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Abstract

This paper is devoted to the proof of uniform Hélder and Lipschitz estimates close
to oscillating boundaries, for divergence form elliptic systems with periodically oscil-
lating coefficients. Our main point is that no structure is assumed on the oscillations
of the boundary. In particular, those are neither periodic, nor quasiperiodic, nor sta-
tionary ergodic. We investigate the consequences of our estimates on the large scales
of Green and Poisson kernels. Our work opens the door to the use of potential theo-
retic methods in problems concerned with oscillating boundaries, which is an area of
active research.

1 Introduction

This paper is concerned with Hélder and Lipschitz estimates for elliptic systems and their
consequences in potential theory. Our divergence form elliptic system reads

_VA(SU/E)VUE :f+VF7 x€D€(071)7 (]_ ]_)
u& = 0’ T € AE(O, 1), ’

and is posed in the domain with oscillating boundary
Df(0,1) := {(2,mq), |2'| <1, ep(a/e) < g < eyp(2'/e) + 1} .

The main focus of the paper is on uniformity in €. The coefficients are assumed to be
periodically oscillating. However, no structure assumption is made on the boundary. In
particular, no periodicity, quasiperiodicity, nor stationary ergodicity is assumed on the
oscillations of .
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The study of oscillating boundaries and roughness induced effects is an area of active
applied and theoretical research. The applications involve a lot of different scales and range
from geophysics [18] 11} 29] to microfluidics [10]. From a mathematical point of view, the
general goal is to describe the (averaged) effect of the oscillations of the boundary on
the behavior of the solution to the partial differential equation. Two questions are of
particular importance: well-posedness and asymptotic behavior far from the oscillating
boundary. Well-posedness can be usually proved in very general settings. Indeed, some
of the latest works [19) [13] have been focused on getting rid of any structure assumptions
on the boundary. The analysis proves to be intricate, because a lot of the usual tools
(Poincaré inequalities, Fourier analysis...) cannot be used. As far as the second question
is concerned, some averaging properties of the oscillations have always been assumed in
the existing litterature: the papers [9] [12] are just two examples. Our hope is that the
estimates in this paper will make it possible to resort to potential theoretical methods in
order to investigate such questions.

Uniform Schauder estimates for elliptic systems with periodically oscillating coefficients
have been pioneered by Avellaneda and Lin in a series of seminal papers [3, 4, [0, [7, §].
Adapting a compactness method originating from the study of the regularity problem in
the calculus of variations [3] [I4] (see also [21]), they prove for instance that weak solutions
u® = us(x) of

—V - A(z/e)Vu® =0, x € B(0,1),

satisfy the estimate

VU || oo (B(0,1/2)) < Cllutl|Loo(B(0,1))5 (1.2)

with a constant C' > 0 uniform in €. This interior estimate comes along with other interior
and boundary Hélder and Lipschitz estimates for divergence form elliptic systems, as well
as non-divergence form elliptic equations. A detailed review of interior estimates is done
in section below. These works strongly rely on the periodicity assumption and are
restricted to flat boundaries.

Another important contribution of the work of Avellaneda and Lin is the investigation
of the asymptotics of Green G* = G°(z, ) and Poisson P° = P*(x, %) kernels associated to
the operator with oscillating coefficients —V - A(z/£)V and to the domain Q C R?. The key
observation is that the analysis of the large scales r = |x — Z| > 1 of G*(x,Z) or P°(z, )
boils down, after proper rescaling, to the study of the local properties of G/" or Pe/".
This can be done thanks to the local Schauder estimates uniform in €. Such a line of ideas
has been successfully implemented to expand the fundamental solution of —V - A(x/e)V
in [§]. It underlies the recent work of Kenig, Lin and Shen [2§], where optimal expansions
for Green and Neumann functions, along with their derivatives are derived.

A boundary version of the Lipschitz estimate has also been used in the analysis
of boundary layer correctors in homogenization. In the article [30] the investigation of the
asymptotics far from the boundary of boundary layer correctors vy = vy (y),

-V -A(y)Vuy =0, y-n>0,
Uyt = Vo, ynzoa

with n € S?71, is carried out using the representation of vy via Poisson’s kernel P = P(y, §)
o) = [ P5)o(@d
g-n=0
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An expansion of P(y,q) for |y — g| > 1 is established: there exists an explicit kernel
Pe*P = P*P(y, g) such that

- - C
’P(y,y)—P””(yyy)ISW, k> 0.

The latter makes it possible, using the ergodicity on the boundary, to show that
wa(y) T Ve

One of our motivations here is to generalize this analysis to systems in oscillating half-
spaces

{ =V A@y)Vow =0, ya>v(y),

v = vo, Yd =YY

Our paper is a first step in this direction. Going a step further, would require to assume
some structure of ¥ ensuring averaging properties far from the boundary. Moreover, it
would ask for a good understanding of the interplay between the oscillations of ¢, A and
vo. We refer to [30, sections 2 and 7] and to [I9 section 3] to get an insight into these
questions.

The work of Avellaneda and Lin on uniform estimates has far-reaching consequences in
homogenization and potential theory: besides the references already cited let us mention
[20, 25 26]. Generalizing it has been the purpose of intense research over the past few
years. Without attempting to be exhaustive, we refer to the work of Kenig, Lin and Shen
[27] for the Neumann problem, of Geng and Shen [16] on parabolic systems, of Shen [33]
on divergence form elliptic systems in an almost periodic setting and to the references
cited in these papers. Moreover we are aware of one extension concerned with oscillating
boundaries. In [I7] Gérard-Varet proves a uniform Holder estimate close to an oscillating
boundary for the Stokes system in fluid mechanics. The proof of a Lipschitz estimate for
the system , which we address in this paper, is however much more involved and relies
on new ideas.

Before going into the details of our results, let us state our setting.

1.1 Framework

Let A > 0,0 < vy <1and My > 0 be fixed in what follows. Let

w : [0,00) = [0,00), such that w(0) =0 and w(t) 29,

be a fixed modulus of continuity. The boundary is a graph given by 9 in the class Czl\/[o(j or

Crp° defined by

Ciil={y € C*RTY) 1 0< ¥ < Mo, [|[V4h|| poo(ra-1y < Mo,
V(') — V()| < wlla’ — &), ¥ o/, &' € R},
Cri? = {$ € CVO(RYY) 1 0 <9 < My, |Vl ooy + [Vl cowo (ra-ry < Mo,

Keep in mind that D?(0,r) and thus u® depends on v, although we usually do not write

explicitly the dependence in 1. The reason for this is that all our results hold uniformly
. 1w 1,10
for ¢ in the above class Cyj~ or Cy; .

We assume that the coefficients matrix A = A(y) = (A%ﬁ(y)), with 1 < a, f < d and
1 <4, 5 <N isreal, that

A belongs to the class C%*° and | Al oo (ray + [A] oo (ray < Mo, (1.3)
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that A is uniformly elliptic i.e.
o 1
NeP < A ()ere) < SIeP, forall €= (67) € RN, y € R (1.4)
and periodic i.e.
Aly+2z) = A(y), forally e RY, z ez (1.5)

We say that A belongs to the class A% if A satisfies (L.3)), (1.4) and (L.5). Starred
quantities always refer to the transposed operator —V - A*(x/e)V, where for all a, g €

{1,... dyand i, j € {1,... N}, (437 .= A
1.2 Outline of our main results

Our ultimate goal is to prove a Lipschitz estimate close to the oscillating boundary for
u® weak solution of (1.1). Our main focus is on getting uniformity in ¢, ¢ € le\j;o and
A € A%0. Our main results can be stated as follows.

Result A (Holder, Proposition @ Let k, & > 0. There exists C > 0, such that for all
0<p<min(l—d/(d+k),2—d/(d/2+K)),

for all ¢ € C]l\’j(j, for all A € A% for all ¢ > 0, for all f € LY?T%(D%(0,1)), for all
F € L%(D?(0,1)), for all u® weak solution to (T.1)

[us]co,u(ps(ovl/g)) <C {Hua”LQ(DE(O,l)) + ||f||Ld/2+»<’(Ds(o,1)) + HF”LHK(DE(O,I))} :
Notice that C depends on d, N, My, on the modulus of continuity w of Vi, \, k and k’.

Result B (Lipschitz, Theorem [16)). Let 0 < p < 1 and x > 0. There exists C > 0, such
that for all v € le\/’[go, for all A € A%, for all e > 0, for all f € L%(D%(0,1)), for all
F € C%*(D?(0,1)), for all u® weak solution to (I.1)

IV || oo (e (0,1/2)) < C 11Ul oo (D2 (0,1)) + 1F | Latn(pe(0.1)) + IF lcom (pe(o,1) } -
Notice that C depends on d, N, My, A, vy, k and p.

In section [§] we address a generalization of these estimates to the case when the coeffi-
cients are oscillating at a scale o and the boundary is oscillating at another scale 5. There
is no connection between a and 8. A boundary Holder estimate uniform in o and 3 is
stated in Proposition 26l A boundary Lipschitz estimate uniform in « and 3 is stated in
Theorem

The next estimate compares the Green function G* = G*(z, ) associated to the opera-
tor with oscillating coefficients —V - A(x/¢)V and the oscillating domain x4 > ei(2’/¢), to
the Green function G = G%(z,#) associated to the homogenized operator with constant
coefficients —V - AV and the flat domain x4 > 0.

Result C (Expansion, Theorem . There exists C' > 0, such that for all ¢ € Cl’zo, for
all A € A%, for alle >0, for all x, & € DY,

Ce

(2,7) — Gz, B)| < ————.
‘G (.’E,Z') G (l’,x)’ |$—Ii“d_1

Notice that C depends on d, N, My, A and vy.

Along with these theorems, we prove among other things: estimates on Green and
Poisson kernels (see Lemmas [11}, [12]and Propositions 20[and 21]), and a maximum principle
for systems in a domain with oscillating boundary (Lemma .
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1.3 Comments and strategy of proof

We focus here on the Lipschitz estimate of Result [B] Let us make some comments:

boundary smoothness Taking v only Lipschitz would not be enough to get that u® is
Lipschitz close to the boundary. We need C'1*0 regularity on ).

blow-up For ¢ € C]l\/’[go, the norm

[V(ep(a'/e))]cown = [Vib(2'/€)]comy = O(e™°) (1.6)
blows up in the limit € — 0.

lack of structure Appart from taking v in the class CJIL’;(')O, the boundary has no structure.
In particular, it is neither periodic, nor quasiperiodic.

non periodic homogenization Take N =1, A =1; and f = F = 0. In this case, u® is

a weak solution to
—Aut =0, ze€ D0,1),
ut =0, ze€A%0,1).

If one maps the oscillating domain into the flat domain, using the (non unique)
mapping
(v, 24) € R V55 (o wg + 2@ fe)(2a/e)) € D, (1.7)

(9 is a cut-off function in the vertical direction) we get that for all (2/,z4) € RL
W (2!, 3q) == v (2, xq + e(2' Je)I(xq/€))
is a weak solution to

{ —V - A(z/e)ViE =0, ze D(0,1),

@ =0, zeA%0,1), (18)

where (2/,24) € D?(0,1) if |2/| <1 and 0 < 24 < 1 4 e9(a’/¢), and for all z € R?

ey (it | 9/ Vb [0) \T (s | PV )
Alz/ )_( 0 ‘ 1= (zq/e)(2 [e) ) ( 0 ‘ 1= (zq/e)(2'/e) )

Notice that the oscillations are localized near the boundary. Yet the system (L.8)
has no structure and the homogenization may even not be possible.

To conclude, there is no way around dealing with the strong oscillations of the boundary.

Further remarks

Remark 1. The H-convergence theory tells us that a subsequence of @° solving
converges weakly to a solution %° of an elliptic system with non oscillating coefficients
A% = A°(z). Notice that A° may depend on the subsequence, and is not unique. However,
appart from A? € L, we do not have any information on the regularity of A°.

Remark 2 (large scales). In all what follows, the main issue when proving estimates uniform
in € comes from the large scales O(1) when ¢ — 0. For the small scales O(¢) we can always
rely on classical estimates.



Remark 3 (boundedness of the boundary). For our proof of the Lipschitz estimate, it is
crucial that ¢ is bounded in L (R%!). This ensures the convergence of the oscillating
half-space to a flat one. If instead, we have a graph given by ¢ € C1*0(R?1), such that
for instance

¢(0) =0 and \|V¢||L00(Rd_1) < MQ,

then for all 2/ € R4—1
(2 fe)| = |eyp(a'/e) — ep(0)| < Mola|.

This implies that the graph of 1° = ei(-/¢€) is squeezed is the complement of a cone of R?.
Furthermore, since

IV©[| oo (ra-1) = O(1) and ¢*(0) = 0,

for all 0 < p < 1 by Ascoli and Arzela’s theorem, we may extract a subsequence converging
strongly in CY*(R~1) to 9. Of course, the limit 1/° of the subsequence is far from being
unique. This smoothness is enough to get Hoélder regularity, but is too weak to get Lipschitz
regularity.

Remark 4 (position of the boundary). So as to avoid pointless technicalities, we work in the
whole paper with a boundary lying above x4 = 0, i.e. 0 < %. This condition can be always
achieved by translating in the vertical direction. Doing so may change the coefficients of
the operator, but the resulting coefficients A still belong to A% and the estimates of the

paper apply.
Remark 5 (boundedness of the boundary and flattening). Notice also that using the map-

ping (1.7) in order to flatten the boundary leads to a loss of the crucial information
Y € L®(R971) in the system (T.8)).

Strategy of proof At first, the blow-up seems to be a huge obstruction to uni-
form Lipschitz estimates. Indeed, we have to rely on Schauder estimates. Applying these
estimates directly leads to bounds depending on the C*° semi-norm of e1(-/¢), which
blows-up. The key is that we only need the C1* regularity estimate at small scale O(¢).
At large scale, we only see the Lipschitz regularity of ¢ and

IV (exp(2' /€))L = O(1).

Moreover, what exempts us from having to deal with the homogenization of , is that
the amplitude of the boundary is of the order of €, so that when € — 0, the boundary
tends to a flat one. This argument is the key to the so-called “improvement lemmas”, in
which the compactness analysis is carried out.

1.4 Overview of the paper

Section [2]is concerned with a review of classical Schauder estimates, as well as a complete
description of the interior estimates to be found in [4]. In section , we give a proof
of Result [A] the Holder estimate uniform in e in the oscillating domain. In section
we carry out the analysis of a boundary corrector, which is crucial in order to get the
boundary Lipschitz estimate. The boundary Lipschitz estimate of Result [B|is proved first
for equations with constant coefficients in section |5 then for general elliptic systems with
periodically oscillating coefficients in section [6} Pointwise estimates on Green and Poisson
kernels, as well as the first-order expansion for Green’s kernel in the oscillating domain
(Result are established in section [} In section [8] we tackle the generalization of the



uniform boundary estimates to systems where the coefficients and the boundary oscillate
at two different scales. The last part [9] is devoted to generalizations of our estimates to
boundaries with a macroscopic behavior and to inclined half-spaces.

1.5 Further notations

For ¢ > 0, r > 0, for 2, € R4 let

Dy, (0,7) = D*(0,7) := {(a',2q), |2'| <r, ep(a’/e) <wq < ep(a’/e) + 7},
AL (0,r) = A%(0,7) := {(a', zq), |2'| <7, xq=ep(2'/e)},
Dy, . = D5 = {(a',zq), ev(2/e) < x4},
Dy, =D = {(a',zq), ey(2/e) > x4},
= A% i= (&', 20), 20 = V(& f0)},
D (xg,r) = D*(xg,7) := {(z, zq), |2’ —ap| <7, ep(z'/e) < zqg < ep(a'/e) + 7},
NS (1) = A%(ah ) o= (& 2a)s o — 2| < 7, 2a = (/)
DY(0,7) := {(2/,zq), |2'| <7, 0<zg <7},
A0, 1) = {(,0), '] <1}
D7Y0,7) = {(a',2q), 2| <7, —1<mg<T},

where |2/| = max;—1 . 4 |z;|. Notice that zo := (x(, e (z(/e)) € A(xp, r). For an arbitrary
point xg € R, B(xg,r) is simply the ball of center zo and radius 7. We usually drop the
subscripts 1, except at very few places. For e > 0, x € D7,

oy () = 6(x) == zq — (2’ [e).

