ Orlnsmo TG (0 o) + K7™ x50}
R

4 [ Ortnsmor - (0D (5 ) + K5 5 Vi)
R

[ Pt (T (o 50) + K5 4 )
R

B (T () 5 K57 2.
R

Thus, we have two types of terms to estimate:
e On the one hand are the convolution terms with the kernels Kg, M7/, and K]“" for
1 <4 < 4, which all decay like ﬁ
e On the other hand are the terms involving Z[M;] for 1 <i < 4.
For the first ones, we rely on the following nontrivial estimate:

Lemma 3.1. For all k > m,

3 1
1 k2 Eiim—FE;\2
fo* g <= (gup J””J) . (3.14)
L2(Sk+1) M7 \yzktm J
This estimate still holds with Vi, in place of Tp.
For the second ones, we have recourse to:
Lemma 3.2. For oll k >m, for oll 1 <i, j <2,
1
' k2 E. —E\2
HI FZ@} (p* To,p) < C— <'sup WJ) . (3.15)
’é‘ L2(Zk41) mz2 \j>k+m J

This estimate still holds with Vi, in place of vo -

We postpone the proofs of these two key lemmas to section [3.3] Applying repeatedly
Lemma and Lemma together with the estimates (3.13)), we are finally led to the
estimate

1

1 1
E, <C ((k +DEZ + (Bkr1 — Ey) + EZ L (Bkymer — Eg)?

1
k2 1 E.. —FE:\2
+5E;§+1( sup —H—L J) )

m2 j>k+m J

2Here, we use in a crucial (but hidden) way the fact that the zero order terms at low frequencies are
constant. Indeed, such terms are local, so that

/RQ Play_o- - Mo = 0.

46



for all k > m > 1. Now, since E} is increasing in k, we have
Exi1 < B + (Brymtr — ).

Using Young’s inequality, we infer that for all v > 0, there exists a constant C), such that for
all £ > 1,

k4 Ejim — E;
E.<vE,+C, <k2 + Exqomy1 — Br + — sup Frm]) .
m= j>k+m J

Choosing v < 1, inequality (3.1)) follows.

3.3 Proof of the key lemmas

It remains to establish the estimates (3.14) and (3.15). The proofs are quite technical, but
similar ideas and tools are used in the two proofs.

Proof of Lemma[3.1. We use an idea of Gérard-Varet and Masmoudi (see [13]) to treat the
large scales: we decompose the set ¥\ Xxy,, as

o0
S\ Zhtm = U Zhtm+1) \ Shtmy-
j=1

On every set Xy m(j+1) \ Sktmgj, we bound the L? norm of ¥y by Eytm(i+1) — Erimy. Let us
stress here a technical difference with the work of Gérard-Varet and Masmoudi: since X has
dimension two, the area of the set ¥y, (j11) \ Lkimy is of order (k + mj)m. In particular,

we expect B m(j+1) — Erymj ~ (K + m])m||u||§{11 to grow with j. Thus we work with the
quantity
sup M,
i>k+m J

which we expect to be bounded uniformly in n, k, rather than with sup;>y. ., (Ej+m — Ej).
Now, applying the Cauchy-Schwarz inequality yields for n > 0

2 AN
I t] |0 (t)]
@(/m@ﬁ>§0 @/ @/ _ W g
/z:Hl r2 [y —t3 Ski1 \Sepm 1Y =P S, [EHly — 23720

The role of the division by the |¢| factor in the second integral is precisely to force the apparition
of the quantities (Ejyn, — E;)/j. More precisely, for y € ¥;41 and m > 1,

/ |00(t)]? / |00 (t)|? gt
S\Spom [HY =P~ 2 St m() \ Sk smj [t]ly — t[3=2n

1
<C Z(Ek+m(j+1) - Ek—i—mj)(
j=1

k + mj)!mj + k — |yloo|3~2n

E _
<C[| su —grm 7 -
- ( P Z\mwrk |9 oo] 3727
1

J>k+m J
1 Eiym —E;

