FREE BOUNDARY REGULARITY OF VACUUM STATES FOR
INCOMPRESSIBLE VISCOUS FLOWS IN UNBOUNDED DOMAINS

CHRISTOPHE PRANGE AND JIN TAN

ABSTRACT. In the well-known book of Lions [Mathematical topics in fluid mechanics.
Incompressible models, 1996], global existence results of finite energy weak solutions of
the inhomogeneous incompressible Navier-Stokes equations (INS) were proved with-
out assuming positive lower bounds on the initial density, hence allowing for vacuum.
Uniqueness, regularity and persistence of boundary regularity of density patches were
listed as open problems. A breakthrough on Lions’ problems was recently made by
Danchin and Mucha [The incompressible Navier-Stokes equations in vacuum, Comm.
Pure Appl. Math., 72 (2019), 1351-1385] in the case where the fluid domain is ei-
ther bounded or the torus. However, the case of unbounded domains was left open
because of the lack of Poincaré-type inequalities. In this paper, we obtain regularity
and uniqueness of Lions’ weak solutions for (INS) with only bounded and nonnegative
initial density and additional regularity only assumed for the initial velocity, in the
whole-space case RY, d = 2 or 3. In particular, our result allows us to study the
evolution of a vacuum bubble embedded in an incompressible fluid, as well as a patch
of a homogeneous fluid embedded in the vacuum, which provides an answer to Lions’
question in the whole-space case.

1. INTRODUCTION

In the present paper, we are concerned with the Inhomogeneous incompressible
Navier-Stokes equations (INS) in the whole-space R? (with d = 2,3)

Op+ V- (pu) =0,
(INS) Oy(pu) + V- (pu ® u) + VP = vAu,
V.u=0.

in the presence of vacuum. The unknowns are the velocity field u = u(t, z), the density
p = p(t,z) and the pressure P = P(t,z) and v > 0 is the viscosity constant.
The initial values are prescribed as follows:

(1-1) P\tzo = Po, Pu|t=0 = Myp.

It will be assumed that the initial density p, is nonnegative and bounded in L*°(R?),
but not necessarily bounded from below by a positive constant. This allows us to
study, for instance, the evolution of a vacuum bubble embedded in an incompressible
fluid, as well as of a patch of a homogeneous fluid embedded in the vacuum. Let us
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mention that this problem may be reformulated as a free-boundary problem. Lions
in [42 page 34] raised the following question about the persistence of the interface
regularity through the evolution:

[In the case of a density patch p = 1p(, the system)] can be
reformulated as a somewhat complicated free boundary problem. It is
also very natural to ask whether the regularity of D is preserved by the
time evolution.

The question asked by Lions was solved by Danchin and Mucha in [I6] in the case
of bounded domains or the Torus, relying in particular on Poincaré-type inequalities.
Hence, these authors mention the whole-space case as an open problem:

[T]he generalization to unbounded domains (even the whole space) within
our approach [is] unclear as regards global-in-time results.

One of the main motivations in this paper is to address that question. We give a
positive answer, see Theorem [C] below.

1.1. A brief state of the art.

Global-in-time finite-energy weak solutions. Since the pioneering works by Leray [35]
and Ladyzhenskaya [33] on the incompressible homogeneous Navier-Stokes equations,
the existence and uniqueness issues of solutions for the inhomogeneous system (INS]
has been intensively investigated. Finite-energy weak solutions in the spirit of ‘Leray
solutions” were built first by Kazhikov et al. [32] [5], in the case when py is bounded
away from 0. This result was extended by Simon [47] allowing pg to vanish, in the
case of bounded domains. Then, Lions [42] (see also Desjardins [22], 23]) considered
the so-called density-dependent Navier-Stokes equations, i.e. the case where viscosity
v depends on density p, by using general results on transport equations obtained in
DiPerna and Lions’ work [25]. As a consequence, in the whole-space R?, d = 2 or 3, it
is proved in Lions’s book [42], see Theorem below, that global weak solutions such
that p is bounded and u — u™> as |z| — oo, for all t > 0, exist provided that

po >0 ae inRY  pye L2(RY,
(1.2) mo € L*(R?), mg=0 a.c. on {py =0},
Imo|?/po € L'(RY).
Because of the fact that the momentum equation is degenerate when there is vacuum,

Lions needs to assume in addition to (1.2]), one of the following three conditions:
almost No Vaccum

(aNV) (1/po) 195, € LY(R?),  for some &y > 0,

or Vacuum Bubble

(VB) (p—po)+ € LP(R?), for some p € (0,00), p € (d/2,00),



or Far-Field Vacuum

if d=2, . ph (2)2P Y (log(x))" dz < oo
(FFV-1) for some p € (1,4+00] and 7 > 2p — 1
if d =3, pye L2™(R?),

where (z) := (e + |z]?)"/2.