We write 0(x) when no confusion is possible, even if this number depends on & and .

Let also
1

T = u.
( )D (0,r) ]ll‘)s((]’r) ’DE(()?T)’ D=(0,r)

We will write (), in short when it does not lead to any confusion. In general, for a point
zo = (wp, e (xp/e)) € A

@) Wy = | :
W) pe(gt ) = (Wgr p 1= U= —- U.
(zo.7) for De(zy,r) |D5(.CC67 7’)| D= (xy),r)
The Lebesgue measure of a set is denoted by |- |. In the sequel, C' > 0 is always a constant

uniform in € which may change from line to line. For a positive integer m, let also I,
denote the identity matrix M,,(R).

2 Preliminaries

2.1 Classical Schauder regularity

Let u = u(y) be a weak solution to

-V -A(y)Vu = f+V-F, yED}Z)(O,l),
u =0, yEAqlp(O,l).

For classical Schauder estimates, we refer to [2I, Chapter III], [22] Chapter 5] and in a
slightly different context (hydrodynamics) to [23].



Following the method of Campanato, the Schauder estimates can be obtained from
purely energetical considerations (Cacciopoli and Poincaré inequalities), without relying
on potential theory. The central result in this theory is the characterization of Holder
continuity in terms of Campanato spaces [21, Theorem 1.2] and [22] Theorem 5.5]: when
Q C R? is a Lipschitz domain and v € C%*(Q) for 0 < u < 1, then

[0y ~  sup p‘Q"][ |t — () B(zg p)riel *de,
o€, p>0 B(z0,0)NQ

where ~ means that the semi-norms on the left and right hand sides are equivalent.

Theorem 1 (classical Holder regularity). Let x, &' > 0. Assume that ¢» € C1(RI™1),
V4[| oo a1y < Mo, [Vo(y') = V(@) <w(ly =), vy, § € RT

and A € A%, Assume furthermore that f € L#/?++ (D}b(O, 1)), F e Ld+“(D11b(O, 1)) and
u € L*(Dy(0,1)). Then u € C%7(Dy(0,1/2)) and

[Wone o3 0172 < C {Iellzzoy 0. + Wl araew o1 oy + IF I aenioyoan - (21)
for o :=min(1 —d/(d+ k),2—d/(d/2 + K)).

For elements of proof, we refer to Theorems 5.17, 5.21 and Corollary 5.18 in [22], as
well as Theorem 2.8 in [23].

Remark 6 (regularity on the coefficients). Notice that this estimate is true for

A in the class C° such that [ Al oo (ray < Mo

2.2
and |A(y) — A(9)| <w(y—9l), Vy, § € R 22

However, we do not use this optimal regularity in our work, since our focus is on Lipschitz
estimates, for which A has to be C%"0.

Remark 7 (regularity on the source term). Notice that F' € L4T%(B(0,1)) € L>4-2+2x/(d+x),
which is the Morrey space (see [22], Definition 5.1]).

Remark 8. The constant C' in (2.1)) depends on the C%*0 norm of A, and on the L® norm
and on the modulus of continuity of Vi since the theorem is proved by flattening the
boundary. In particular, C' does not depend on ||| feo.

Theorem 2 (classical Lipschitz and C19 regularity). Let K > 0 and 0 < p < 1. Assume
that ¢ € Chvo (R4,

V]| oo ra-1) + [Vl oo ma-1y < Mo,

and A € A%, Assume furthermore that f € Ld+"””(D11b(0,1)), F e CO’“(D%b(O, 1)) and
u € LQ(D%Z)(O7 1)). Then u € T/VLOO(D%Z)(O7 1/2)) and

IVl oo (D3 0,172 H VUl ero (03 0,1/2)) < Clllull 2oy 0,0y FIF e (0 0,0) TIE o (1 0,1 )
(2.3)
where 0 :=min (1 — d/(d + k), u, o).
For elements of proof, we refer to Theorems 5.19, 5.20 and 5.21 in [22], as well as
Theorem 2.8 in [23].

Remark 9. The constant C in (2.3) depends on ||A| o and on [[Vi)|/ oo since the
theorem is proved by flattening the boundary. Again, the constant does not depend on the
L norm of 9.



2.2 Homogenization and weak convergence

We recall the standard weak convergence result in periodic homogenization for a fixed
domain €. As usual, the constant homogenized matrix A = A% e m ~(R) is given by

A= | Ayt | AT )0, )y, (2.4)

where the family x = x?(y) € My (R), y € T?, solves the cell problems
-V, - Ay)Vyx" = 0,, A", y € T¢ and / X" (y)dy = 0. (2.5)
Td

Theorem 3 (weak convergence). Let Q be a bounded Lipschitz domain in RY and let
up € WH2(Q) be a sequence of weak solutions to

—V - Ap(x/ex)Vup = fr € (WH(Q))

where e, — 0 and the matrices Ay, = Ar(y) € L™ satisfy and (L5). Assume that
there exist f € (WY2(Q)) and u, € WH2(Q), such that fr, — f strongly in (W12(Q)Y,
up — ug strongly in L?(Q) and Vup — Vu® weakly in L?(2). Also assume that the
constant matriz Ay, defined by with A replaced by Ay converges to a constant matriz
AV, Then

Ap(z/er) Ve — A°Vu®  weakly in L*(Q)

and

VAV = f e (WH(Q)).

For a proof, which relies on the classical oscillating test function argument, we refer
for instance to [27, Lemma 2.1]. This is an interior convergence result, since no boundary
condition is prescribed on ug.

2.3 Interior estimates in homogenization

We recall here two interior estimates proved by Avellaneda and Lin in [4].

Theorem 4 (Hoélder estimate, [4, Lemma 9]). For all k > 0, there exists C > 0 such that
for all A € A%, for all e > 0, for all F € L%(B(0,1)), for all u¢ € L*(B(0,1)) weak
solution to

—V - A(z/e)Vu* =V -F in B(0,1),
the following estimate holds
[u]conB0.1/2)) < C {u N 2(B0,1)) + |1 Fll Larr(Bo.1) }

where p:=1—d/(d+ k). Notice that C depends on d, N, on ||Alcow i.e. on My, on X
and K.

Remark 10 (rescaled estimate). Assume
-V .- A(z/e)Vu* =V - F in B(0,r),
for » > 0. Then,

[u]coun(B(0,r/2)) < CLrm 2wl L2 moy) + 2P~ || Fl| pasnpogyy - (2:6)
=1



Remark 11 (more general source terms). A slight generalization of this Holder estimate is
the following: for x, k' > 0, for u® weak solution to

-V - A(z/e)Vu* = f+V-F in B(0,1),
we have

[u]conB0.1/2)) < C {Iu | 2(B0,1)) + 1N Larzen (pio.1y) + Il Lan(B0.1)) } »
with g :=min (1 —d/(d + k),2 — d/(d/2 + «")). The rescaled estimate reads

+ TQ—;L—Qd/(d—FQm

[ue]COvH(B(O,r/z)) < C{T_d/Q_#HusHLQ(B(O,r)) /)||f||Ld/2+n’(B(g7r))

At )| B v oy b (2.7)
Remark 12 (regularity on the coefficients). Notice again that this estimate is true for

A € O satistying (2.2). However, we do not use this fact here, since our focus is on
Lipschitz estimates, for which A has to be C%"0,

Remark 13. In view of Theorem 5.17 and Corollary 5.18 in [22], the classical Schauder
regularity applies and gives u® € C%*(B(0,1/2)), with =1 —d/(d + k) = k/(d + k).
Of course, this classical estimate is not uniform in ¢, and the contribution of [4] is to show
that there is a way, via homogenization, to get uniform Holder estimates in € when the
coefficients are periodically oscillating.

Theorem 5 (Lipschitz estimate, [4, Lemma 16]). For all k > 0, there exists C > 0 such
that for all A € A%, for all € > 0, for all f € L"(B(0,1)), for all u¢ € L=(B(0,1))
weak solution to

—V - A(z/e)Vu® = f in B(0,1),

the following estimate holds
IV oo B0,1/2)) < C {16 | (B0,1)) + I1f | La+n(Bo.1)) } -
Notice that C depends on d, N, My, A and k.

Remark 14 (L*° control of u®). The control of [[u®||zec(p(0,1)) is used in a compactness
argument of Ascoli-Arzela type.

Remark 15 (rescaled estimate). Assume
—V - A(x/e)Vu® = f in B(0,r),
for r > 0. Then,
V0 || oo (B0sr72)) < C {r Hwf Lo (o) + =Y £ll pasn(mom) } - (2.8)

Remark 16 (more general source terms). A slight generalization of this Lipschitz estimate
is the following: for x > 0, for 0 < pu < 1, for u® weak solution to

-V - A(z/e)Vu* = f+V-F in B(0,1),
we have

IV oo (B0,1/2)) < C {6l ze(B0,1)) + 1f |l za+w(B0.1)) + I1F lcow (0,1} -

The rescaled estimate then reads

VU] Lo (B0 /2)) < C {r Ml oo o,y + 7 YN Fll pasn (o)) + T IF lcom (o) ) -
(2.9)
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3 Boundary Holder estimate

The following proposition is a generalization to oscillating boundaries of Lemma 12 in [4].
A similar estimate, in the case of the Stokes system with oscillating boundary, is to be
found in [I7, estimate (5.4)].

Proposition 6. Let k, ' > 0. There exist C > 0, g9 > 0 such that for all
0<p<min(l—d/(d+k),2—d/(d/2+K)),

for all o € Cyy, for all A € A%, for all € > 0, for all f € L¥**¥(D%(0,1)), for all
F € LH%(D#(0,1)), for all u¥ weak solution to (L.1) the bounds

[u Nl 2 (D= 0,1)) < 1, ||f”L’1/2+“’(DE(O,1)) < €0, ”FHL“"*'“(DE(OJ)) < €o

imply
[u]

CY1(D=(0,1/2)) <C.

Notice that C and €y depend on d, N, My, on the modulus of continuity w of Vi, A, k

and K.

Remark 17. Of course, for all f € LY2% (D(0,1)), for all F € L#%(D%(0,1)), for all u°
weak solution to (1.1)) such that

[w"llz2(pe(0,y) <005 Il paresw (pegoyy <005 1EllLatn(pe(o,1)) < 00,

we have the estimate
[w¥] o (Brmayay) < C {Iluf |l L2 (pe(0,1y) + If 1 Laszen (peo,1y) Il patn(peoay t s (3-1)

with C' > 0 uniform in e. In order to see that (3.1 boils down to Proposition [ we divide
u®, f and F by the quantity

1 1
Ti= °F cn &' (De —||F k(e .
][DE(O ) ‘u ‘ + o HfHLd/ZJr (D=(0,1)) + o ” HLd+ (D=(0,1))

)

Remark 18 (without source terms). If f = F =0, then for all 0 < pu < 1,

[ L2(pe(0,1)) < 1 implies [u] <C.

CO#(D=(0,1/2))

Remark 19 (control of the Holder norm). Let us emphasize three arguments showing that
the estimate on the semi-norm of u® is enough to control the Holder norm of u®: namely,
if

1wl L2(pe0,1y) < 1,
then

HusHCO,u(W) <G

Assume for simplicity that f = FF = 0. Fix € > 0.
The first argument reads as follows. It is enough to show that we can control |u®(z.)]
at one point z. € D(0,1/2):

()] < C ( / o \u€<x>12dx) " (32)
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Indeed, for every x € D?(0,1/2), there is an & € D?(0,1/2) such that the segments [z, 7]
and [Z,x.] are contained in D?(0,1/2) (of course, Z is introduced to compensate for the
lack of convexity of D%(0,1/2)). Then

|ut ()] < [ (2) = w(2)] + |u(Z) = u(e) | + |u(2e)]

1/2
<C {[ua}CO,M(DE(O,l/Q)) + (/DE(O N |u5(x)‘2d:r) } ,

with C' > 0 uniform in e. Note that (3.2) is a consequence of Tchebychev’s inequality, since

0
{u® >t} < HUEHL2(DE(0,1))/152 = 0.

The second argument starts from the inequality

()] < Ju(y)] + [u(z) = u(y)] < lu)] + [ulcorpe0,1/2) 7 = yl*

for all x, y € D%(0,1/2). Integrating the latter with respect to y yields

[l oo (e 0,1/2)) < C ([l 2(peo,1)) + [Uleowpeo,1/2y) < Cllllzz(pe(o,1))-

Finally, an alternative (simpler) argument uses directly the fact that u®(z) = 0 for
xz € A%(0,1/2): for 7 := (2/,ep(2'/e)) € A%(0,1/2)

0 ()] = [u () — *(®)] < 1] o o7y S @ < [0 ennprormy < Ol 2gor 0

The following corollary is a generalization of Theorem 13 in [4] to oscillating boundaries.
Similar estimates for the Green function associated to the Stokes operator in an oscillating
domain have been showed in [17, section 5.2].

Let G° = G®(z, %) be the Green kernel associated to the operator —V - A(z/¢)V and
the oscillating domain D¢(0,2). We recall that for all £ € D®(0,2), G*(-,Z) is a weak

solution of B
-V - A(x/e)VGE(x,Z) =z — )1y, x € D5(0,2),
Gé(x,z) =0, x € 0D%(0,2),

where here §(-) stands for the Dirac measure supported at the point 0.

Corollary 7. There exists C > 0, for all ¢ € C}V’[‘:, for all A € A%, for all ¢ > 0, for all
x, & € D?(0,15/8),

¢
|z — z|d-2’

G (2,8)] < C(|log o — 3| +1), i d=2. (3.4)

|G (2,7)] <

if d>3, (3.3)

Proof of Corollary[7 The proof of this corollary follows the lines of [4, Theorem 13]. The
key is the boundary Holder estimate of Proposition [6] uniform in € for f = F = 0. O
Proof of Proposition [6]

Let x, ' > 0 be fixed for the whole proof. The proof follows the scheme of the three-step
compactness method introduced by Avellaneda and Lin [4] in the context of homogeniza-
tion:

1. improvement lemma,

12



2. iteration lemma,
3. proof of Proposition [6

We will redo the same type of three steps argument in the proof of the boundary Lipschitz
estimates. For the latter, however, the proof is much more involved, as it requires the
introduction of Dirichlet and boundary correctors, meant to correct the oscillations of the
coefficients and of the boundary.

The estimate of the C%* semi-norm of ¢ is based on the characterization of Holder
spaces by Campanato (see |21, Theorem 1.2] or [22, Theorem 5.5]):

2dz,

[US]QO, —_~ sup p_z”][ |u® — (ﬁ)ro,/)
COHPIOL) Do), p>0 De(@o.p)

where ~ means that the semi-norms on the left and right hand sides are equivalent.