Cni = < sup Jm_J>,

m|m+k — |y|ool j>k+m J

IN
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where |7|o 1= max(|z1],|2z2|) for € R2. A simple rescaling yields

2]
dt dy
/Ek-u /E\Ek-Hn ‘y - t]3+2’7\m +k— ’y‘oo‘Q_Qn

4
- / / 5o At dy.
Zip SRy — 6342 |14 R~y

Let us assume that £ > m > 2 and take n € ]%, 1[. We decompose X\ EH% as (X '\ X2) U
(32 \ 21+%)~ On the one hand, since [t —y| > C|t — y|oo > CO(|t|oo — [Y|oo) = C(|t|oc — 3/2),

dy

5o dtdy < C’n/E 5o

1+4+

/ / i
By JENs Jy — o320 |14 Ryl

Decomposing ZH% into elementary regions of the type ¥, 14, \ 2y, on which |y|eo =~ 7, we
infer that the right-hand side of the above inequality is bounded by

L+ r 141 dr
C’/O ‘1+T’?_T‘2—2ndr<0/0 W

m 2n—1 m—1 2n—1
o)) <

On the other hand, y € ¥, 1 implies \1 + - Iylooﬂ > ML s
k

t
/ / id 5=y dt dy
m oy — 32 |] Lm _ K
T R s | B T
k

2—2n dt

¢ <7> / dy/ -
342

m—1 Sl Do\Zppm |t — y[3+2n

kEo\2~2 dx k3
< (D) g W ea (i)’

mol<x|<e

Gathering these bounds leads to (3.14). O

Proof of Lemma[3.2, As in the preceding proof, the overall strategy is to decompose

o0
(1= Xkam)V0.p = D (Xktm(j+1) — Xk+ms)V0,h-
j=1
In the course of the proof, we introduce some auxiliary parameters, whose meaning we explain.
We cannot use Lemma [2.10] as such, because we will need a much finer estimate. We therefore
rely on the splitting with K := 3. An important property is the fact that p := Flo
belongs to the Schwartz space S (R?) of rapidly decreasing functions.
As in the proof of Lemma, , for K =m/2 and = € ¥4, we have

[A@)] < Cml[V2p o (1= Xkpmvon) 2=z, )
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and for all & > 0, for all y € Zk+1+%:

Vi (1 aenion@)| < [ [Tl o) leon(o)lde

S\Ektm

1/2 2 1/2
< (/ V2p(y — t)f |t|0‘dt> </ Wdt) .
S\Xktm E\Sktm 2]

Yet, on the one hand, for a > 2,

t 2 o t 2
[, g a0,
Z\Zk+m ‘t‘ j=1 Ek+7n(j+1)\2k+mj ’t’

Ejm — B\ & 1
< j+m — L
= ( e ' )Z (k + mg)ot

JZker .] j:1
1 1 E; — F;
col 1 ( gy BB
m (k+m)*2 \y>kim J

On the other hand, y € Yht14z and t € ¥\ Xgqpp implies [y —t| > — 1,

2 2 «
V2o(y — )| [¢*dt
E\Ek+m

2
< c [P0l = )] (ly — 1 + [y]*)dt
E\Ek+m

@ 2 2
< C((k+1+m) / V20(s)| ds+/ V20(s)| ]s]“ds).
2 ls|>m—1 |s|>2—1

Now, since p € S(R?), for all 8 > 0, > 0 there exists a constant C,, g such that
2
/ (14 |s]%) ‘V%(s)’ ds < Cym™2.
Is|>5 -1

The role of auxiliary parameter § is to “eat” the powers of k in order to get a Saint-Venant
estimate for which the induction procedure of section [3.1] works. Gathering the latter bounds,
we obtain for £k > m

E: — E. 1/2
Loo(% < m sup ——— . .
Allpeo(sy,y) < Cokm ™" Lo 3.16
j>k+m J
The second term in (2.19)) is even simpler to estimate. One ends up with
1/2
Ejym — B
1B (s < Cotn? (sup B =) T (317
ji>k+m J