It is important to note that above three conditions allow several physically interesting
cases. For example, condition allows the density to vanish on zero-measure sets,
condition (VB]) allows vacuum bubbles, while condition (FFV-1]) allows density patches.

Let us give a precise definition of a weak solution to the Cauchy problem associated
to system (INS). The following definition and result are stated in the book [42] of
Lions.

Definition 1.1 ([42, Chapter 2|). Let T > 0. We say that (p,u) is a finite-energy
weak solution of system (INS|) with the initial conditions (1.2)), if (p,u) satisfies the
following properties:

p>0, pelL=(0,T)xRY, pec([0,T); L} (RY) forall 1<p< oo,
plul* € L=(0,T; L*(R%)), and
uwe L0, T;DY2(R?)) if d=2 or ue L*0,T;DY*(R%) if d =3,
where the spaces
D2 (R?) :={z € HL (R*);Vz € L*(R?)}, D“}(R?) :={ze LY(R*);Vz e L*(R%)},
are endowed with the norms
12512y = IVl r2m2),  [2llpr2@e) = ||2]ls@e) + ([ V2] 22Re)-

If (aNV)) or (VB]) hold, we require in addition that u € L*((0,T) x R%). Moreover,
(p,u) satisfies system (INS)) in the sense of distributions in (0,00) x R and the fol-
lowing energy inequality for a.e. t € (0,T)

2 t 2 [mo(2)]?
< ORI
(1.3) JRd p(t, x)|u(t, z)|* dx + ZVIO de \Vu(s, z)|* deds < 24 po(z) dx.
The solution (p,u) is a global-in-time finite-energy weak solution of system (INS)) if
the properties stated above hold for all T € (0, 00).

Theorem ([42, Theorem 2.1]). Assume that the initial data (po,wo) satisfies condition
and one of the conditions (aNV|)-(FFV-1)), then there exists a global weak solution
(p,u) of system in the sense of Definition . Furthermore, one has for all
0<ay<fy<oo

(1.4) meas{r € R*| ag < p(t,7) < By} is independent of ¢ > 0.

And if po — p> € LP(R?Y) for some 1 < p < oo, p* € [0,00), then p — p>® €
C([0,00); LP(RY)) and ||p — p°°||ppray is independent of t > 0. Also, if p = p for
some p € [0,00), then py = p on [0,00) x R%.
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The uniqueness of global weak solutions for system (INS) remains an open question
even in the 2D case, although several weak-strong uniqueness results were established
e.g. in Lions [42] and Germain [29].

Uniqueness in the absence of vacuum. Let us recall some recent developments on the
unique solvability of the inhomogeneous incompressible Navier-Stokes equations
in the absence of vacuum. Since the density is bounded below away from zero, this case
is rather close to the homogeneous flows (i.e. density is constant). Strong solutions
were first considered by Ladyzhenskaya and Solonnikov [34] in the bounded domain
case, whenever initial velocity and density are smooth enough and away from vacuum.

After these early works, a number of papers were devoted to the study of strong
solutions to system (INS]), with particular interest in classes of initial data generating
regular unique solutions. Here, an important feature for system is the scal-
ing invariance: if (p,u, P) is a solution associated to the initial data (pg,ug), then
(p, \u, N2P)(\?t, \x) is a solution associated to (pg, AMug)(Azx), for all A > 0. In the
critica]m regularity framework, the local and global existence results were first obtained
by Danchin [12] in the case when initial density has small variation, but still not in-
cluding patches of density. Abidi [I] and Abidi and Paicu [3] extended these results to
the case with variable viscosity in critical Besov spaces. Then, many efforts focused on
removing these smallness assumptions on the density, see for example [13] [7, 4], 48] 2].

For discontinuous densities, Danchin and Mucha [14] first proved well-posedness
results for data including initial density patches (that have small variation) by a La-
grangian approach. Later, Paicu, Zhang and Zhang [46] (see also [15]) established
global unique solvability with only bounded initial density, in addition bounded from
below; see also further developments [31], 19, 49, 21] on initial velocity in critical func-
tional spaces. These results enable initial density of the type py = p11lg + p2 1ge,
where pi,ps are positive constants, Q is a bounded domain in R? and 1q is the
characteristic function of 2. In connection with Lions’ question on the persistence of
boundary regularity of €2, we refer to the works [20} 27, 39, 40, [4T) 28, [45].