First step

Lemma 8 (improvement lemma). For all 0 < p < min (1 —d/(d+ k),2 —d/(d/2+ K')),
there exist eg > 0, 0 < 6 < 1/8, such that for all ¢ € le\joj, for all 0 < € < €g, for
all A € A% for all f € LY?t%(D%(0,1)), for all F € L*%(D%(0,1)), for all u® weak

solution to

V- A(x/e)VuE = f+V-F, xcD0,1), (3.5)
u® =0, x € A%(0,1), ’
if
][DE(O’I) ‘UE‘Q g 13 ||f||Ld/2+n’(Ds(0’1)) S €0, ||F||Ld+"‘(DE(O,1)) S €0
then
][ luf|* < 62+ (3.6)
D=(0,0)

Remark 20. It is a classical fact (see for example [22, Exercise 5.10]) that

/ € — (@)ol? = inf/ s — a2,
D=(0,0) ueRN Jpe(0,6)

This implies that

][ |U€—(UE)0,9!2§][ 2 < 6%,
D=(0,0) D=(0,0)

Remark 21. The reason why we can prove the improved bound lies in the fact that
u® vanishes on A®(0,1). The iteration argument of the second step of the proof is easier
to carry out with this bound on uf, rather than the bound on u® — (uf)gg. Indeed, the
former vanishes on A®(0, 1), which is not true for the latter.

Proof of Lemmal[8 Let 0 < 6 < 1/8,0 < p/ < min (1 —d/(d+ k),2 —d/(d/2+ K')), A°
be any constant coefficients matrix satisfying (1.4) and u® € W2(D%(0,1/4)) be a weak
solution to

_v. A0w,,0 _ 0
{ V- A%u 0, =€ D°0,1/4), (3.7)

u =0, zeA%0,1/4),
such that

][ ‘u0’2 < 42d+1'
DO(0,1/4) B

13



By classical Schauder regularity (see Theorem ,

1/2
0 02
oo mowim) = © <]{30(0,1/4) v ) ' 3

We have for § small, using u°(0) = 0,

][ ]u0]2 <C sup ]uo(x)\Q <C sup \uo(a:) — uO(O)\2
D0(0,0) 2€D0(0,9) 2€D(0,0)

2u'1,,012 2u! 0,2
< OO 1 o moaazm) < O u]éo(o !

so that
][ u®)2da < C424FH1 92 (3.9)
DY(0,0)

where C' is uniform in 6. Fix 0 < p < ¢/ < 1, and choose 0 < 6 < 1/8 such that
02 > C42H1p2

The goal is now to show (uniformly in ¢ and A in their respective classes) that for this
0, there exists ¢ such that for all 0 < € < &g,

][ |us |2 < 92/1'
D=(0,0)

Let us show this by contradiction. Assume that there exist a sequence e, hooe 0, Yy € C}V’[‘g,
Aj, € A% fev e L4245 (DEr(0,1/2)), Fer € LA(Der(0,1/2)) and uf* weak solution to
(3.5)) such that

]{ka(o 0 [ <1 15 sz (pon 0.1y < ko IF [l Lasn(poio,1y) < €

and

][ [uk|? > 6%+, (3.10)
Dk (0,0)

Thanks to the uniform control of u®* in L2, we can rely on weak compactness in W2
using Cacciopoli’s inequality, and on strong compactness in L? using Rellich’s compact
embedding. Doing so we have to be careful, since the L? bound on uf is on the domain
with oscillating boundary D®#(0,1). Since u®* = 0 on A% (0, 1), we control by Cacciopoli’s
inequality
[Vu™ | L2(per0,1/2)) < C,
with C' > 0 uniform in ;. In order to deal with the oscillating boundary, we extend f&*,
Fek and u®* by 0 below the oscillating boundary x4 = e, (2’ /ex). We then have for k
large
[u [ L2(p-1(0,1/4) < C and  [|[Vu|12(p-1(0,1/4)) < C-

Therefore, up to extracting subsequences,
A, — AY,

with Ay defined by (2.4) with A replaced by Ay, and A° is a constant coefficients matrix
satisfying the ellipticity condition (1.4), and there exists u® € HY(D~1(0,1/4)),
u* —u®  weakly in  L*(D71(0,1/4)),

L o0 . 9,1 (3.11)
Vu Vu®  weakly in L*(D™(0,1/4)),
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and by Rellich’s compact embedding theorem,

u* — ¥ strongly in  L2(D71(0,1/4)). (3.12)
Furthermore,
f — 0 strongly in L%t (D71(0,1/4)), (3.13)
Fe — 0 strongly in L4T*(D71(0,1/4)). .
We have to show that u’ solves (3.7). That u" is a weak solution to
~V-A'Vu’ =0 in D°0,1/4) (3.14)

follows from Theorem : for © > 0, taking Q, = (—1/4,1/4)471 x (1,1/4) yields
—V-AVu’ =0 in Q

thus (3.14) holds. It remains to see that u® = 0 on A®(0,1/4). Take a test function
0 € O°((—1/4,1/4)*1 x (=1,0)). For all k, Supp(p) C D since 0 < 1. Then, since
u®* =0 on D% and by (3.11]), we get for k sufficiently large,

0 :/ ukp kjf)/ uPo.
D=1(0,1/4) D-1(0,1/4)

Consequently u° = 0 in D'((—1/4,1/4)%1 x (~1,0)), thus uo\(,1/471/4)d_1x(,170) =0, and
by the trace theorem u® = 0 € W'/22(A%(0,1/4)). It follows that u® satisfies the estimate

(3.8]). Moreover,

][ |u0|2 < 4][ |uak|2 < 42d+1][ |usk|2 < 42d+1’
DO(0,1/4) — JDpo(0,1/4) N DO(0,1) N

so that (3.9) holds.

The last step of the proof consists in passing to the limit in (3.10) in order to get a
contradiction. Since |D*(0,8)| = |D°(0,0)|, we have

1
Uk |2 _ |u5k |2
]{m (0,6) |DY(0,0)] Jpek 0,0)

1 / £k |2 / €k |2 / €k 2}
= ut|® + uk|® — uk|?s .
|D%(0,0)] { DO(O,Q)‘ | ka(O,G)\DU(O,G)‘ | DO(O,Q)\DEk(O,e)‘ |
(3.15)

By the strong convergence (3.12]) of u®*

Loty [ e
DY(0,0) DY(0,0)

and for k large

2= [u®)? + /
D=k (0,)\D°(0,0) D=k (0,0)\D%(0,0)

SQ/ \u02—|—2/ ’uak_u0‘2

Dek(0,0)\D(0,0) Dek (0,0)\D°(0,0)

< 2/ |u®[*1 per 0.0)\ D0 (0,0) + 2/ U —u”|* =0,
D=1(0,1/4) D~1(0,1/4)

15
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by dominated convergence on the one hand and the strong convergence :3.12) on the other
hand. In a similar fashion, the third term in the right hand side of 13.15: is shown to tend
to 0 when k£ — oo. Finally,

C42d+192u’ < QQM §][ |u5k|2 k—>00][ ‘u0|2
D=k (0,0) D%(0,0)

which is in contradiction with (3.9)). O

Second step

Lemma 9 (iteration lemma). For 0 < p < min (1 —d/(d+ k),2 —d/(d/2 + K')) fized, let
go > 0 and 60 > 0 as given by Lemma @ For allk € N, k > 1, for all e < 6 1eg, for all
Y € Cﬁ:, for all A € A% for all f € L2 (D=(0,1)), for all F € L**%(D%(0,1)), for
all u¢ weak solution to (3.5)), if

W2 <1, [ fll paseent peory < €05 IF |l pasn(pe(ory < €0
]{35(0,1) Lafzee (D=(0,1)) L+r(D=(0,1))

][ luf|? < o2kH
D=(0,0%) N

Proof of Lemmal[9 Let us do the proof by induction. The case k = 1 is Lemma [§] Let
k > 1 and assume that for all ¢ < §¥~1g, for all o € C]l\jg, for all A € A% for all u® weak

solution to (3.5)), if

then

W < 1 (1 F 1| pareint (p(o.1)) < €05 I1F | pasn(pe(o,1y) < €0
]ée(o,n L2+ (D2 (0,1)) LE+~(D=(0,1))

then
][ luf|? < 9%+, (3.16)
D=(0,6%)
For all z € D¥/%"(0,1), let U® be defined by
US(z) = uf(6%z) /0%

Since
V- (A(0F /o) Vs (0%2)) = 07F [V - A(-/2)Vuf] (6% ),
U¢ solves
—V - A(0Fx/e)VUS = gk [0%f(0F2) + 05V - (F(0%))], @ € D/ (0,1)
Us =0, z € A%/9°(0,1)

and from (|3.16))

@<
D=/9%(0,1)

Notice that since p < min (1 —d/(d + k),2 — d/(d/2 + K)),
162554 F(O*2) | oo (pesot 0.1y = OV EH TN szt (peoryy S Il parzent (peo 1y < €0

and

”ek_k'uF(gkx)||Ld+n(Ds/9k 01) = ORI | B Lavn(pe(o.ay) < I1F Nl Latr(pe(o1)) < €0-
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Therefore, applying Lemma (8] for /6% < &,

b @R <o
D</67(0,0)

][ ’ue(x)|2 < 92(k+1)u
D=(0,k+1) -

and concludes the proof. O

which boils down to

Third step: proof of Proposition [6]

If &€ > &p, then Proposition [f] follows from the classical Holder estimates. Let e < &g,
A€ A0 and 4 € C}V[‘: be fixed for the rest of the proof. There exists a unique integer
k > 1 such that 6% < e/gg < 0¥~1. Let 29 := (0,204) € D?(0,1/2). Recall that §(zq) =
20,0 —e¥(0). We distinguish between two cases: either d(xg) > 0¥*1/2 (case “far” from the
boundary) or 6(x) < #¥1/2 (case “close” to the boundary).

Assume that 6(z¢) > 6%+1/2. In that case, the idea is to rely on the rescaled interior

Holder estimate ([2.7))

U] 0w (B b(z0) /) < C{(6(20)) ™7 uf| L2(B(ro 5(r0)/2))
+(3(wg) )2 H /2 en )Hf||Ld/2+~'(B(:c0,6(m0)/2))+(5($0))1_M_d/(d+n) IF || Lt (B(ro5(0)/2)) } -

There exists 0 < I < k such that 81 /2 < §(xg) < 0'/2. If | = 0, then
19| 22(B(ao b(x0)/2)) < Ul L2(De(0.1)) < [D°(0,1)[V? < C(26(x0)/0)Y* T,
where C' > 0 only depends on the dimension d. If [ > 1, then by Lemma [9]
%] 2B ao b0y /2)) < N6 L2(pe o6ty < COYPHIN < C(25(x0)/0) ">,
where C' > 0 only depends on d and in particular not on 6. Moreover, for all [ € N, since
1—p—d/(d+r)>0, 2—p—d/(d/2+«K)>0,
we get

(5($0))27M72d/(d+2‘%/)Hf||Ld/2+"‘/(B(xo,ﬁ(xo)/Z)) < Hf”Ld/2+n’(Ds(071)) < €0,

(8(o)' ™V N Lasn(B(ag.a(zo)/2)) S IFl|Lass(pe(oy) < €0
This boils down to
[0 (B(ao,6(x0)/ay) < C

with C' > 0 uniform in €, k, but which may depend on d, u and 6.

Assume that d(zg) < 0¥1/2 < 0¢/(2¢0). In this case we rely on classical estimates
near the boundary, which is relevant since we are at the small scale O(g). We proceed
thanks to a blow-up argument, i.e. we consider v® defined for y € D'(0,1/¢) by

US(y) = —u(ey)

It solves

{ -V A(y)VUE - 5f<€y) + V- (F<6y))7 yE Dl(ov 1/6)7
s =0, y € AY0,1/¢).
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Applying the classical estimate (2.1) and rescaling, we get

e S ()] 0o (De (0.6 (200))) = LU (W)l cou(D1(0,1/(220)))
< C{IIUF W)l L2(p1(0,1/0)) + lef (el parzen (p1 (0,1 /e0)) T IF (&) s (D1 (0,1 /o) }

= C {e™ 2| (@) || L2 (D= (0,6 e0)) + €1 W2 Il Laszew’ (De (0.6 7e0)) T+ eI P pasn(pe (0.0 /e0)) | -

Therefore,

U] o (De(0.0/200))) < C {&™ Y27 |10 || 2(De 0.6 /20))

2 hdf(df 2 L=p—d/(d+r) )| p | patn

DE(O,E/so))}
< C {1/(e00") > | uf)| L2 (pe (0, 951y + 1l Larz+w’ (pe(0,1)) + 1P|l pa+r(pe(o.1)) }
<cC {1/(Eoek)d/2+M9(k—1)(d/2+;4) + 250} < Cepp-

)HfHLd/HH’(DE(o,a/ao)) +e

One case is left. We have to deal with arbitrary points z9 € D°(0,1/2). Remember
that e, ¢ and A are fixed. We consider ¢ defined for y/ € R~ by

() =y /2 + xh/e),

and for y € R?

Ay ya) = A(Y' /2 + xp /e, ya)-

Notice that ¢ € Cpy, and Ae A% Forall |[2/| < 1, 2e0p(2 /(2¢)) < g < 2e0(2'/(2¢)) +1,
let u* be defined by
(2, xq) == us (2 /2 + xfy, xq),

f be defined by }

f(@ zq) == f(2')2 + x(, 2q),
and F be defined by 3

F(2',2q) := F(2' /2 + z(, zq).

Let
1

1. - .
J = if)? - w! e —||F K e < .
£ o [T 2o oy + 2o W lusen ooy < o
We have that
|W8”L2(fo(o,1)) <J, HfHLd/2+N’(D?ZJE(O,1)) < €0, ”F||Ld+“(DfLS(O,1)) < &0
and u® solves ~ _ ~
~V-Alx/(2e))Vie =f+V-F, x¢€ fo(o, 1),
¢ =0, T € Aff(o, 1).

We can thus apply Lemma @ and argue exactly as above for xg = (0,20 q)-

4 Boundary corrector

In the following lemma we build a corrector term for the oscillating boundary. This term
is crucial for the construction of an expansion for u® in the proof of the uniform Lipschitz
estimate.

For fixed My > 0, let ¥ € C®(R¥1) (resp. ¥4 € C(R)) a cut-off function com-
pactly supported in (—3/2,3/2)%"! (resp. in (—3My/2,3My/2)), identically equal to 1 on
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(—1,1)4! (resp. on (—My, My)). We define the cut-off function @ € C°(R?) by for all
' e Ry, €R,

O(a’,ya) = V' (") a(ya)-
Notice that © is compactly supported in (—3/2,3/2)%! x (—=3My/2,3M/2), identically
equal to 1 on (—1,1)9"! x (—=Mjy, Mp) and that for all 2/, &’ € R 4, € R,

2 <1 implies  O(2,yq) = O(2', yq)- (4.1)

This property of © is just meant to give a nice form to the expansion of u (see Lemma [15|
below).

Lemma 10 (boundary corrector). For all 1/2 < 7 < 1, there exists C > 0 such that for all
(VNS Czl\’jg, for all A € A% for all 0 < € < 1, the unique weak solution v: € W2(D?(0, 2))

of

—V - A(x/e)Vv® =V -A(z/e)V(Y(2'/e)O(2,xq/c)), = € D(0,2), 19
vt =0, x € OD(0,2), (42)

satisfies the following estimate: for all x € D®(0,3/2),
[v® ()] < 7005(3:)T, (4.3)

87_
where 0(x) := xg — ep(2'/¢).

Remark 22. Notice that v® depends on 1 even if the dependence is not explicitly written.
However, the constant Cy > 0 in the above inequality is uniform for ¢ € C}w‘g

__ The proof of Lemma [10] follows from the representation of v* thanks to Green’s kernel
G° = G°(x,7) associated to_the operator —V - A(z/¢)V and to the oscillating domain
D%(0,2). An estimate of VoG* is the key.