Therefore A and B satisfy the desired estimate, since

ANz, S CEl[A Loy 1Bz, < CkIBllLec (i)

The last integral in (2.19) is more intricate, because it is a convolution integral. Moreover,
p * (1 — Xg+m)vo,n(y) is no longer supported in ¥\ ¥jy,,. The idea is to “exchange” the
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variables y and t, i.e. to replace the kernel |x — y|=3 by |z — |73, Indeed, we have, for all
z, y, t € R?,
1 1

o —yl® et

Cly —t| Cly —t|
T e —yllr =t |z —yl3le —t

(3.18)

We decompose the integral term accordingly. We obtain, using the fast decay of p,

1
dy (1 = Xaem)von)(y
/m—y|zm/2 \m—yp'f’ (( ketm)V0,1) ()]

1
< ¢ iy [ oty — Ollwantt)
o—yzm/2  SS\S [T
+e ay [ ar oy~ Ollnte)
e—ylzm/2 IS, [T YPle ’
ly — ¢
+e ay [ ar oy — o)
o—ylzm/2  So\Spp, [T ylle =P
1
< C dt——|oon(t

ly — 1|
+e ay [ty llon )
oyl>m/2  JS\Spm 1T~ Yl — ¢

The first term in the right hand side above can be addressed thanks to Lemma [3.I] We focus
on the second term. As above, we use the Cauchy-Schwarz inequality

—t ¢
/ ly —t[[p(y —t)| o
S\ Skt |z — ¢

i":/ ly —t|lp(y —t)]

|z — 1]

IN

|[vo,h(t)|dt
=17 Zkpm+1) \Sktmj

1 1

Bpsi — B\ 2 & 1 2

< ( sup Zmti ) P — / Iy — tPlo(y — D2tlat | -
j=k+m J j=1 k4 mj — []o ZhtmG+1) \Zk4my

The idea is to use the fast decay of p so as to bound the integral over X1y \ Sktmg-
However, 3772 m = 00, so that we also need to recover some decay with respect to j
in this integral. For ¢ € ¥4 n(j41) \ Zktmyjs

ol _ It
T k+mj—|rlee ~ k+mj—|T|eo

so that for all n > 0,

/ ly — t2lo(y — O)PJtldt
Ehtm+1) \Zk+mj

1 / 2 2141142

‘ y =t lp(y — )7 [¢["dt
(k + mj — ’x‘oo)Qn Zk+m(j+l)\2k+nbj ’ ‘ ‘ ‘

C

. ly =t (ly — ¢ + [y "2 p(y — t)|dt
(k+mj — |x|o0)?" /Zk+ o\ Skt

m(j+1) \“k+mj
CT?

(14 ly — |27 + [ 1F27)).

(k+mj — |z]o)®?
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Summing in j, we have as before

1 c, C,

o
< <
JZ:; (k+mj — [zloo)*7 = m(k +m — |a|o)? = mi+n

so that for 0 < n < %, one finally obtains, for x € X§ 1,

y—1 y—1
/ dy/ | _Hg( _t)|\’vo,h(t)!dt
e-yi>2 I\, Tyl -1

1
Bmyj— B\ 2
m+JJ) / Uw—y\_g”—i—]:L’\%‘*'"\:v—y]_:”} dy
j>k+m J lz—y|>F

s Je\ 3t Eppi— E;\ 2
Cm™2 |1+ (*) ( sup kﬂ])
m j>k+m J

Gathering all the terms, and using one again the fact that

IN
Q
3

3

~

n
=
e}

IN

1F] 2254 00) < CEIF Loz, ) VE € LF(Zk41),

Ykt

we infer that for all kK > m, for all n > 0,

3 1
ka2tn Eryi —E;\2
Cllre2 <Cp—— | sup /L
H ”L (k1) Tm2+n <j2k+m J

Choose n = 1/2; Lemma is thus proved. O

4 Uniqueness

This section is devoted to the proof of uniqueness of solutions of (2.32). Therefore we consider
the system with f = 0 and F = 0, and we intend to prove that the solution w is
identically zero.