Uniqueness in the presence of vacuum. Concerning strong solutions allowing vacuum,
local well-posedness was proved by Choe and Kim [10] and Cho and Kim [9] under
compatibility conditions. Later that condition was removed by Li [36]. Recently, the
work of Craig, Huang and Wang [11] and Lii, Shi and Zhong [43] established global
strong solutions. All these results allow compactly supported initial densities, but still
need to be smooth enough so that discontinuous initial densities are not allowed.

A breakthrough on the global unique solvability for system (INS)) with only bounded
and nonnegative initial density was made very recently by Danchin and Mucha [16] in
the case where the fluid domain is either bounded or the torus. We also mention the
stability result [18] of the density patches problem after the paper [16].

Finally, let us briefly recall the main ideas from [16] for handling vacuum in the two-
dimensional case. In order to obtain H'(T?) regularity for the velocity the authors
of [I6] test the momentum equation by O,u. It appears that the only difficult term is

LA functional space for the data (po,uo) or for the solution (p,u) is said to be critical if its norm
is invariant under the natural scaling of (INS]).
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|\/pu - Vu||%2(T2). More precisely, if the density contains regions of vacuum one does

not have obvious control of ||\/pu||r»(12) for some p > 2, and this also reveals the lack
of lower-order bound for the velocity. However, by taking advantage of the following
Desjardins interpolation inequality (see [24], [16]):

(1.5) <j1r2 plul* d:v) v

< Cllypull s [ Vul ey - 12 (

et lp— MH%Q(’H‘?) n P*HVUH%%W)
M? ||\/ﬁu||2L2(T2)

which is an improvement of the well-known Ladyzhenskaya inequality, it turns out
that the H'(T?) norm of the velocity is bounded globally-in-time by its initial values.

Above, M := ||po||z1(r2) represents the total mass. Moreover, thanks to the Poincaré
inequality

_ : _ 1
(1.6) lu = a(t)|| 122y < Cl|Vul| 22y with  a(t) := ] fTQ u(t, ) dz,

and the conservation laws of mass and momentum, one has v € L®(R; L*(T?)).

Unfortunately, neither nor is valid in the whole-space case. This cre-
ates significant difficulties to handle vacuum in our setting, especially for the far-field
vacuum in the two-dimensional case. Moreover, the roughness of the density causes
additional difficulties for the uniqueness issue. Indeed, we can only perform estimates
in low regularity spaces for the following degenerate equation

p(Oy0u + u - Véu) +VoP — Adu = —pu —pbu - Vi,
~ vV
degenerate when there is vacuum loss of one derivative already

see more remarks in the Subsection [L.4]

1.2. Main results. The main goal of the present paper is to prove regularity and
uniqueness results of weak solutions for system (INS|) with only bounded and nonnega-
tive initial density. Hence our results are extensions to the whole-space of the results of
Danchin and Mucha [16] (bounded domains or the Torus). We assume the additional

regularity DV2(R2) or DY2(R3) for the initial velocity.
Let us now state our main results. We first address the two-dimensional case.

Theorem A (existence and uniqueness in 2D). Consider any initial data (po,u)
satisfying (1.2)) such that Vug € L*(R?) and V-ug = 0. Assume that for some constant
p* > 07

(1.7) 0 < po < py.

Then, there are two cases.

> Case 1: pg satisfies either (aNV|) or (VB]).
There exists a unique global-in-time solution (p,u) for the Cauchy problem of sys-
tem (INS) supplemented with the initial data (po,ug), in the sense of Deﬁnition
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satisfying in addition the following reqularity properties:
0<p<p., ueLl®Ry;H(R?), /pu, Au, VP € L*(Ry x R?),
and for any T > 0, /ptu, € L=(0,T; L*(R?)), V(Vtu,) € L*((0,T) x R?),
V2(Viu), V(VEP) € LU0, T; L' (R?)), for all r € [2,00), ¢ € [2,2r/(r — 2)).
Moreover, we havd] Vu € L (Ry; L®(R?)).
> Case 2: neither (@aNV)) nor (VB]) are satisfied.