Lemma 11 (estimate of Green’s kernel, d > 3). For all 0 < 7 < 1, there exists C > 0
such that for all ¢ € C}Vf;, for all A e A%, for all 0 < e < 1:

(1) for all z, * € D*(0,7/4),

Co(x)™

GE(z, )| < Tl (4.4)
G < (4.5)
(2) for all z, € D%(0,3/2),
Vol (x, )] < yxfi;(\?—w for |w—d|<e, (4.6)
VoG, 5)] < LO@O@T e d s (A7)

= Co — a2

Remark 23. Although the gradient estimate holds for all z, £ € D%(0,3/2), thanks to
the cut-off O(2',24/¢) we essentially need it in a small layer of size O(e) located near the
oscillating boundary.
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Remark 24. Notice that the decay at large scales of V2§5 is not better than the decay
of G°. This comes from the fact that the bound (4.7) is obtained from (4.5)) by applying
Lipschitz estimates at small scale O(e).

Remark 25. Notice that the estimates (4.4)) and (4.5)) only hold for all z, & € D%(0,7/4),
not all z, & € D%(0,2). This comes from the fact that the boundary 9D¢%(0,2) is not
smooth at the points lying on 9D(0,2) N A® N {|z'| = 2}.

Lemma 12 (estimate of Green’s kernel, d = 2). For all 0 < 7 < 1, there exists C > 0
such that for oll ¢ € C}V’;;, for all A e A%, for all 0 < e < 1:

(1) for all x, T € D*(0,7/4),

d(z)"

|G= (2, 7)) < C(|logl — | + 1) =7 (4.8)
~ . 5(z)76(z)"
€ < 1 — 1) ——— 4.
G*(a,3)| < C(Jlog = 2|+ 1) 72550 (4.9
(2) for all z, = € D*(0,3/2),
IVoGE (2, 7)| < C(|log |z — &| + 1)ﬂ for |rx—2z|<e (4.10)
) — ‘m_!ﬁ‘l_j’_q—? — ?
IV2GE (2, %) < C(|log |z — F|| + 1)%, for |x—2z|>e. (4.11)

Below we only address the proof of Lemma The case d = 2 is handled by the same
approach, using the estimate (3.4) on Green’s kernel.

4.1 Proof of Lemma [10]

Let us assume that d > 3. The case d = 2 is handled similarly using the estimates (4.10)
and (4.11). We can represent v° thanks to Green’s kernel: for all x € D?(0,3/2),

V)= [ GV AV O 5u/e) d
D=(0,2)
Integrating by parts, we get
)= [ VG DAV O /)i
D#(0,2)

We now use the fact that the cut-off © (&', 4/¢) is supported in [—3/2, 3/2]~1 x [-3Mye /2, 3Mye /2],
and split the latter integral:

VoGe (2, 2)A(%/)e)V (Y(F [)O(F, ig/e))di

v (z) = —/
D=(0,2)N[—3/2,3/2]9—1 x [~3Moe/2,3Moe /2] { |z —&|<e}

- / VaGe (2, 2)A(2))V () (3 )e)O(F, Za/e))dE
D=(0,2)N[—3/2,3/2)4~1 x[~3Moe /2,3 Moe /2)N{|z—7|>€}

=1 + I
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Using 1) € C}V’[“; we get on the one hand by (4.6

o(z)"

Ll <C E/ S S A
14| / D= (0,2)N[=3/2,3/2]4~1 x[~3Moe /2,3 Moe /20 {|z—3|<e} [T — T[T71HT

T 1 -
< CH(x)" Je /|:Ei|<5 7‘33 — j’d—l+rdx

T T 1 T T
< C3(2)7 /e /y|<1W i< Co(z)7 /e,

and on the other hand by (4.7))

o(z)7o()"

|.’E _ j|d—2+27’ dz

’IQ’ S 0/82/
D#(0,2)N[—3/2,3/2]4~1 x[-3Moe/2,3Moe /2]N{|z—Z|>€}

o(x)"
) _
)/ /]Rd—lx[—f}Moa/Q,SMoe/Q}ﬂ{x—i’|>a} |z — Z|d=2+2T

<oy [ e | o 1 di4di’
Tl _ Alld—2427 Xrqaxr
/e |2 — |22 appc o {1 | (a=ia)? }(d—2+2f)/2 d

|/ —2[2
4 / 1 )
- dF
(Jo—F|>e}n{|a/—5 |<e} x [~3Moe/2,3Moe /2] [T — E|472H2T
1
< 05($)75—2+T 5/ /d2+27d1~:/+/
o/~ |>e Bl {lz—&|>e}n{|a’—F|<e} x[-3Moe/2,3Moe /2]

—24T T 1 T T /T
syt { @ [ e+ < oo

for 1/2 <7 < 1.

4.2 Proof of Lemma [I1]

The first observation is that the estimates (4.4) and (4.5) follow directly from the boundary
Holder regularity uniform in e of Proposition [6] Let us sketch the proof.
Fix 0 <e <1. Let

ni=7/4{4+ 1+ 4/7M0)2}1/2 ;

it is an upper bound for the diameter of D*(0,7/4) when 0 < ¢ < 1. Let 0 < 7 < 1,
x, T € D(0,7/4), r:= |z — Z| and T := (2, (2’ /e)) € A®(0,7/4). Notice that |z — Z| =
zqg — (2’ /e) = §(x). Either 6(z) = |z —z| >r/Bn+1)or o(z) =|z—z| <r/(8n+1).
In the former case, follows directly from since (6(x)/r)” > (1/(8n+1))" so that

. C C(2)"
€ < < .
|G*(z,7)| < z — 742 = |z — F[d-2+T

In the latter case 8(z) = |z — Z| < r/(87 + 1), we use the fact that G°(-,#) is a weak
solution of

{ -V A(l’/E)VGE(SL' z) =0, ze€D(z,r/(8n+1)),
Ge(x,2) =0, xeA(z,r/(8)+1)).
Notice that
D (z,r/(8n+ 1)) € D5(0,15/8),
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that £ ¢ D*(z,r/(8n+1)), and that x € D*(z,1/(8n+1)). We want to apply the boundary
Holder estimate (3.1]) properly rescaled. Consider for z € Dfp/,(O, 1)

/

W (2) = G/ By + D)z + 2,8), & = (8n+Lefr, ¥ :=b(-+2/e)

which solves ) )
—V .- A(z/e' + T/e)Vu® =0, ze€ D(0,1),
ut =0, zeAZ(0,1).

Now, ¢ € C}WD, A(-+x/¢) € A% and estimate (3.1 implies

/

(/50 1)) (G oz, = 4 on- )

< CHUEIHL%DZ',(O,I)) = C“és('y57)HL2(D5(5,7~/(87]+1))) (r/(8n+1))"%2,
so that using (3.3))
G (2, )] = |G (2, &) — G*(2,%)| < [G°(, )] cor (e Tamnsan) ) (@)

Co(x)" |~ Co(x)™ Co(z)"

< Sz |G G 2we @) < T = g0

which is (4.4)). Estimate is obtained in a similar manner by relying on the bound
instead of and by considering G = G*°(Z, z) the Green kernel associated to
the operator —V - A*(z/e)V and the domain D?(0, 2), where (A*)%B = Afza Notice that
G (%,2) = G*(x,%)T for all z, & € D%(0,2).

The gradient estimates and now follow from classical Lipschitz estimates
applied at small scale. Let z, £ € D*(0,3/2) and r := |z — Z|. Notice that

é&(x’ ,)T — 5*,8(,’ l‘) so that VQée(CC, ‘)T _ V1§*’€(', 1:)7

and ~
—V - A*(%/e)VG*¢(2,2) =0, &€ D°(z,r/2),
G**(z,z) =0, &€ A%(z,r/2).
If r < e, consider for z € Di, (z,1)

/

u® (z2) = a*’s(r/2(z -3+ T,2), &:=2/r, ¥ =¢(+3(1/e—-1/¢))
which solves

—V - A*(z/e + B(1/e — 1/€"))Vus =0, z€ D, (¥,1),
u® =0, ze A (F1).
Now, A*(- + #(1/e — 1/€')) € A% and the classical Lipschitz estimate yields

<O u (4.12)

vusl oo el (z1 El [ee) el (z1 9
IVl oo (D2 37,1/29) Iz (p2, 3.1))

where C” in the previous inequality depends a priori on &’ but only through ||A*(-4+&(1/e—
1/ oo and ||V ("Y' (-/€")]|cowo: since &' > 2,

|A*(-/"+ Z(1/e = 1/€"))[| oo = O(1) and [V ('Y'(-/€"))llcos = O(1).

22



Thus C” can be taken uniform in ¢’. Rescaling and applying (4.4) finally gives

C o~ c 5(z)T Co(z)
1G* (@, ML (De@y2)) < - sup N S i

VoG (2, )| oo (Do (3.0 /4)) < —
VoG (@, )| Lo (D= (3.r4)) ” T €D (z,r/2

since |z — z| > |z — Z| — |2 — &| > r/2 for all & € D*(Z,r/2). Thus

~ Co(z)"

|V2G5(x,x)| S m

If r >e, D*(%,e/2) C D%(z,r/2), so that we may directly apply the classical estimate at
small scale in combination with (4.5

_ C -
VoG (2, )| Loo (D= (3,6 /4)) < ;HGE(x7')HLOO(DE(:E,.E/Q))

S(@) 8(8) . Co(x)8(@)

C
<— sup o — @] T3 = g — gl

€ #eDe(&,e/2

which implies (4.7)).

5 Boundary Lipschitz estimate for Poisson’s equation

We consider the problem

—Aut =0, z€ D%0,1),
{ oy (5.1)

u® =0, zeA%0,1).
Our goal is to show the following proposition:

Proposition 13. There exists a constant C > 0 such that for all ¢ € C}V’[ZO, for all e > 0,
for all u® weak solution to (5.1)),

HVUEHLOO(DS(OJ/Q)) <C HugHLOO(DE(O,l)) .
Notice that C depends on d, N, My, A and vy.

The result relies on the classical Schauder estimates for elliptic systems with non-
oscillating coefficients. The main point here is to get an estimate uniform in . Following
Avellaneda and Lin [4], we apply the compactness method and prove Proposition (13| in
three steps: improvement, iteration, blow-up.

Remark 26 (e large). The Lipschitz estimate for ¢ large, say bigger than &g, follows from
the classical Schauder theory. Therefore, our proof is focused on € < gg, where the true
issues due to the highly oscillating boundary arise.

The purpose of the lemmas[14] and [I5] below is to show that the homogeneous boundary

condition u® = 0 on A®(0, 1) implies that «° is small in a boundary layer of size O(e).

Lemma 14 (improvement lemma). For all0 < p < 1, there ezist 0 < g9 <1, 0 <0 < 1/8,
such that for all ¢ € C}V’[ZO, for all 0 < e < eq, for all u® weak solution to

{ —Auf =0, xeD(0,1/2), (5.2)

W =0, xz€A%0,1/2),
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if
4% oo (D= 0,1 /2)) < 15

then

where v¢ is the boundary corrector solving ({4.2) with A =14.

u () = (3o L = (' /200" af2) = 0 (@)} | L gy SO (53)

Lemma 15 (iteration lemma). For 0 < pu <1 fized, let 0 < g9 < 1 and 6 > 0 as given by
Lemma . There exists C1 > 0, for all k € N, k> 1, for all ¢ < 0¥ e, for all ¢ € C}V’]Z‘),

for all u* weak solution to (5.2)), if

||U8||Loo(D€(0,1/2)) <1

then there exist aj, € R and Vi = Vi () such that

lag] < (C1/0)[1 + 0" + ... 6% D],

i) T
VE ()] < (CoCa/O)[1 + 0% + ... gk=D] f) ,
where Cy is the constant appearing in (4.3) and
v (@) — a5 {za — e’ /)0 (@', a/e) } svg(a:)HLw(DE(o sy < grO+m),

Remark 27 (Lemma[14). We cannot prove a bound like

e (v 12 pie2u
£ 7= (), [ <0

i

because we lack strong convergence of Vu®. Furthermore, as a computation in dimension
1 shows, we cannot prove boundedness in € of more than Vu® in L.

Remark 28 (Lemma , We may also prove the estimate

|

but the iteration does not go through since (Vuf >0 )L is highly oscillating on the boundary.

u® — (W) o1+,

0.0 xHLOO(DE(O,G)) =

Remark 29 (Necessity of the boundary corrector). We could also get an estimate (Lemma

on
u® — (8xdu5>079 (zq — ep(a’/e)),

which vanishes on the oscillating boundary (good for the iteration argument of Lemma
[15]). However, this would require to deal with source terms of the form V- f€ in the system
(5.1) when proving an analogue of Lemma [L5}

—A (uf(02) = (Dug?) ) (Ba — (02 €)= 0 (Dugt), , V- (VO(02'/2)), @ € D/%(0,1/2),
u(fz) — (W)Oﬁ (Oxq —ep(02'/e)) =0, x € A9(0,1/2).

The issue here is that f¢ =0 (&cdug)o ; Vi) (0’ [¢) is not compact in C%%, but only in L4+7

which is not enough to get Holder regularity on Vu® (see Theorem [2)) in the compactness
argument of Lemma [I4] This motivates the introduction of the boundary corrector v¢ in
the expansion for u®.
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Remark 30. The bound [[u®[| oo (pe(91/2)) < 1 and the divergence theorem yield

|@e®)os| = ][ Dogu| = — / u (o (e f¢) + 0)da’
D=(0,6) [D=(0,0)] |/ a0(0,0) (5.4)
C g
< g 1l oo (peo,1/2)) = C1/0.

This bound will be used extensively in the iteration procedure of Lemma, [15]

5.1 Proof of Lemma

Let 0 < p < 1 be fixed for the whole proof. This lemma contains the compactness
argument and its proof is done by contradiction. It follows the scheme of the proof of
Lemma [§] Roughly speaking the idea is:

e to assume that estimate (5.3) is false for a subsequence u* bounded in L*°(D®*(0, 1)),

e and to show that u®* (or a subsequence) converges to u" solving Poisson’s equation
in a flat domain, for which classical elliptic estimates [T}, 2] apply.

Again, some technicalities result from the fact that u® lives in the oscillating upper half-
space, whereas its limit u° lives in the flat one.

Estimate in the flat domain Tet 0 < 6 < 1/8 and u® € W12(D°(0,1/4)) be a weak

solution of
{_Aw =0, z¢€D°0,1/4),

u =0, ze€A%0,1/4), (5:5)

such that ||u0||L2(D0(0 172 < 1. The classical regularity theory of [1 2] yields u? €
C?(DY(0,1/8)). Using that for all 2 € D°(0,0)

ud(z) — ((%cdu(]) zqg=u(x) —u’(z’,0) — (ﬁwduo)oﬂ Zq

1
D20, 0)| Jpo(o,9)

1 1
= |D0(O,9)|/0 /DO(O ) (&cduo(m',txd) - Gxduo(y)) xqdydt.

0,0

1
:/ 8xdu0(x/,t:1:d)xddt— 8xdu0(y)xddy
0

we get -
H“O - (al‘duo)o,e deLC’O(DO(O,e)) < Cof”. (56)

The constant Cy appearing in the former inequality is uniform in 6, so take now for the
rest of the proof 0 < 6 < 1/8 such that 17+ > Cy62.

Contradiction argument: extraction of subsequences We carry out the contradic-
tion argument assuming that there exist e — 0 (0 < g < ), Yy € C]l\’jgo and uf* solving

(5.1) such that

HUEk”LOO(DEk(O,Iﬁ)) <1 (5.7)

and

u* — (o), (o = entn(@ /)0 wafer) = s @] ey 0y > O (5D)
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We recall that v°* is the boundary corrector associated to the boundary graph ey (-/ex)
and solving (4.2) with A =1I;. The idea is to use the bound

HUEkHLOO(DEk(oJ/z)) <1, (5.9)

together with Holder and Cacciopoli estimates to extract subsequences in C° and W12,
One thing one has to take care of is the fact that the bounds hold in the oscillating domain

zq > epr(2’ /er).
First, it follows from the L* bound ([5.9) and the boundary Hélder estimate of Propo-
sition [6] that for 0 < p < 1

<C.