Following the notations of the previous section, we set

B, = Vu - Vu.
Qg
We can carry out the same estimates as those of paragraph and get a constant C7 > 0
such that for all m € N, for all k > m,
K Ejtm— E;
Ey <Cy (Ek+m+1 — Ex+ — sup J+mj> .

4.1
m> j>k+m J ( )

Let m a positive even integer and € > 0 be fixed. Analogously to paragraph the set Cp, is
defined by
Cpm = {c, square of edge of length m with vertices in Zz} .

Note that the situation is not quite the same as in paragraph since this set is infinite. The
values of E. := [ |Vul?, when ¢ € C,, are bounded by Cm? H“H%ﬂl (av)» so the following
supremum exists e

Em = sup E. < 00,
c€Cm
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but may not be attained. Therefore for € > 0, we choose a square ¢ € C,, such that &, —e <
E. < &,,. As in paragraph up to a shift we can always assume that c is centered in 0.
From (4.1)), we retrieve, for all m, k € N with k > m,

o] c, K Ejim —Ej

E. < E + ——— su
k:fc,l_i_l k+m+1 C1+1m5j2k£m ]

Again, the conclusion Ej = 0 would be very easy to get if there were no second term in the
right hand side taking into account the large scales due to the non local operator DN.
An induction argument then implies that for all » € N,

Cl T r—1 Cl r’+1 (/{—l—r’(m—i—l))A‘ E'+m — E.
b= (G0 P £ (200 Ean=t,
<\ k+(+1)+rlz::0 O+ 1 sup

mp i>ktm j
Now, for k :=In (C?il) < 0 and for k € N large enough, the function = — exp(k(x +1))(k +

x(m + 1))* is decreasing on (—1,00), so that

(4.2)

IN

T’f ( Ch )T”H (k+1'(m+1))4

> ( Cy )T’“ (k+7'(m+1))*
Ci+1 md

7 Ci+1 mb

r’'=0

<

I
3=

/O: exp (k(z + 1)) (k + z(m + 1))  da

<05/OO e (“k )(1+ )d
e mTHXp m+1u u)” du

5
<ok

since k/(m + 1) > 1/2 as soon as k > m > 1. Therefore, we conclude from (4.2)) for k = m
that for all 7 € N,
¢ Ejim — Ej

'8
FE — s
> m+r(m+1) T . BUQI:n J

Cy o\ C j+m
<( ) 1)? 1)2|u||? 4— sup T——&
<\g 1) D ms Dy, +4 sup =20 En

C

Cl " 2 2 2
< () O+ DHm+ D2l + 258

Since the constants are uniform in m, we have for m sufficiently large and for all € > 0,

G )T 2 2
m < 1 1 ;
& CKCl—l—l (r+1*(m+1)°+¢

which letting r — oo and € — 0 gives &, = 0. The latter holds for all m large enough, and
thus we have u = 0.
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A Proof of Lemmas 2.3 and 2.4]

This section is devoted to the proofs of Lemma which gives a formula for the determinant
of M, and Lemma[2.4] containing the low and high frequency expansions of the main functions
we work with, namely A\, and Ay. As A1, Az, A3 can be expressed in terms of the eigenvalues
Ak solution to , it is essential to begin by stating some properties of the latter. Usual
properties on the roots of polynomials entail that the eigenvalues satisfy

R(M\) >0for k=1,2,3, A €]0,00], A= As,
— (Adads)? = —[€[0, Mdads = ¢,
(112 = 23) (161> = A3) (€1> = A3) = [¢]%, (A.1)
(€2 -22)% N
Ak G

and can be computed exactly

ol
ol

12 4, 43 2 4, 4\3
i — g+ () ()

1

e+ (et + 22\ (e et + L)

wl=

ey (12 L - _

(&) =1¢l"+J 5 j 5 : (A.2b)
1l (1t A 3\ ° 24 (e A 7\ °

236 = e+ 7 | <|§ a)l ) (e Oi ) e

A.1 Expansion of the eigenvalues )\,

The expansions below follow directly from the exact formulas (A.2)). In high frequencies, that
is for [£] > 1, we have