There still exists a unique global-in-time solution (p,u) for the Cauchy problem of
system (INS) supplemented with the initial data (po,ug), in the sense of Definition

which satisfied]
0<p<pe, u€ L (Ry x R?), Vu e L®(Ry; L*(R?)),
Vo, Au, VP e L*(Ry x R?),
Vpti € L®(Ry; LA (R?)), V(Vti) € L*(Ry x R?),
and for any T > 0,
V2(Viu), V(VEP) € L0, T; L' (R?)), for all r € [2,00), ¢ € [2,2r/(r — 2)),
and \/pi, Au, VP € L*(0,T; L*(R?)), Va € L*(0,T;R?),

provided that (pg,uo) additionally satisfies the following Far-Field Vacuum condz’tz’onsﬁ
(FFV-2) %y € L*(R*) N L>(R?) for some a > 1 with 7 := (x) (In(x))?

and the Compatibility condition

(Compa)  —Aug+ VP = \/pog, for uyg € L*(R?), Vuy € L'(R?), g € L*(R?).
Moreover, we have Vu € Li (R, ; L™(R?)).

loc

Next, we state our result in the three-dimensional case.

Theorem B (existence and uniqueness in 3D). Consider any initial data (po,u)

satisfying (1.2) such that uy € DY*(R3), V -uy = 0 and po satisfies (1.7). Then
system (INS|) supplemented with initial data (po,uo) admits a unique solution (p,u)
on the time interval (0,Ty), in the sense of Definition satisfying in addition the
following reqularity properties,
0<p<pe, ue L¥0,Ty; DA(R?)), puy, Aue L*((0,Tp) x R?),
P e L*(0,Ty; D"*(R?)), Vu € L'(0,Ty; L®(R?)),
Vptu, € L=(0, Ty; LA(R?)), Vtu, € L*(0, Ty; DV*(R?)),

V2(Vitu), V(VtP) e LU0, Ty: L' (R%)), for allr € [2,6], q € [2,4r/(3r — 6)],

2This L! Lip, regularity is essential not only for the uniqueness part of the statement, but also for
Theorem |C| below.

3Here and elsewhere in the paper # denotes the convective derivative, i.e. & = (9; + u - V)u.
4Notice that the parameter o > 1 in (FFV-2) is fixed throughout the paper.
5The L} Lip, regularity below is essential for Theorem
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3 . . . .
HV;(I)/H for some universal constant c. Finally, there exists a univer-
L2(R3)

sal constant ¢y > 0 such that if

3
(1.8) P2 ||v/potto| L2 es) || Vo | L2y < cov?,

then the local-in-time solution can be extended globally-in-time.

where Ty :=

Remark 1.2. The initial condition \/poug, Vug € L*(R?) together with assumption
(aNV) or (VB) imply that ug € L*(RY), d = 2 or 3. Under (aNV)) or (VB]), there
exists a positive constant C, depending only on the factors in condition (aNV)|) or (VB
such that on the time interval (0,00) (d =2 ) and on the life-span [0,T)) of the solution
in Theorem [B (d = 3), inequality implies

(1.9) lut, lze@ey < Culllv/pult, )l rams + IIVU(t ')||L2 (®1)).

In the two-dimensional far-field vacuum case, i.e. under ) and m we
also have ug € L*(R?) by assumption. However, we cannot show that u(t, ) € L*(R?).
Indeed, instead of the interpolation inequality, we have the weighted estimate ((A.3]).

As a by-product, we obtain the following result, which give a positive answer to
Lions’ question ([42], page 34], see above in the preamble) in the whole-space case. As
mentioned above the case of bounded domains or the Torus was solved in [16].

Theorem C (solution to Lions’ problem). Assume v € (0,1) if d =2, and v € (0, 3)
if d = 3. Let Qy C RY be a bounded simply connected domain with boundary 0y € C*7.
Suppose that the initial velocity satisfies all the conditions in Theorem[A] or Theorem
[B, and initial density

po(z) =1 —1q,(x) or po(x)=1g,(z), z€R%

Then for each case the unique global solution (p,u) of system (INS|) provided by previ-
ous theorems satisfies, respectively,

p(t,r) =1—1g,(x) or p(t,z)=1q,(z) with 08, €',

where Q; := X(t,€Q0) and X is the flow associated to the velocity w, that is, the unique
solution to

t
X(ty)=y+ [, uls, X(s,y))ds, yeR,

Remark 1.3. Here, contrary to Theorem and Theorem@ only one bubble/patch is
allowed. As a consequence, the case of multiple bubbles/patches is open.

1.3. A few remarks on the main results.

Main novelties. First, our results settle the uniqueness question for the difficult two-
dimensional system in the presence of far-field vacuum. Notice that this is a novelty
of the whole-space case because in the bounded domain and Torus case treated previ-
ously by Danchin and Mucha [16] there is no far-field vacuum. Notice that the far-field
vacuum case is not accessible by the methods of [16]. Indeed, our work seems to be the
first unique solvability result concerning in unbounded domains supplemented
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with merely bounded densities that can contain vacuum. Moreover, the strategy fol-
lowed in the current paper maybe adapted to the half-space case [19], which remains
an interesting problem in the field.