™ ] o Dermarmy <

Let 4% be defined by: for all (z/,z4) € D°(0,3/8),
(2 xg) = uF (2, 1 + exthe (2 Jer)).
We have, for all z, T € W,
|0k (2!, xq) — (2, 2q)| < |u* (2,24 + exthr(z fer)) — u (2, Zq + exthr (@ [er))]

<O (|2 = &' + |wa + extor(a’ fex) — Ea — extor(d [ex)])"
< C (|2 = &' + [wa — &a + Mola’ — &))" < Clz — 2|,

which means that

@

Jeow @@z < ¢

The boundedness of @+ in C%#(D%(0,3/8)) and Ascoli-Arzela’s theorem makes it possible
to extract a subsequence again denoted by @°* such that

@ 23 0 strongly in C°(DY(0,3/8)). (5.10)

Second, the L bound (5.9)), the homogeneous Dirichlet boundary condition u = 0
on A®k(0,1/2) and Cacciopoli’s inequality imply that

VU | L2 pex 0,3/8)) < C- (5.11)

In order to take care of the fact that the latter bound is for u®* defined in the oscillating
domain, we extend u® on D~1(0,1/4) by 0 on {|:1c’\ < i, —l<zg<epy (J:’/sk.)} Then

ut € WH2(D~10,1/4)) and (5.11) yields
IVu™llzap-10,/4y) < C-
Up to extracting a subsequence, we have the following convergences

ut — 7’ weakly in  L*(D71(0,1/4)),

" . 91 (5.12)
Vu Vu® weakly in  L“(D™7(0,1/4)).

Let us briefly show that ug = 4° in D%(0,1/4), where u° is the limit in (5.10) and
4" is the limit in (5.12)). It is sufficient to show that u®* converges toward u" weakly in
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L?(D°(0,1/4)). Let ¢ € L?(D°(0,1/4)). We have

[ —u%‘ [ e [ @ —u0)¢‘
DO(0,1/4) DO0(0,1/4) DO(0,1/4)

<[ e - @t e el + (@ -

DO(0,1/4) DY(0,1/4)
< / | (o, 7g) — (o, 20 + exn(a fex) )l

|2/ |<1/4, exi(z’/ex)<zg<1/4

T / (@ — )] + / 0 (2!, 2+ extn (@ Jex))ol
D9(0,1/4) |2’|<1/4, 0<zg<erptp(x’/ek)
- k—oo
< (Ceh My + |ar — UOHLOO(DO(O,1/4)))/ o] + o(1) =30,
DO(0,1/4)
where

/ [u (&', 2q + extbr (2’ /er)) gl
|z']<1/4, 0<zq<err(z'/er)

tends to zero by dominated convergence using the L* bound on u®*.

It remains to show that u? satisfies (5.5) and to pass to the limit in (5.8 in order to get
a contradiction. Let ¢ € C2°(D°(0,1/4)). For all k sufficiently large, Supp ¢ € D%(0,1/4)
so that

0= / VUt - Vi = / Vst - Vi "% / Vi - V.
D=k (0,1/4) DO(0,1/4) DO(0,1/4)

0

Therefore, u" is a weak solution of

~Au’ =0 in D%0,1/4).

In order to see that u® = 0 in D'(A%(0,1/4)), we may use the strong convergence of @ in
CY(DY(0,1/4)): for all |2'| < 1/4,

0 = u* (', exp (2’ Jer)) = @+ (2, 0) hooe u’(2’,0).

Therefore, u® = 0 in D’(A°(0,1/4)), which implies u® = 0 in W1/%2 (A%(0,1/4)).
Contradiction argument: final step The final step in this lemma is to pass to the

limit in (5.8)) and get a contradiction with (5.6). Let us first rewrite (5.8) as a bound in
the non-oscillating domain D°(0,6). We have, for all (z/,z4) € D%(0,0)

W (2!, 2 + ewtbn(@’ o)) — (W)Oﬂ {zqg+ expr (2’ /ep) (1 — O, zg/er, + Yi(2 [er)))
—epv (2, g + (2 Jer)) }
= @ (@, wa) = (Tagu®), , {a + extn(@' [21)(1 = O, wa/ ek + Vi(a' [2r))
—epv™ (2!, zq + epr (2’ [er)) }

so that

u = (Og,u) |, {za — exvon(a’ /en)O (@', 2a/er) — exv™ (x)}HLOO(DEk

-

(0,0))
a*(z', zq) — (axdug’“%ﬂ {za+ extn(@’ /er) (1 — O(2', wa/ek + i (2’ [er)))

—epv (2, wa + epbr (2 [er)) } H

L>(DY(0,0))
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Let us show that

. | —
(axdugk)Dsk (0,0) = (8ﬂcdu0)D0(0,9)‘

Indeed, we have

1
~|D%(0,0)| Jpek(0)

- L D, +/ B u* —/ 0 uk> .
|D°(0,0)] </DO(0,9) ! Dk (0,0\DO(0,0) DOONDR(0,0)

The first integral above converges to (W) Do(0,9) because of the weak convergence
(take the caracteristic function of D°(0,6) as a test function), the second and the third
integrals converge to zero by Cauchy-Schwarz inequality, the uniform L? bound on Vuf*
and the fact that the Lebesgue measure of D(0,6)\ D°(0,6) and of D°(0,6)\ D*(0,6)
tends to zero as k — co. Now, using among other things the boundedness of v, we have
the following convergences

(amdusk)Dsk 0,0) = 8xdu6k 8$dusk

1
| D=k (0,0)| J per 0,0)

@ — u® strongly in  C°(D9(0,1/4)),
exthr (2’ Jer) (1 — O(2', wq/ep + Yr(2'[er))) — 0 strongly in  L°°(D(0,1/4)),
exv (2, g + enp(2’ /er)) — 0 strongly in L (D°(0,1/4)),

the last line being a consequence of Lemima . Passing to the limit in (5.8) we get

Huo — (950 > gLt > (0,02,

0,0 deLDO(DO(O,Q))

which is a contradiction.

5.2 Proof of Lemma

The idea is to iterate using Lemma The case k = 1 corresponds to Lemma [14 Let us
show the estimate for k = 2 in order to figure out what the expansion for u® should look
like. Let

Ut (z) := 01% [u®(0z) — af {Ozq — ep(02' [2)O(02',0zq4/2)} — Vi (02)] ,

with

CL? = (axdug)()ﬁ? (513)
Vi (2) = (0u,u®)o,0v° (2). (5.14)
It solves

—~AU® =0, xeDV%0,1/2),
Us =0, xcA¥%0,1/2).

By Lemma [14]
1O Lo (pero 0,1 /2)) < 1- (5.15)

Applying Lemma [14] to U¢, we get for /0 < g¢

[0 = @000 {ra — < 6006000 620/2) = /80 @Y sy < O
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The bound (5.15) yields again (see (5.4)))
|(@2aT%)00| < C1/0.

We then get

u®(0x) — af {Oxq — e (02’ /2)O(02',0z4/c)} — Vi (0z)

— "0y U%)0 g {024 — ep(82' [2)O(a!, 64 /) — v/ ()} HLOO(DE o) < p20+m),

Notice that by (4.1)), for all |2/| < 6 < 1/8 <1, ©(a’,0z4/c) = O(0',0x4/¢) so that the

former estimate is equivalent to
" () — a5 {4 — @’ /£)O(a" wa/e)} = V5 (@) | ooy < 67
with
a3 := af + 0"(9z,U%)o,6,
V5 = Vi (@) + 6"(00,0%)000° (/).

We make now two important observations which make it possible to iterate. The first one

is that
—AVs = asA(Y(a’ [e)O(a',xq4/€)), =€ D(0,6%),
Vs =0, z € A%(0,0%).

Secondly, on the one hand it follows from (5.4)) that
|a5| < lai| + 0"((0z,U%)o| < (C1/0)[1 + 0"

and on the other hand, it follows from Lemma [10| that for all x € D(0,6?),

Vs (@)] < |V (@)] + 6°1(@2,U%)oollv™/ (/6)] < (CoC1/0) [1 + 6%] 6(;)7'

We now carry out the induction argument. Let £ € N, k£ > 1. Agsume that for all
e < §F1gg, for all ¢ € C}V’[ZO, for all u® weak solution to (5.2)), if

[0l Lo (D= 0,1/2)) < 15

then there exist aj, € R and V7 = V() such that

a5 < (Co/O)[1 + 0" + ... 91K,
6(z)"

ET

VE(2)] < (CoCh/0)[1 + 0" + ... 6%=1n]

)

and
—Av,f = aiA(lﬁ(x//é‘)@(x/,xd/g))’ T c D6(07 914:—&-1)7
Vi =0, x € A(0,081),

and such that the following estimate holds

[0 = 63 {oa = (@ O o)} = VE@) | oy < - (316)

(0,6%)) —
Fix now € < 0%¢g, ¥ and u® solving (5.1)). Let

Ut (z) := ﬁ [u=(0%2) — af, {0Fzq — c(0%2' /2)O (072, 0Fzq/e)} — cViE(0F )] .
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It solves
—AU® =0, z e DV/%"(0,1/2),
Us =0, zeA/%0,1/2).

By our recursive assumption (5.16)),

|U* <1. (5.17)

| (peror 0172 <
Applying Lemma [14] to U?, we get for £/0F < &
01-‘-/14.

e _ (A T _ k k. 1 pk _ k, e/0F
U= = (@000 {74 — £/0"0(0" 2 /) (&, 0" 2 e) — /6%v (f”)}HLoows/ek(o,e))ﬁ

The bound (5.17) yields again (see (5.4)))
)(&chs)o,e‘ < (/0.
We get

|u(0F2) — af {024 — c(0"2/ /2)0(0% 2’ 02a/e)} - eViE(0" )
—05(0,,U%)0.0 {0 2a — e (0F2' /)0 (', 0¥ g 2) — v/ ()}

(k+1)(14p)
HLOO(DE/ek(O,G)) <0 ’

Notice that by (£.1)), for all |2/| < 0¥ < 0 < 1/8 < 1, O(2/,0Fz4/e) = O(6Fa', 0 24/¢<) so
that the former estimate is equivalent to

|uf(x) — a§iq {za — (2’ /e)O(a!, xa/e)} — 5V/§+1(x)’|LOO(D6(079k+1)) < k1) (A+p)

with

aiy1 = af + 0" (02,00,

Vi o= Vi () + 0(8,,0%)0,00"" (a/6%).
Firstly, we have that

_Avka+1 = CL2+1A(Q]Z)(.’E,/€)@($,, ﬂ?d/6)), HANS Da(()? 9k+1)7
Vi, =0, x € A%(0,0%F1).

Secondly, on the one hand it follows from (5.4)) that
af41] < laf] + 010, U%)o 60| < (Co/0) [1+ 6" + ... %]

and on the other hand, it follows from Lemma [10] and from our iterative assumption that
for all € D?(0, 0%+1),

ba)”

Vi ()] < Vi @)] + 6% @ D)ol [0/ (/6] < (CoC1/0) [L+ 67 + ... 6% 22

This concludes the iteration.
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5.3 Proof of Proposition

If € > €, Proposition [13| folows from the classical Lipschitz estimate. Let 0 < ¢ < g and
Y € le\%o be fixed for the whole proof. We start with z¢ := (0,204) € D°(0,1/2). Recall
that 0(wo) := 20,4 — £(0). Let k be the unique integer k > 1 such that 0 < /gy < 981,
As in the proof of Proposition [6] the idea is to consider two cases:

e “far” from the boundary: §(zg) > 6*+1/2, in which case we rely on interior Lipschitz
gradient estimates;

e “close” to the boundary: &(zo) < 6*+1/2, in which case we rely on a blow-up argument
and the classical Lipschitz estimate of Theorem [2] near the boundary.

In either case, we use Lemma [15| to bound «® in L* and show that u® is not too big close
to the oscillating boundary. We assume that |[u|| o (pe(0,1/2)) < 1.

First case: “far” from the boundary

There exist 0 <[ < k such that
01 /2 < 5(x0) < 0'/2.

Applying the interior gradient estimate (2.8)), we get

C
VU] Loo (B(wo,6(20)/4)) < mHuaHLOO(B(xo,(S(xo)/Q))

where C' is uniform in e. Of course, the boundedness of 1 implies that for e sufficiently
small, B(xo,d(z0)/4) does not intersect the oscillating boundary. We now use Lemma
to bound [|u®|| oo (B(zo,5(x0)/2))- We get if I =0

||| oo (B(zo,6(z0)/2)) < Ul Loo (D= (0,1)) < 1 < 26(0) /0,

and if I > 1

14 || oo (B o 5(z0)/2)) < 1Nl poo(pe 0,01y < O + [aF 10" + el|ViE (@)l oo (D (0,00
Comax(1,C1) Comax(1,C1)

1—-7
< 9[(1—&-/_1,) el 1—7’97’l < el(l—l—p,) 01 1 0
= G gm0 e < LT E—Ty T
< CEO,QHZ < 050705($0>7 (5'18)
so that

VU || oo (B(wo,5(20) /4)) < C-

Notice that we have used the inequality
|24 — ep(a'/e)O (2", wa/e)|| poo (pe(0,01y) < Nlwa — €(@" /)|l oo (pe(0,01)) + Moe-
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xg=cep(z'/e) + 0

é

zq = ep(a'/e) + 0'/2

Second case: “close” to the boundary

We blow-up and apply classical estimates. This works here, since we are at the microscale.

Let us consider )

Us(y) == gua(ay),

which solves
—~AU® =0, yec DY0,1/¢),
Us =0, yeAl(0,1/e),

where D'(0,1/¢) is the region bounded from below by the oscillating graph at scale 1:
ya = ¥(y'). Applying the classical Lipschitz estimate (2.3) near the boundary to U, we
get

VUS| oo (D1(0,1/(2¢0))) < CNUS oo (D1 (0,1/20))-
On the one hand,
VUS| oo (D1(0,1/(2¢0))) = IVU | oo (D= (0,6/(220)))

and on the other hand, rescaling and by Lemma

1 1
US| oo (D1(0,1/20)) = g||U€||Loo(De(o,e/so)) < g”uean(Ds(O,Gk*l))

ok ( .. Comax(1,Ch) el "
m 3
<— (9 + 616 L+ iy | ) S Ceoom <C. (5.19)

Arbitrary point x(

Take a point zg = (zf,20q4) € D°(0,1/2). Remember that ¢ is fixed. We consider ¢
defined for ¢/ € R! by )

V() =0 +xp/e).
Notice that ¢ € C]l\%o. For all |2/] < 1/2, edb(z'/e) < x4 < eb(2 /) +1/2, let @€ be defined
by

(2, xq) == us (2 + (), 24q).

We have that

H'ELEHLOO(DIEL(O,I/Z)) <1
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and % solves

Air =0, @ e D5(0,1/2),
@ =0, zeA5(0,1/2).