N=leP(1-le 3 +0 (%)), m=l-4e5+0 (%), (A3
M=leP (1= +0(1el7%)), de=ldl-Sles+0(jgF),  (A3b)
N=leP (1-jle 3 +0(l7%)), x=lg -3l 5 +0(lel3). (A3

In low frequencies, that is for || < 1, we have

wloo

wlot

4\3 2 27
(1 + 57)" = s [+ S+ 0 ()]
P AN 1 VB e
: — = — 5l - ke +0(l€1),
P+ ) ) 1 L Ve
| = 5Tl -5l 0 ("),
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from which we deduce
M=it ol - gz’m‘* +O(€%), A2 =e'T (1-Filgl + ¢l + 0(€l%) . (Ada)
3= ik SIEl + Silel +O(El), Xy =% (14 2ilel2 + Blel +O(El)) . (Adb)
Since A\jAaA3 = |€[3, we infer that

A= €] + o).

A.2 Expansion of A;, A; and Aj;

Let us recall that Ay = Ag(§), k =1,... 3, solve the linear system

Y S " 3
1 2 3 = ' Dn
(|£‘27A2)2 (|£‘27)\2)2 (|£|27)\2)2 A2 ZgLUO,/h\
- p— o As —i§™ - Voh
=:M(8)

The exact computation of Ay is not necessary. For the record, note however that Ay can be
written in the form of a quotient

Ak — P (515527 >\17 )\2, )\3)
Q (|€|a >‘1’ )\2, )\3)

where P is a polynomial with complex coefficients and
Q= det(M) = (/\1 — )\2) (/\2 — )\3) ()\3 — )\1) (‘§| 4+ A1+ Ao+ )\3) . (AG)
This formula for det(M) is shown using the relations (A.1)
2 2 2 2
_ A (ISP = A8)” = M (6P = A5)”  AT(IE1 =A%) — A (1€ — AD)
A2A3 A1A3

2 2
L MR = 29)% - (6P - )
A1 A2

=161 (A (A3 = 28) = X2 (A = 23) +2s (A - 23))
+ A3 (A3 = A3) — Mds (A3 — AT) 4+ Ade (A3 — A7)
= (A1 = A2) (A2 — A3) (A3 — A1) (€] + A1+ A2 + A3) .

This proves (A.6)), and thus lemma [2.3]

We now concentrate on the expansions of M (&) for |{] > 1 and |{] < 1.

(A.5)

det (M)

A.2.1 High frequency expansion

At high frequencies, it is convenient to work with the quantities By, By, Bs introduced in

(2.12). Indeed, inserting the expansions (A.3) into the system (2.7) yields

Bl :UOS?

1 . _ e

€181 — 5 [¢l 3By + O(|¢| 7P| Al) = i€ - Ton,
€12 B3 + O(|¢| T [A]) = —i&™ - vo -
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Of course A and B are of the same order, so that the above system becomes
By =13,

By = 2|¢[V3(|¢fvos — i€ - ton) + O(|E| 73| B)),
Bs = —il¢| "3t - wgn + O(1€| V3| B)).

We infer immediately that |[B| = O(|€[*/3|vg]), and therefore the result of Lemma [2.4] follows

A.2.2 Low frequency expansion
At low frequencies, we invert M thanks to the adjugate matrix formula

ey 1 o T
M= (&) = dt (M) [Cof (M (£))]" -

We have
(€2 =2)* _ (1 +0(€*) _  _inja o _ (62— 23)°
(| A L "
Hence,
1 1 . 1
ME=|  O@P)  ETHO0EP) e+ 0P
El+0(EP) —e T +0(lg?) —€'T+0(j¢P)
and o -
~2i  fgleT —fgle’s
Cof(M)=( V2i —¢i—|¢ eT+[¢ | +0(¢P)
—V/2i —ei1 el
We deduce that
1
M7 &) = - [Cof (M (£))]"
2i (1+2le[ +0 (i)
- %le =2 [1- 2l +2 [1 - Pl
= Gl g [T (et lel] e [1-o2l] ) +o(ieP).
el —& [T (12 ) o] - [1- 2]
Finally,
A= 1—‘f|5|>v/o,\3—?z’(s+&)-@+0(m2w), (A.Ta)
Ay = S Iefios + 5ot o — g iE - + 0 (162 1) (A.Th)
(A.7c)

§-von+ §6Z4€L o + O (1€ [va]) -

4 ]_ s
_e'x

Ay = w03 —
3 5 1€]v0,3 5

@
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A.3 Low frequency expansion for L, L, and L;

For the sake of completeness, we sketch the low frequency expansion of L in detail. We recall

that IE\
iR
Li(€)T(€) = (lf 7(= Mg U e >> Ax(€)

Hence, for || < 1,

4ol 2
n© = (5 ) (e -e) P 1-Li)+o0ep

which yields (2.16]). The calculations for Ly and Ls are completely analogous.

A.4 The Dirichlet to Neumann operator

Let us recall the expression of the operator DN in Fourier space:

Z( = [ - ml > - %] ) N "

Ak +
3 i 2 _\2)2 el 2 _ 2
:< , <§ )) Z( e [0 e + (6P =) )Ak. As)
=1 N

A.4.1 High frequency expansion

Using the exact formula (A.9)) for DN vg together with the expansions (A.3) and (2.10)), we
get for the high frequencies

BN — ( —iv§(©)¢ ) N (KZ (€12 Bs + Ol [wo))e+ + (|§!2/332+O(’€|2/3|55|))5)>
i€ 09 () €173 By + O(1¢| /3 [vg])

(A.10)

S0, S
=<m%tﬁ@+ﬁﬁ>+o&ﬁ%0

2/¢[vY —ig - v)

A.4.2 Low frequency expansion

For [¢| < 1, using (A.8)), (A.4) and (A.7) leads to

DN, v
7: . iﬂ —_— iﬂ- —_— i7T — o~
= o > (e FiE+ O(EP)) (X efvos + e - ug s F TR ug s + O(1€% [T0)))
+

(A.11a)

Ce el
= YRS+ R+ w ) + (€l (A11b)
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For the vertical component of the operator DN, we have in low frequencies

Mzis-@+(m+0<|§r>) 1(&) — (T + 0 (I€?)) A2(€) — (e7'5 + O (I€[?)) As(€)

W VI VEE e
2T

O (I¢] vol) - (A.11c)

B Lemmas for the remainder terms

The goal of this section is to prove that the various remainder terms encountered throughout
the paper decay like |2|~3. To that end, we introduce the algebra

= {f € C([0,00),R),3A C R finite, Irg >0, f(r) = Z Y fo(r) ¥Yr € [0,719),
acA (B.l)
where Vo € A, fo : R — R is analytic in B(O,ro)}.

We then have the following result:
Lemma B.1. Let p € S'(R?).

e Assume that Supp ¢ C B(0,1), and that (&) = f(|£|) for & in a neighbourhood of zero,
with f € E and f(r) = O(r®) for some a > 1. Then ¢ € L{2,(R*\ {0}) and there exists
a constant C such that

C

o Assume that Supp® C R?\ B(0,1), and that $(¢) = f(|€]7Y) for |£| > 1, with f € E
and f(r) = O(r®) for some o > —1. Then ¢ € L2 (R*\{0}) and there exists a constant
C such that

We prove the Lemma in several steps: we first give some properties of the algebra E. We
then compute the derivatives of order 3 of functions of the type f(|¢|) and f(|¢|~1). Eventually,
we explain the link between the bounds in Fourier space and in the physical space.

Properties of the algebra E
Lemma B.2. o F is stable by differentiation.

o Let f € FE with f(r) = acar®fa(r), and let oy € R. Assume that
fr)=0(r*)
for r in a neighbourhood of zero. Then

inf{a € A, fa(0) # 0} > ao.
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o Let f e F, and let ag € R such that
f(r) = 0(r®)
for r in a neighbourhood of zero. Then
7(r) = 0(ro™)
for 0 <r < 1.