We can apply Lemma [15[ and argue exactly as above for xg = (0,20 q)-

6 Boundary Lipschitz estimate for systems with oscillating
coefficients
In this section, we address the Lipschitz estimates for weak solutions of elliptic systems

such as ([1.1)) with oscillating coefficients as well as oscillating boundary. Our main result
is the following:

Theorem 16. Let 0 < p < 1 and K > 0. There exist C > 0, g9 > 0, such that for
all Y € le\jgo, for all A € A>0, for all € > 0, for all f € LT%(D%(0,1)), for all F €
COH(D%(0,1)), for all u* weak solution to (L.1)) the bounds
vl (De0,1)) < 1 N fllpatn(pe(o,1)) < €05 1Fllcom(pe(o,1y) < €0
imply
VU] oo (pe0,1/2)) < C.
Notice that C and ¢ depend on d, N, My, A\, vy, k and p.

Remark 31. Of course, this boils down to the estimate
IV || oo (D2 (0,1/2)) < C {llufllz2(pe(0,1)) + I1Fll Lan(pe(0.1)) + 1 Fllcoms(peo,ay} - (6:1)

with C > 0 uniform in €.

Once again, the proof relies on the three-steps compactness method. However, with
the expansion for u® provided in Lemma [15] the iteration argument does not go through.
Indeed, assuming for simplicity that f = F' = 0, we may prove as for Poisson’s equation
(cf. Lemma the existence of €9, 6 > 0 such that for all 0 < e < g9

[ @) = (Be,9),  {2a — 0@ [0)0( wafe) = o (@} ey SO (62)

(0,0))
where v° is the boundary corrector solving (4.2)). However,

Us(x) :

= i [u®(0z) — af {Ozq — (02 [e)O(02',0x4/2) } — eV ()]

solves
—V - A(0z/e)VUE = a5/040, (A% (0z/c)), x € D(0,1/2),
Us =0, z € A5(0,1/2).

Yet, neither is this right hand side zero, nor is A%¢(6- /) uniformly bounded in C%*(D%(0,1/2)).
Therefore, there is no way to get an estimate of the type of , without introducing an
additional corrector for the oscillations of the operator. The standard corrector x? solving
(2.5) needs to be adjusted since it introduces annoying oscillations on the boundary. We
therefore introduce w® = w®(z) € W12(D%(0,2)) unique weak solution of

{ —V - A(z/e)Vuw® =V-A(x/e)V(x4x/e)O(2' z4/¢)), x € D(0,2),

w® =0, x € 0D%(0,2), (6.3)

for which we have the following lemma:
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Lemma 17 (Dirichlet corrector). For all 1/2 < 7 < 1, there exists C}, > 0 such that for all
(NS le\jg, for all A € A% for all0 < & < 1, the unique weak solution w® € W12(D?(0,2))
of (6.3) satisfies the following estimate: for all x € D*(0,3/2),

Cod(z)”
ET

w*(z)| < : (6.4)

where 0(x) 1= xg — ep(2/¢).

Proof. The proof follows exactly the lines of the proof of Lemma for the boundary
corrector. O

Let 0 < < 1 and £ > 0 be fixed in what follows. The two usual auxiliary lemmas
(improvement and iteration) now read:

Lemma 18 (improvement lemma). There exist 0 < eg < 1, 0 < 6§ < 1/8, such that for
all ¢ € C]l\j;o, for all A € A% for all 0 < & < g, for all f € L¥*(D%(0,1)), for all
F € C%*(D?(0,1)), for all u® weak solution to

—V - A(z/e)Vue = f+V-F, zeD0,1/2), (6.5)
w =0, z € A%(0,1/2), '
if
[ oo (peo,1/2) S 15 I lLatn(peo,1/2)) < €00 [ Fllcow(pe(0,1/2)) < €0, (6.6)
then

uf () — (W)Q o {za—e(1 =0 2a/e))x! (x/e) — ews(x)

(' /2)0 wafe) = @} ey SO (6T)

where v is the boundary corrector solving (4.2).

Lemma 19 (iteration lemma). Let 0 < g < 1 and § > 0 as given by Lemma[18 There
exists C1 > 0, for all k €N, k> 1, for all ¢ < 0% Leg, for all Y € C}\%O, for all A € A%,
for all f € LF%(D%(0,1)), for all F € C%*(D*%(0,1)), for all u* weak solution to (6.5)), if

[ull oo (peo,1/2)) £ 1 I fllatn(pe0,1/2)) < €05 [ Fllcom(pe0,1/2)) < €0,

then there exist aj, € R, VF = V() and W = Wi (x) such that

la5| < (Co/0)[1+ 6 + ... g% Dn],

Vi (x)] < (CoCL/O)[1 40" + ... (9(’45—1)#]5(:7)7
Wi ()] < (CHC1/0)[1+ 0 + .. ewuﬁ(?,

where Cy (resp. Cy) is the constant appearing in (4.3)) (resp. (6.4)) and

v (2) = af {24 — £(1 = O, 2a/2)) X (2 /) — (2’ [)O(', 2a/e)}

—eWi(z) — eVE < g0+

(x)HLOO(Dg(O,Gk)) =
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The proofs of Lemma [1§| and Lemma [19| are now completely standard. The core argu-
ment has been carried out in the proofs of Lemma |14 and Lemma[l5] The key argument for
the improvement is the convergence of a subsequence to a system with constant coefficients
in a flat space. This convergence is ensured

e on the one hand by the bounds , which give weak H' and strong C%? compact-
ness,

e and on the other hand by the homogenization result of Theorem [3]

As far as Lemma and the actual proof of Theorem are concerned, the Dirichlet
corrector w*® leads to the exact same difficulties as the boundary corrector v°.

7 Asymptotics of Green and Poisson kernels

7.1 Large scale pointwise estimates

Let G* = G*(x, %) be the Green kernel associated to the operator —V - A(z/e)V and the
oscillating domain D% . Recall that for all & € D7, G*(-, ) is a weak solution of

V- A(x/e)VG(x, %) =d(x —2)IN, zq>cep(a'/e),

Gé(z,2) =0, xq = ep(a’/e),
where §(-) stands here for the Dirac measure supported at the point 0. Existence and
uniqueness of the Green kernel G° is ensured by the results of Dong and Kim [I5] in

dimension d = 2 and those of Hofmann and Kim [24] in dimension d > 3. The Poisson
kernel P¢ is defined by for all 7, j € {1,... N}, for all z € D%, for all & € A®,

Py (o, @) = — Ay (2/2)05. Gy, £)ng

— (A" (3/€)05, G (3, 2)ng
— [A%0(2/) 05, G (7, 2)ng
— [A*(&/2)VaG (3, 2) - ]},
where G*¢ is the Green kernel associated to the operator L** = —V - A*(z/e)V and the

domain DS .

Our focus is on getting pointwise estimates on G*(x, %) and P¢(x,Z) for |z — Z| > 1.
This is now a routine procedure given that the uniform local interior and boundary Holder
and Lipschitz estimates (2.7), (2.9)), (3.1) and (6.1)) hold. The estimates of Green’s kernel

are summarized in the following proposition.

Proposition 20. For all d > 2, there exists C > 0, such that for all b € C1 70 for all
A€ A%, for alle >0, for all x, & € D%, we have:

S £ ~, € . I3 . ~ I3
IG5 (2, 7)| < |C~'|d_2min {dlbt({E,A ) dist(z, A®) dist(x, A®) dist(z, A )} |
r—I

. C ' . ~
|V1Ga(f1)7$)| S m min {1, Er————

e -2 " Je—3 |z — I
dist(x, A®
min 1,71S (z,2%) ,
|z — 7

|VQG€(:L‘7.£')| S m
‘V1V2G6(:L',f)| < —

Notice that C depends on d, N, My, A and vy.
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Of course, by definition dist(z, A®) < §(z) = x4 — (2’ /e). Estimates involving § are
often very useful. We now turn to the estimates on Poisson’s kernel.

Proposition 21. For all d > 2, there exists C > 0, such that for all b € le\jgo, for all

A e A% for all e > 0, for all x € D=, for all € A%, we have:

C dist(z, A®)
|z — |4

3 €
V1 Pe (2, 7)) < C (1 N dist(z, A )) .

|z — | |z — 7|

| P= (2, 2)] <

)

Notice that C depends on d, N, My, A and vy.

The proofs of the bounds in Proposition 20| and 21| are standard. The arguments follow
the same scheme as that of Lemma [11] (see also [4] and [20, Appendix A]). The detailed
proofs are omitted.

7.2 Asymptotic expansion

The goal of this section is to compare the Green function G¢ associated to the operator
—V - A(z/¢)V and the oscillating domain D% to the Green function G° associated to the
homogenized constant coefficient operator —V - AV and the flat domain Rﬂlr.

Theorem 22. There exists C > 0, such that for all ¢ € Cl’go, for all A € A% for all
>0, forall x, T € DY

Ce

|z — z|d—1"

|G*(z, &) — Go(x,a?)| <

Notice that C depends on d, N, My, A and vy.

The proof follows the presentation by Kenig, Lin and Shen [2§], but differs in some
technical aspects. See also [§] (whole space) and [30] (flat half-space) for similar arguments
and results. The bound of Theorem [22| follows from a duality argument. For zyp € R? and
f € C(B(w,1)), the key is to compare the solution u® = u(z) € H(D3) of the
boundary value problem

—V - A(z/e)Vus = f, 4> ep(a'/e),
{ ut =0, xq=-ep(d/e), (7.1)

to the solution v’ = u’(z) € C*(DL) N W*P(D), 1 < p < oo of the boundary value
problem

{ —V-AVW =f, x4>0,

0

v =0, z4=0. (7:2)

The first of two lemmas is an Agmond-Miranda type of maximum principle for systems
and is of independant interest. Of course, this result is well-known for scalar equations i.e.
when N = 1.

Lemma 23 (maximum principle for systems). There exists C' > 0, such that for all
(RS Cl’zo, for all A € A% for all ¢ > 0, for all g € L>°(A%(0,2)), for all weak solution
v® = v°(x) € L?(D%(0,1)) to

—V .- A(z/e)Vv® =0, ze D%(0,1),
¥ =g, x€ A%(0,1),
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we have
10| oo (pe0,1/2)) < C {0l L2(pe(0,1y) + gl oo (ac0.2)) } -
Notice that C depends on d, N, My, A and vy.

Proof of Lemma[23 Let 9 € C°((—3/2,3/2)%1) be a cut-off function such that 0 < 9 < 1
and 9 =1 on (—1,1)%L. Let w® € H}(D?(0,2)) be the unique weak solution to

—V - A(z/e)Vw® =0, x € D%(0,2),
w® = gi(2)), xe A%(0,2),
w® =0, x € 0D%(0,2) \ A%(0,2).

Of course, 2° := v® — w*® solves

-V - A(z/e)Vzf =0, ze€ D°(0,1
2¢ =0, xe€A%0,1),

so that by (3.1]), we get
[12°1| oo (D= (0,1/2)) < ClI2%[|L2(D=(0,1)-

Furthermore, letting P# denote Poisson’s kernel associated to the operator —V - A(z/e)V
and the domain D*(0,2), we have for all x € D*(0,7/4) and € A®(0,7/4),

|P¥(2, )] <

with a constant C' > 0 uniform in €. This estimate for Poisson’s kernel in the bounded
domain D%(0,2) is proved in the same way as the estimates of Proposition 21| for Poisson’s
kernel in the half-space. It follows from the use of local Lipschitz estimates, in a fashion
similar to Lemma (11| where we rely on local Hélder estimates. For all z € D%(0,1)

| (z)] =

/ P, 2)g(2)0(a')da
A£(0,3/2)

Tq ~
<C o0 1> 7(1 <C oo 1 . D
< Clallimwroo [, | et ®® < Cllallimroz)

Lemma 24. For all d < p < oo, there exists C' > 0, such that for all ¢ € Cl";O, for all
A e A% for all e > 0, for all zg € R, f € CX(B(wo,1)), the solutions u® of (7.1)) and
u® of (7.2) satisfy the estimate

[uf = 10| oo (pe(0,1/2) < C {IIu® = 10l L2 (pe(o,1)) + Ellf | o (B o))

+e |Vl oo (D2 (0,2)) + €IV Lo (e (0,2 | -
Notice that C depends on d, N, My, X\, vy and p.

Remark 32 (rescaled estimate). For all d < p < oo, there exists C' > 0, such that for all
)€ Oy, for all A € A%, for all € > 0, for all » > 0 and z9 € R?, f € C2(B(zo,7)),
the solutions u® of (7.1)) and u® of (7.2 satisfy the estimate

"2 — 0| 2 peoy) + TP o (Bao))

+el| V| oo (pe(0,20)) + € VPV | Logpeo,2y | - (7-3)

[uf — u®|| oo (pe (o p2)) < C {7
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Let us enter into some details of the proof of this crucial estimate. Let r > 0 be fixed. We
consider ¢ = 4° = u®(rz) solving

{ —V - Alrz/e)Vig =1r2f(rz) = f(z), zq > (e/r)(rz'/e),
@ =0, zg = (e/r)Y(rd [e),

—V AV =r2f(rz) = f(2), 23>0,
a’ =0, zq = 0.

The critical point is that the estimate of Lemma [24] is uniform in € > 0, so that we can
use it for & = ¢/r:

1% = @)l oo (perro,1/2)) < C {18 = @l p2(perr o1y + /7 Fll Lo (Bao/r1y)
+5/T||VﬂOHL°°(DE/T(O,2)) +8/7"||V2ao||Lp(Ds/r(o,2))} :
Rescaling, we finally get (7.3)).
Proof of Lemmal[2]] First of all, let us compute HUOHLOO(AE). For all 2/ € R, letting

7= (', c(a’[2)),
O (@l o) = [ GOa,7)f(@)dz

RS
so that using the bound
Cx
0 ~ d
|G7(z,7)| < EEE
valid for all z, # € RY, we get for 1 <p' <dand d < p < o0

' eolel /)] < Ce [ @)

1 1
———|f(x — 2 d5;+/ = |f(x — Z)|dT
/3(0,1) |Z|4 1| ( ) B(0,1)¢ 2|4 1’ ( )

< Ce [”fHLP’(B(xO,l)) + ||f”LP(B(m0,1))}
< Cellfllr(Bo,1)-

< (Ce

Let ¥ € C°((—3/2,3/2)9) be a cut-off such that 0 <9 < 1 and ¥ = 1 on (—5/4,5/4)".
Now, for x € D consider

e (x) = uf(z) — ul(2) — ex(z/e) - Vul = w(z) 4 2°(x),
where w® € H(D?(0,2)) is the unique weak solution to

{ —V - A(z/e)Vw® = —9(z)V - A(z/e)Vre, =z e D(0,2),
w® =0, x € 0D%(0,2).

Of course, z° then satisfies

V- A(z/e)VzE =0, x € D*(0,1),
¢ = —ul(x) —ex(z/e) - VU0, x e A%(0,1).
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Lemma 23] now implies

125 oo (D= (0,1/2)) < C {125l L2(pe 0.y + 6 () + ex(@/€) - VUl oo (ac(0,2)) |
< C{lluf = vl 2(peo)) + 108l L2 (pe(0,1)) + ENFllLe(B o)) + EIVECl oo (De(0,2)) |
< C{lluf = vl 2(pe o)) + W8] poo(De(0,1)) + Elf Lo (Bao.1)) + ENVUC || Loo(De(0.2)) } -

It remains to bound ||w®||pec(pe(0,1)). For this, we rely on Green’s representation formula,

using Green’s kernel G¢ associated to the operator —V - A(x/e)V and to the domain
D#(0,2). This gives, for all x € D%(0,1),

w(z) = — / Ge (2, 2)0(3)V - A(Z/e)Vr(3)da
D=(0,2)

G (2, 2)9(2)V - A(%/e)Vre(&)dz.

- /De (0,2)N(—=3/2,3/2)4
Following [28, Proposition 2.2], there exists ® = ®(y) € L®(T% R3V) such that
—V - A(%/e)Vre (&) = el {[2°7(2/2) + AP (/)X (/)] 0p0u(3)} .