Proof. The first point simply follows from the chain rule and the fact that if f, is analytic in
B(0,79), then so is f!. Concerning the second point, notice that we can always choose the set
A and the functions f, so that

f(r)

where oy < -+ < as and fq, is analytic in B(0,rg) with fa,(0) # 0. Therefore

= ralfon(r) +ot rasfas(r)a

fr) ~r*fo,(0) as r — 0,

so that 7 = O(r®°). It follows that a; > ag. Using the same expansion, we also obtain

O(re—1).

f1(r) = 30 0ar® ™ fa () + 7 £, (7)
i=1
Since r® = O(r®°), we infer eventually that f'(r) = O(r®~1).

Differentiation formulas

Now, since we wish to apply the preceding Lemma to functions of the type f(|¢]), or f(|¢]71),
where f € E, we need to have differentiation formulas for such functions. Tedious but easy
computations yield, for ¢ € C3(R),

3 .
R) Qﬁg—ﬂ&)fMD
. 3
i @ég—égfmw
53
)
and
) 3
B 1l = @g&—néafw‘ﬁ
) 3
*(3&‘W%>ﬂ““)
53
SO
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In particular, if ¢ : R? — R is such that o(¢) = f(|¢]) for £ in a neighbourhood of zero, where
f € E is such that f(r) = O(r®) for r close to zero, we infer that

192, 0] + 102,9(&) = O(1€]*7?)

for |¢] < 1. In a similar fashion, if p(¢) = f(|€]71) for € in a neighbourhood of zero, where
f € E is such that f(r) = O(r®) for r close to zero, we infer that

102, 0(&)1H192,0(6) = O {JEl7* (el + E17°(1e =) 72 + el 70 (e~} = 0l * ™).

Moments of order 3 in the physical space

2 3 . 93 1 (2
I;}almma B.3. Let ¢ € S'(R?) such that 07, ¢, 05,0 € L' (R?).
en

in D'(R?\ {0}).

FH () ()] < 3

mh]

Proof. The proof follows from the formula
Zh F 1 (p) = iF 1 (VEw)

for all a € N? such that |a| = 3. When ¢ € S(R?), the formula is a consequence of standard
properties of the Fourier transform. It is then extended to ¢ € S’(R?) by duality. O

Remark B.4. Notice that constants or polynomials of order less that two satisfy the assump-
tions of the above Lemma. In this case, the inverse Fourier transform is a distribution whose

support is {0} (Dirac mass or derivative of a Dirac mass). This is of course compatible with
the result of Lemma[B.5

The result of Lemma then follows easily. There only remains to explain how we
can apply it to the functions in the present paper. To that end, we first notice that for all
ke€{1,2,3}, A\ is a function of £ only, say A\ = fr(|¢]). In a similar fashion,

Li(€) = GR(IED) + &1GR(I€]) + EGR(IED).

We then claim the following result:

Lemma B.5. e Forallk €{1,2,3}, j €{0,1,2}, the functions fk,GfC, as well as
re fe(rTh), re GLrY (B.2)
all belong to E.

o For £ in a neighbourhood of zero,

M™M= P+ Y e (1€) + € - br(é)),
1<4,5,<2

Ni™ = Qu) + > &g (1€ + € - dr(l€D),
1<4,5,<2

where Py, Q. are polynomials, and ak ,ck € E, by, di, € E? with by(r), di(r) = O(r)
for r close to zero.
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o There exists a function m € E such that
(Msc — Ms)(€) = m(lg] ™)

for |&] > 1.

The lemma can be easily proved using the formulas (A.2]) together with the Maclaurin
series for functions of the type x — (14 z)® for s € R.

C Fourier multipliers supported in low frequencies

This appendix is concerned with the proof of Lemma which is a slight variant of a result
by Droniou and Imbert [§] on integral formulas for the fractional laplacian. Notice that this

corresponds to the operator Z[|£|]] = Z Flrfﬂ We recall that g € S (R?), ¢ € C5° (R?) and

p:=F 1 € S(R?). Then, for all x € R?

i §

As explained in [8], the function |[¢]7! is locally integrable in R? and therefore belongs to
S’(R?). Its inverse Fourier transform is a radially symmetric distribution with homogeneity
—2+ 1 = —1. Hence there exists a constant C such that

F! (1) _
€] |z|

(5@4@ (5)> @ =7~ (1) « FHE6C(03(9) ().

We infer that

&t LG
7 (8800 ) @) = o0

1
) i(p*g)(y)dy
1
ZCI/ —0i5(p * g)(x + y)dy.
R2 ]yl

The idea is to put the derivatives d;; on the kernel ﬁ through integrations by parts. As such

it is not possible to realize this idea. Indeed, y — 0; (‘ |) 0;(p * g)(x + y) is not integrable
in the vicinity of 0. In order to compensate for this lack of integrability, we consider an even
function 0 € C§° (R?) such that 0 < @ < 1 and @ = 1 on B(0,K), and we introduce the
auxiliary function

Us(y) :=p*glx+y)—pxglx) —0(y) (y-V)p*g(z)

which satisfies
Ua(y)] < Clyl?,  [VyUa(y)| < Clyl, (C.1)

for y close to 0. Then, for all y € R?,
0y, 0y, Uz = 0y,0y,p % g(x + y) — <8yiayj‘9) (y-V)p*g(x) - (ayj9> Ouip* g(x) — (0y;0) Ou;p * g ()
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where
y > —(05,0,,0) (y - V)p* g(x) — (9,0) Oayp x g(x) — (,,0) D, p x g()

is an odd function. Therefore, for all € > 0,

1
/ 3¢j(ﬂ*g)(w+y)dy=/ aylay]U (y)dy.
e<ly|<e~1 |y <lyl<?t |y

A first integration by parts yields

/ 3%8%/)*9(1’ +y)dy
<lyl<t Yl

= —0,,0,, Uz (y)dy
/<y|<1 ‘y| Yi~Yj ( )

= ; i . Yi
- / |y‘8y]U( y)m @(y)dy+/|y|; iy QiU ¥) z(y)dy+/ 150 Ve ()dy.

<ly|l<L |y

The first boundary integral vanishes as € — 0 because of (C.1)), and the second thanks to the
fast decay of p* g € S (R?). Another integration by parts leads to

/ Vi 0y, Us(y)dy

<lyl<i |y!3

_ Yi ) Yi A 1

= T Uz(y)n;(y)dy + TaUz(y)n;(y)dy + 0y, 0y; — | Uz(y)dy
ly|=¢ ‘y| y|—— |y| e<ly|<d |y‘

E—*>0>/ (ayzay] ) ( )dy)
R? ]

1 Oii
ayi 8yj m e

where

Yiy;
y 38 g 0, —| < —,
R ERTE v yl‘ ly[?

and the boundary terms vanish because of (C.1)) and the fast decay of U,. Therefore, for all

z € R?,
(ﬁffc(o (5)) w=cr [, (%% ” ‘) Us(y)dy

= CI/RQ <3yﬁyj|;|) lp*g(z+y) —pxg(x) —0(y) (y-V)p*g(x)] dy

1
= CI/ (%%) pxglx+y)—pxglx)—y - Vpxg(x)dy
B(0,K) |yl

1
+ CI/ <3yi3yj> [pxg(x+y)—pxg(z)dy
R2\B(0,K) lyl

1
— CI/ <3yﬁyj> 0(y) (v - V) p*g(z)dy.
R2\B(0,K) |yl
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The last integral is zero as y — 6(y) (8yi8yjﬁ) y is odd. We then perform a last change of

variables by setting 3’ = = + y, and we obtain

7 (ﬁfﬂas)g(f)) (=)

= - /| ek Yij(x =) {p*g(y) — prg(z) — (v —x)Vp* g(z)} dy’
_/ Yij(x =y ) {p*g(y") —pxg(x)} dy'.
lz—y'|2K

This terminates the proof of Lemma [2.7]
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