Therefore, integrating by parts we get

w®(z) = —¢ /D o8 0z, (GE(2,2)0(2)) [0°(/2) + AP (3 /)X (8 /e)] Dp07u (%)d
= —¢ / (05,G%(2,2)) 9(2) [@°P7 (3 /e) + AP (3 /)X (3/e)] O0u" (2)di
D=(0,2)N(—3/2,3/2)¢

—€ / G (z,8)05,0() [0°%7 (3 /) + AP (3/e)x" (3 /e)| 030’ (2)di
D=(0,2)N((—3/2,3/2)4\(~5/4,5/4)4)

so that
we(x §C€/ ——|930yu’(%)|dz
(@)l De(0,2)N(—3/2,3/2)4 ’x—fE’d_l’ g @)
4 Ce / 1950700 (7)|de
D=(0,2)N((—3/2,3/2)4\(~5/4,5/4)¢)
< Cel| V24| 1o (p=(0,2))-
Finally,

|u® — UOHLOO(DE(O,I/Q)) <C {||U6 - U0||L2(Df(0,1)) + 5||fHLP(B(aco,1))
\VQUOHLP(DE(O,z))}- O
Remark 33 (interior estimate). Following the same scheme, one can prove an interior

estimate. For all d < p < oo, there exists C' > 0, such that for all A € A%, for all ¢ > 0,
for all 7 > 0 and x¢ € RY, f € C°(B(zo,7)), the solutions u® of

+el| Vil || oo (pe(0,2)) + €

—V - A(z/e)Vu® = f, z € R?

and uY of
—V - AV = §, z e R?

satisfy the estimate

[ = w¥l| oo B0z < C{r™ 2w — w2 (posy) + e~ YPIVUO | ooz | - (74)
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Proof of Theorem [23, Let ¢ > 0 be fixed. Let xo, To € D7, 7 := |zg — Zo|/8 and f €
C>*(B(zo,r)). Either dist(zg, A®) < r/2, in which case we rely on the boundary estimate
([7.3), or dist(zo, A®) > r/2, in which case we resort to the interior estimate (7.4). Let
Zo € A® such that dist(xg, A®) = |zg — Zo.

Assume that dist(xo, A®) < r/2. Thanks to estimate (7.3), we have

|uf(20) — u(20)| < [l = u®|| Lo (De (a1 r/2))
< C{r 2 |u = )| 2 (pe (e )y + €7 YPNF | Lo(BG0))
+€HVUOHL"°(DE(f,O,2T)) + 5T17d/p‘|v2u0HLP(DE(J':{),QT))}
<C{r?uf - Wl L2(pe sy ) + er™ 2| fll Lo (B0,

0 1-d/p||o2,,0
|Vl oo ey + e PV Lo -

Now, the classical estimates of [1} 2] imply

HVUOHLOO(]Ri) < Cr Y| fll ooy, for any p>d,

IV o (ay < Cll fllLr(B(zo.r)) s for any 1 <p < oo.

(R%)

It remains to handle ||u® — uOHLQ(DE(%’T)). We have
[0 — | L2(pe oy ) < U = u® —ex(x/e) - Vil || p2(pe sy o) + ellx(@/2) - V|| L2(pe (g0 -
On the one hand,

Ix(x/€) - Vil z2(pe(ay ) < CIVE | L2(peay ) < CrY2 V|| oo (e (3.))
< Cri= PR £ iz )
On the other hand, let us decompose
ré(x) i= uf(z) — u'(z) — ex(z/e) - VUl (z) = w® + 27,

where w® € Hj (D7) is the unique weak solution to

-V - A(z/e)Vu® =-V-A(z/e)Vre, xe€ D3,
w® =0, x € A,

Since by [28], Proposition 2.2|
V- A(z/e)Vr® =eV - {(D(x/e) + Az /2)x(x/e)) - V2u}
a standard energy estimate yields
IV las) < ll (@(e/e) + Ale/e)x(e/e) - T2l agpe) < Cel[ 20 2o .

Now,
V26| 2(pg) < CllF 2oy < Cr* VPN fl o0

for p > d > 2, and by the Poincaré inequality

lw™ | L2(pe(z,ry) < CTIVW [ L2(De(3),r)) < CTIVWT [l L2(De)-

40



Combining these inequalities leads to
[w |l z2(pe(a,ry) < Cer'™PH42| £l o (B30 -

Estimating z¢ is done through the representation via Poisson’s kernel P¢, since 2° is the
unique weak solution to

{ =V - Ax/e)VzE =0, x € DT,
¢ = —ul(x) —ex(z/e) - Vul(z), =€ A°.

We have for all z € DY

|2°(2)] < /AE |P*(x, 2)||2°(Z)|dZ < C|2°]| Lo (a¢)-
Thus,
1251 L2 (e (20 )y < CTY2 125 | oo (pey < CTd/QHZEHLoo(Ai)
< Cer/? {Tl_d/p||fHLp(B(gzo,r)) + ||VUOHL<><>(R1))} < Cer™ P2 £l L (B(ao.r)-
Gathering all the bounds we end up with
[u (z0) — u®(wo)| < Cer' 2| fl| Lo (B (zo.r)-
Assuming that dist(xg, A®) > r/2 we get using the interior estimate
|uf (z0) — u®(w0)| < Clluf — u°|| oo (Baor/a)) < Cem V2| FllLo(Ba0.r)-

Notice that this estimate is far easier to establish, because we do not have to deal with
boundary terms.
By the representation formula in terms of Green kernels, we get

w(a0) — (e0) = [

: [GS (w0, ) — G°(x0, 7)] f(a?)der/ GO(xo, 2) f(%)dZ.

: 0<Fq<ew(i'/e)

We deal with the remainder term, in a fashion similar to what we have done on u® (2, ev)(z'/¢))

above (cf. proof of Lemma [24). Using the bound

Ciq
GO P < — 27
| (330,1‘)| = ‘1,0 _{i‘d—l’

we obtain

GO(x0, ) f(2)dz| < Cer' || f|l Lo Bz0.r)-

/Oﬁffdﬁfiﬁ(fl/f)
Therefore, for all f € C°(B(Zo, 1)),

< Cerlfd/pHfHLP(B(fco,T))’

/ [G* (20, %) — G°(x0, 7)] f(&)dZ
D

€
+

which implies by duality that

(/;(io,T)ﬁDj_

, 1/
G (0, %) — Go(xo,i)’p d:z) < Cert=dlp (7.5)
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for 1/p'+1/p=1.
Finally, relying on the fact that

—V - A*(2/e)VGE (20, %) = =V - AVG (20, 1),

we can apply the same type of arguments to get our target bound on |G®(zo,Zo) —
GY(z0,70)|- The rescaled boundary estimate (7.3)), slightly modified to take into account
that G°(zo, %) does not vanish on the oscillating boundary A®, reads

1/2
|GE (20, %0) — GO(20, F0)| < C{r_d/2 (/( G= (20, %) — Go(xo,:z)f>
B

Zo,r)NDS.

+ C||GO (o, i’)HLoo(mmAf) + Ce|| VoGO (z, -)HLOO(B(QEO,Qr)ﬂDi)
+Cert =P V3G (a, -)I!mw@mwi)}'

We have,

1

1-d
70— &[T < Cer ™",

”Go(m‘o,i‘)HLw(mmAg) <Ce
Lo (B(#0,2r)NA?)

similarly
IV2G (0, )| L= (Bz0.2r05) < CT' 77,

and
=P V3G (o, M Le(B(30,2r)0D% ) < Cr2|G%@o, )| oo (B(zo.ar) < Cr™ %

Consequently, the latter combined with the dual estimate (7.5) gives

- - _ Ce
‘Gg(xme) - Go(ﬂﬁowo)\ < Cer'™d < W,

which concludes the proof. O

Corollary 25. Foralll <p<dand1/q=1/p—1/d, or p > d and q = oo, there exists
C > 0, such that for all ¢ € C’LZO, for all A € A% for all e > 0, for all f € LP(R?), for
all u® = u®(x) weak solution of (7.1]) and u® = u®(x) weak solution of (7.2)),

||u® — UOHLq(Dj) < CngHLP(Di_)'

Proof of Corollary[25 For all x € DT,

uf (z) — ul(z) = /D

On the one hand, by Theorem [22| and well-known estimates for fractional integrals, we get
forl<p<dand1l/q=1/p—1/d,
/ @
D |z — 2|

< Cel|fllLe(p2)-

[G*(2,3) — G°(x,3)] f(2)di + / GO(z, %) f(%)dE. (7.6)

i 0<Zg<ep(a’ [e)

< (Ce
L1(D)

/ (G5, 7) — GO, 7)] £(5)di
D

€
+

La(D3)
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In the case of p > d and ¢ = oo, the latter simply results from Hdélder’s inequality. On the
other hand, the second term in the right hand side of (7.6} is small because we integrate
on a small neighborhood of the boundary. Using the bound

Cid Ce

_ j’d—l — |$ _ iﬂ‘d—l

O(z.7)] <
G 8| <

for all z, & € R% such that 0 < &, < e¢)(3/¢), this term is bounded by CE“f‘|Lp(Di)
using either estimates on weakly singular integrals, or Holder’s inequality according to p
and q. O

Remark 34 (Lipschitz estimate and estimate on Poisson’s kernel). One of the issues here is
that u? is oscillating too much on the boundary A®. These oscillations do not obstruct the
proof of the L estimate in Lemma [24] However, they prevent us from proving a Lipschitz
bound as in [28, Lemma 3.5]. It seems that something more is necessary to refine the
expansion of u® close to the boundary, in other words to improve the way our expansion
approximates the oscillations of u®. The thing we need is probably more structure on the
boundary, allowing to carry out a boundary layer analysis as in [I7] for instance. This
would result in replacing the Dirichlet boundary condition for u" by another boundary
condition. Such a study is beyond the scope of this paper, since our main concern is to
work with boundaries without any structure.

8 Two different scales

In this section we address the generalization of uniform boundary estimates to the situation
where the coefficients and the boundary graph oscillate at two different scales

) (8.1)

{—V-A(x/oz)Vu""B =f+V-F, xcD0,1
0,1),

uv? =0, x € AP0,

where o, 8 > 0.
Using the three-step compactness method, one can prove that a boundary Holder esti-
mate uniform in « and S holds.

Proposition 26. Let k, k' > 0. There exist C > 0, 9 > 0 such that for all
0<p<min(l—d/(d+k),2—d/(d/2+FK)),

for all o € le\j:, for all A€ A% for all oo, B> 0, for all f € LYt (DF(0,1)), for all
F € LH%(DP(0,1)), for all u®P weak solution to (8.1)) the bounds

Huo"ﬁ

‘LQ(Dﬁ(O,l)) <1, Hf”Ld/2+m’(Dﬁ(071)) < e, HF”Ld+K(Dﬁ(O71)) <é&p

imply

[u®? < C.

oo @F@I)

Notice that C and €y depend on d, N, My, on the modulus of continuity w of Vi, A, k
and K'.

The proof of this estimate is much simpler than the proof of a Lipschitz estimate
uniform in « and . The latter is our main focus.
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Theorem 27. Let 0 < p < 1 and Kk > 0. There exist C > 0, g > 0, such that for
all Y € C}»’Z}O, for all A € A% for all a, B > 0, for all f € L¥%(DP(0,1)), for all
F € C%(D5(0,1)), for all u®P weak solution to [8.1) the bounds

[l soay <10 M llesnroay < €00 IFllconpsy < eo

imply
IVl oo (D8 0,1/2)) < C-

Notice that C and €y depend on d, N, My, A\, v, & and . Again, the salient point is the
uniformity in « and B of the constant C.

The main idea is to compare o to 8. Let ¢g > 0 be a fixed threshold (to be given
later on by a proof by contradiction). There are three main cases: (i) when both a and
B are bigger than ey, the Lipschitz estimate follows from classical estimates; (ii) when
only one of the two parameters is bigger than g, the Lipschitz estimate follows from the
combination of classical estimates in the slowly oscillating variable and the homogenization
(or flattening) properties in the rapidly oscillating variable (see section below); (iii)
when both parameters are small with respect to ¢, the uniform estimate is a consequence of
a three-step compactness scheme, similar to the case a = ¢ = 1. The proofs of improvement
and iteration lemmas go through without obstruction provided that one has appropriate
controls of boundary and Dirichlet correctors. Refined estimates on the correctors taking
into account the two scales a and [ are proved in section

We concentrate on the case d > 3 and f = F = 0. As in the case when o = 8 = ¢,
we need boundary and Dirichlet correctors. Let v := max(a, §). Let v®# = v®P(z) €
W12(DA(0,2)), the boundary corrector, be the unique weak solution of

{ —V - A(z/a)Vo*P =V - Ax/a)V(Y(2'/B)O(x xq/7)), =€ DP(0,2),

N - veapf(0,2). &2

Let also w®? = w*P(x) € WH2(DP(0,2)), the Dirichlet corrector, be the unique weak
solution of
{ —V-A(z/a)Vu*? =V Azx/a)V (x4 z/a)O(2, 24/7)), =€ D?(0,2),

wP =0, x € dDP(0,2). (8:3)

8.1 Two particular cases

The boundary Lipschitz estimates in the particular case o = 1, § = € on the one hand,
and a = ¢, § = 1 on the other hand are particularly important. Indeed, these estimates
are the ones we will rely on when blowing-up in « or §.

Let us first consider the case a =1, f =¢:

{ —V - A(x)Vut =0, ze D(0,1),

W =0, xeA0,1), (84)

Proposition 28. Let 0 < u < 1 and k > 0. There exist C > 0, such that for all ¢ € C}V’]';O,
for all A satisfying (1.3) and (L.4), for alle > 0, for all u® weak solution to (8.4]) the bound

[u | oo (De(0,1)) <1

implies
VU || Lo (pe0,1/2)) < C.
Notice that C depends on d, N, My, A, vy, k and p.
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The proof of Proposition [28]is very similar to the one of Proposition[I3] The coefficients
are not highly oscillating, and thus no structure (periodicity) is needed for A. The classical
regularity for the operator —V - A(z)V is used intensively. Notice that when one blows-up
at the microscale, the matrix A(e-) is very slowly oscillating and

[A(e )| Loo (may + [Ale:)] oo ey < Mo.

Let us now consider the case a = ¢, = 1:

~V-Alz/e)Vus =0, z€ DY0,1),
{ o1 (8.5)

u® :07 {EEAI(, )7

Proposition 29. Let 0 < p < 1 and k > 0. There exist C > 0, such that for all
77[) c Cl’VU(Rd_l),

V]| oo ra-1) + [Vl oo ma-1y < Mo,

for all A€ A% for all € > 0, for all v weak solution to (8.5)) the bound

|| oo (p1(0,1)) < 1

implies
Vs oo (p1(0,1/2)) < C. (8.6)
Notice that C depends on d, N, My, A, vy, k and p.

This theorem is the Lipschitz estimate of [4, Lemma 20|. A salient point is the fact
that C in does not depend on ||¢||1~ as emphasized in [4].

8.2 Boundary and Dirichlet correctors

The key in order to estimate the boundary and Dirichlet correctors are the following
estimates of Green’s function G*# = G (x, Z) associated to the operator —V - A(z/a)V
and to the domain D?(0,2).

Lemma 30 (estimate of Green’s kernel, d > 3). For all 0 < 7 < 1, there exists C > 0
such that for all ¢ € le\/’[;}z forall Ac A%, forall0<a<1,0<p3<1:

(1) for all z, & € DP(0,7/4),

|G (x, 7)| < m (8.7)
GoP(a, ) < DR (538)
(2) for all x, & € D5(0,3/2),
V268 (2, 7)] < m Jor |-l <a, (8.9)
VoG (z, 7)< OO G s, (8.10)

S A — g2
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(3) for all z, ¥ € D(0,3/2),

~ - Co(x)" _
|V2Gaﬁ(x7$)’ < M(W)_H_T, for ‘{E - 1“ < B, (811)

~a C'o(x)70(2)" )
VG (2, 7)| < le( )‘dfziw for |z —3> 8, (8.12)

Proof of Lemma[30, The proof of these estimates follows the proof of Lemma [II} Re-
member that estimates and are a consequence of the uniform boundary Holder
estimates. There are some subtleties in the gradient estimates, which we now underline.
Instead of relying on classical estimates as in the proof of Lemma we need to resort to
estimates uniform in « or 5. The estimates and rely on the boundary Lipschitz
estimate of Proposition uniform in 8 applied at small scale O(a). The estimates
and rely on the Lipschitz estimates of [4] (see Proposition uniform in « applied
at small scale O(8). The uniformity of all the constants C' in a and f is crucial. Let us
show (8.11)) and (8.12) in full details.
Let #, # € D?(0,3/2) and r := |z — #|. Notice that

Gz, )T = G5P(-,x) sothat VoG*P(x,)T =V, G**F(- 1),

and
—V - A (2/)VGH P (&,2) =0, &€ DP(&,r/2),
G*P(3,x) =0, @€ AP(F,r/2).

If » < B3, consider for z € szl, (z,1)

w B () = GHB(r)2(z — &) + &, 2), o =2a)r, B =28/r, ¥ =P(-+F(1/8—1/8))
which solves

—V - A*(z/d + 21— 1/a!))Vu® P =0, ze sz/,(:ﬁ’, 1),
u P =0, ze A’Bl/(i:’, 1).

Now, A*(-+%(1/a—1/a")) € A% and the estimate of Proposition 29 uniform in o/ yields
y

Va7 < C'u| (8.13)

Lo Dﬂ (#,1/2)) L D’ﬁ L(F1)
where C’ in the previous inequality depends a priori on 8’ but only through ||V (8¢ (/")) || co.we:
since 3’ > 2,

IV (/BN cown = O(1).

An important point is that C’ does not depend on the L® norm of the boundary graph.
Thus C’ can be taken uniform in o’ and ’. Rescaling and applying (8.7)) finally gives

~ C ~ C 5(x)™ Co(x)™
aMB a76
VoGP (2, ) oo (D8 (2,0 /2)) < . |G (2, ) oo (DB (3,0 /2)) < , xeDSBl(lfr/Q) |z — 2|d-2+7 < pd—1+7°

since |z — 2| > |x — &| — | — 2| > r/2 for all # € D?(&,7/2). Thus

Co(x)"

‘V2Ga76($>i)| < m
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If r > B8, D%(%,3/2) € DB(&,1/2), so that we may directly apply the Lipschitz estimate
of Proposition [29] at small scale O(f) in combination with (8.8)

VG (2, )| oo (DB(,8/4)) *HGOC”B( Moo (p8z,8/2))
C ap 6(x)74(2) < Cé(x)74(2)

5 2€DB(3,3/2) |x—x|d 2421 ﬁ\x—i|d*2+2‘r’

which implies (8.12]). O

Lemma 31 (boundary corrector). For all 1/2 < 7 < 1, there exists C > 0 such that for
all i € C]l\/’;:, for all A € A%, for all0 < o < 1,0 < B < 1, the unique weak solution
v®8 € WH2(DP(0,2)) of (8.2) satisfies the following estimate: for all x € D?(0,3/2),

Q

a, 6(z)7/B7, if B> a,
|v 5(33)’ < Co{ (é ¥ %) A TS(2)T, if B < a, (8.14)

where §(x) := xq — BY(2/5).

Lemma 32 (Dirichlet corrector). For all 1/2 < 7 < 1, there exists C{, > 0 such that for
all ¢ € C}\}IOOJ, for all A € A%, for all0 < o < 1, 0 < B < 1, the unique weak solution

w*? € WH2(DB(0,2)) of (8.3) satisfies the following estimate: for all x € D?(0,3/2),

1 1 1—7'5 T ;
ool < o { Lot PTOE 0 (5.15)

where 6(x) := xq — pY(2'/B).

Proof. The proof of Lemma[32]follows the lines of the proof of Lemma [I0]for the boundary

corrector, using the new estimates and when 8 < a, and the estimates
and when 8 > a.

Let us write down the calculations when 8 > a. We rely on estimate . For all
z € D%0,3/2),

wB(z) = — / VoGP (2, 5) A(E /)Y (HE [0) O, 54/ B))di
DA(0,2)

/ B0, B AR 0)V (U 0O T/ )
DF(0,2)n{|z—z|<B}

-/ VG (@, 8) A/ 0)V (A [0)OF, 24/ B))di
DB(0,2){|z—Z|>8}

=1 + I.

We get on the one hand by (8.11)

11 5()"
Ihf<C (7 + 7) / (~xc)t—1+7d53
a B Jja-zl<py v — |
11 1 11
gcaxT(Jr)/ %dgc(uﬁ) 17§ ()
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and on the other hand by (8.12])

1 1
L] <cp! (— + —) /
a B/ Jps02)n[-3/2,3/2141 x[~3MoB/2,3MoB/2N{|z—&|> B}

< O§(x)"B™ 1 (3 + l) /
a B/ Jps0,.2)n[=3/2,3/214-1 x[~3MoB/2,3MoB/2]N{|z—F|>B}

()57 1 1 1 3Mof3/2 1 I
<osaro (L4 ) { [ /
a B o[> | — &/|d-2+27 _3MoB/2 {1+ (xg— xd)Q}(d72+27)/2 d

| ’ ~/‘2

5(2)78(F)
|z — F[d—2+2r dz
1

|z — z|d-2ter az

1
+/ T s s el A1
(le—&|>B}n{|a/—'| <} x|-3MoB/2,3MoB/2) [T — T|472T2T }

1 1 1
< Os(x TﬁT—l (7 + 7) /82—27-/ _ d~l +62—27'
(@) a /1 [9]4724T Y
11\ .,
< _ _ T T
<0(5+5)8 o0,
for1/2 <7< 1. O

8.3 Proof of the Lipschitz estimate

We now tackle the proof of Theorem relying on the three-step compactness method.
The two usual auxiliary lemmas (improvement and iteration) read as follows.

Lemma 33 (improvement lemma). There exist 0 <eg <1, 0 <0 < 1/8, such that for all
(NS C1 0, for all A€ A%, for all 0 < o, B < g, for all u® weak solution to (8.1)), if
10| oo (DB (0,1/2)) < 1

then

Ju? @) = (OnguoP), , {ra = 0l = O za/7))x (/) — 0w ()
~Bi(a'/B)O za/v) = ()

1+p
}HLOO(D/?(O,O)) <67, (8.16)
where v := max(a, 8).

Lemma 34 (iteration lemma). Let 0 < g9 < 1 and 6 > 0 as given by Lemma (35 E There
exists Cp > 0, for all k € N, k > 1, for all 0 < a,fp < 60 egy, for all Y € Cl 70 for all

A€ A% for all u™P weak solution to , if
14| oo (8 (0.1 /2)) < 1
then there erist ai"’ € R, V*® = VP (z) and W' = WP () such that

0P| < (Co/O)[1 + 6" + ... gk=DK),

(z)7/B87 if B> a,

5
Vi (@)] < (CoCr/O)[1 + 6" ... 90 D1] { ( =To()T, ifB<a,

N
Q -

+
WP ()] < (CHC1/OL + 0" + ... 9%=D5 ()" {
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where Cy (resp. C})) is the constant appearing in (8.14) (resp. (8.15)) and

|0 (@) = ai {wa = (1 = O/, wa/))X"(w/a) = Bu(a' /8)O(",2a/) |

—aWP (x) — BV () < g,

HLoo(Dﬁ(o,ek)) =
with v := max(a, 3).

We emphasize a few points of the proof of Lemma The general scheme developed
in the proof of Lemma [14] works all the same here. As usual we assume that there exist
sequences ag, OBr — 0, ¥y € C}\%O, Ay, € A% such that

”uak,ﬂk HLoo(Dﬁk(o,l/Q)) <1,

and

Hua’“’ﬁ’“ (x) — (axdu%ﬁk)w {a:d —ag(l— @(:clja:d/'yk))xg(x/ozk) — apw ™k Pr (z)

B[00 w0/ 1) = B @)} .y > O (8T

with ¢ := max(ag, fk). The control of ||uak’6k||Lw(Dﬁk(0’1/2)) and the Holder estimate

imply that u®? is bounded in C%* uniformly in oy, and B,. We can therefore extract
subsequences converging strongly in C°(D#Px(0,1/2)). Furthermore, Cacciopoli’s inequality
yields weak compactness in H!. These convergences make it possible to pass to the limit
in (8.17), which contradicts the estimate for constant homogenized coefficients in the flat
domain.

The key for the proof of the iteration Lemma [34]is the uniformity of in a and
3. Notice also that 8/6% > a/6* for all k > 1 whenever 8 > a.

Proof of Theorem[27 If both o and 5 > &, then the theorem follows from classical esti-
mates. Assume now that (at least) one of the two parameters is less than 9. If 8 > ¢
(resp. a > gg), then Theorem [27] follows from the Proposition 29| (resp. Proposition [28]).
Assume now that 0 < «a, 8 < gp and let ¥ € C1 7% and A € A% be fixed for the rest of
the proof. Let also g := (0,204) € D?(0,1/2) be fixed.

Assume that o < . In that case, we will blow-up at the biggest of the two scales, i.e.
3. There exist a k > 1 such that 6% < /g9 < 6¥~1. We have

Hua”B ‘LOO(D»’J’(O,B/ao)) < oM ’aa’ﬁf {Hfﬁd — By’ /B)O(x", x4/ B) | 1o (D8 (0, 9k))

+all(1 - 6@, zq/B)x"(x/a)|| (DA(0,0%)) T+ all Wy % (@) poe (D(0,0%)) + BIVE" O(a )HLOO(Dﬁ(o,ek))}
< 0ok < CB.

Assume that o > B. In that case, we will blow-up at the biggest of the two scales, i.e. a.
There exist a k > 1 such that 6% < afey < 0%—1. We have

14| Lo (08 (0.0/20)) < O + lag?| {Ilwa — B (2 /B)O(2, 2a/ )| Lo (8 (0,00

+al|(1 = O, 24/0)) X (x/0) | Lo (5 (0,67 + AW (@) | e 50,67 + BIVES (@) | oo (02 (0.6%)) }
< C0* < Ca.

The case of arbitrary points 2o € D?(0,1/2) is treated in a standard way. O
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9 Further generalizations

9.1 A generalization to boundaries with macroscopic behavior

For this part only, we address a generalization of the Lipschitz estimate to domains with
oscillating boundaries with a macroscopic dependence

w = €¢($/7 xl/a)‘

The Lipschitz estimate should hold provided that we have enough regularity ensuring
classical estimates. There are only small modifications to be done in the iteration procedure
(Lemmall3)). Let 1 = ¢(a',y) € CH (R4 x R?1) be a function such that 0 < ¢ < My
and

sup Hvﬂb('vy/)HLoo(]Rd*l)"i' sup || Va2, )| oo (Rd-1)
y/eRd—l :E’E]Rd_l

+ sup [v1¢(',y/)}co,u0(Rd—l)+ sup val/}(.’lfl,')”co,uo(Rdfl)SM[). (9.1)
y’GRd*1 z/ cRd—1

The improvement lemma and the blow-up analysis go through in the exact same way as
for p =(y') € C]l\’jgo. The estimate corresponding to the one of Lemma [14]is

For the sake of completeness, let us do the first step of the iteration. We consider

<ore. (9.2)

w(@) = (T (0 202 10O 219) = @) o
Us(z) := 01% [us(ﬁx) — (W)Oﬁ {0zq — ep(02',02" /2)O (02, 0z 4/c) — 51}5(93;)}] ,

which solves

~AU° =0, z€D/(0,1/2),
Us =0, eAe/e(O,l/z),

where 1! := 1)(6-,-). Notice that 1! satisfies the bounds (9.1)) and that by estimate (9.2)
UL (D2 | (0,1/2)) < 1. Applying now the ad hoc improvement lemma, we get for /0 < ¢
d) 2

HU*S — (02,U%)00 {xd — /0yt (a, 02 /e)O(a!, 02y /c) — 5/91}8/0 }HLOQ D00 = < gLH,
@l

where vz/le is a solution of (.2)) with ¢! in place of ¢», N =1 and A = I;. Therefore

|

0 @n 0o {00 — ' (.0’ /)O(a’, af ) = 0 @)} i) <

(0x) — (W)w {024 — ep(02', 02" /)00, Oz 4/c) — ev® (0z)}

92(14‘#)

which using ¥!(2’, 02" /e) = ¢(02',02"/e) and O(z',0x4/c) = O(0z',0x4/¢) for |2'| < 1
boils down to

u(z) — {(&Edue) + 0"(0,,U* } {xg —ep(al, 2’ [2)O© (:c’ zq/e)}

— (Owg® >0,9 v (@) — €005, U%)o, 0v < g2+,

HLoo Dg,(0,62)) —
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9.2 Inclined bumpy half-spaces

Consider now an inclined half-space domain Q°f C R?, such that there is a ¢ € le\ZfZD and

an orthogonal matrix O € My(R), such that
§ =00 ={zeR?: I2€Q, =02}
= {(2/,2q) €RY: 24> etpy(a/e)}.

This means that Q° is just the rotation of an oscillating half-space domain 2 of the type
studied all along this paper.

We intend to emphasize a recent result of Schmutz [31], which has been communicated
to us by Zhongwei Shen [32]. This result may be of interest to the PDE community.

Theorem 35 ([31], Theorem 3.1). Let O € My(R) an orthogonal matriz. For any § > 0,
there ezists an orthogonal matriz T' € My(Q), i.e. with rational entries, such that:

1. |0 = T| = supy<q p<q |0 = TP| < §;

2. each entry of T has a denominator bounded from below by a constant depending only
on d and §.

We would like to apply this theorem to get estimates on the system

{ -V - A(z/e)Vu® =0, z€Q°NB(0,1),

ut =0, z€0Q°NB(0,1), (9:3)

using the theory we have developed in this paper.
Let § > 0 be small enough, such that for any orthogonal matrix T satisfying |O—T'| < 4,

we have the existence of 15 € CJI\%O and

S=TO ={tecR?: 32€Q°, 2 =Tz}

={(@".2q) €R?: &4 > en(d'/e)}.

In other words, since we control || V4| oo (ga-1) uniformly in the class C}»%O, a slight rotation

of QF will still be a half-space above a graph. We fix ¢.

Take now a matrix T approximating O such as given by Theorem In particular,
both T and T—! are orthogonal with rational entries, |O — T| < 6, and there exists a large
integer N, depending only on d and & such that NT~! has integer entries. Now, let

Q=T ={2cR: 2O, &

Tz}
There exists 13 € CM(;O such that
s ={(i,2q) €ERL: &g > ehz(d’/e)}.

We proceed to the change of variables 2 := N~1Tz and let w®(%) := u°(2), where u® solves
(19.3)). After this change of variables, w® = w®(Z) solves

-V .-B(z/e)Vw® =0, z€Q5nB(0,1),
w' =0, &e€d05nB(0,1),

where for all 1 <o, B <dand 1 <14, j <N, forall z e,

(9.4)

By (i/e) = N™ToyTps AL (NT™ ).

Since NT~! has integer entries, A(NT~!.) is periodic (with a very large period), so B is
also periodic. Therefore, we can apply all the estimates we have proved for (1.1} to the
system (9.4).
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