Second, let us stress that in Theorem [A]and Theorem [B] the density is bounded but
does not satisfy any smoothness assumption. Notice that this is not the case of other
works concerned with the whole-space. For example, in [43] the initial density satisfies
the condition

#%po € L'(R*) N HI(R*) NWH(R?), p>2,

while in [9] the authors assume that p, € WP(R?), with p > d, d = 2 or 3. These
conditions do not allow for non smooth densities with jump discontinuities like patches
or vacuum bubbles.

Third, we emphasize that in both theorems, Theorem [A] and Theorem [B] we con-
struct finite-energy weak solutions in the sense of Definition [1.1, These solutions have
additional regularity properties that follow from the assumption that the initial veloc-
ity belongs to the spaces DV?(R?) or DV?(R?). In this framework, we can prove the
uniqueness of the solutions that we construct. Notice that we do not rely on Lions’
theorem of existence of finite-energy weak solutions (Theorem above), but prove
the existence of the solutions with the properties stated above, see Section [2| for the
existence part of Theorem |B] in the three-dimensional case, and see Section (3| for the
existence part of Theorem [A]in the two-dimensional case. Finally, let us also remark

that condition ([FFV-1f) is not needed neither in 2D nor 3D. In 2D, the far-field vacuum
condition (FFV-1J) is replaced by the condition (FFV-2)) and (Compal).

Some further estimates. We state here certain further boundedness properties for the
velocity that can be obtained from the estimates of the paper.

In 3D under (aNV]) or (VBJ), we already know, see Theorem Bl and Remark |1.2f that

u € LL2 on the life-span of the solution. This in combination with the techniques of
the paper and the following compatibility assumption

(Compa-3D) —Aug + VP = \/pog, for ge L*(R?).

gives that u € L%, on the life-span of the solution.

In 2D under (aNV|) or (VB|), we already know, see Theorem |A|] and Remark
h

that u € L>(0, 00; L?(R?)). Combining this with the assumption (Compal) gives that
u € L*(R, x R?). In the case when neither (aNV)) nor (VB]), we get at best the
weighted-boundedness of the velocity

(1.10) sup | 77"u(t, )| ey < 00,
t€[0,T]

see Proposition [3.8{ under (FFV-2)) and (Compal).

1.4. Main difficulties and strategy for the proofs. First of all, let us point to
the main difficulties. Those emerge from the facts that: (i) the density is rough (our
analysis includes density patches and vacuum bubbles) and (ii) the density may vanish
on some part of R%.
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Dealing with the vacuum. If there is vacuum at initial time, the velocity equation is
degenerate and it becomes particularly difficult to gain control of the velocity itself. It is
important to note here that there is an essential difference between the two- and three-
dimensional cases. In the three-dimensional case, see Theorem [B], we can propagate
the assumption that ug € D"?(R?) and hence show that u € L>((0,T); D'*(R?)).
Hence u € L*((0,Ty); L°(R3)) by Sobolev’s embedding. In the two-dimensional case
in the presence of vacuum, the quantity that is naturally controlled by the energy
estimate is /pu, which generally does not ensure that the velocity u € L? (R?)
for some p € [1, 00]. Hence, one needs to find a way to control u from ||\/pu(t,-)| 122
and [[Vu(t,-)|/z2r2). Such estimates can be proved, see Appendix , under specific
assumptions that control the size of the vacuum region and the behavior of the density
near the vacuum region. In the most favorable case, i.e. condition or , one
can show a direct interpolation estimate for the L? norm of the velocity in terms of
|v/Pult, )|l r2me) and || Vu(t, )| 22y, see Proposition In the case of the far-field
vacuum assumption, which is the most difficult case handled in our work, one can only
show an estimate for weighted L™ norms of the velocity, m > 2, see Proposition [A.4]

The compatibility condition for the far-field vacuum case. A compatibility condition in
the spirit of (Compal) first appeared in the works [9, 10]. Roughly speaking, such a
condition boils down to assuming that /pd,u belongs to L*(R?) at initial time. The
compatibility condition was removed in the recent papers [36], 43]. In these works the
existence and uniqueness of strong solutions is proved. However, without a compatibil-
ity condition, one is unable to infer certain information, such as continuity in time, on
the velocity near initial time. One barely has time weighted estimates on the velocity.

To handle the two-dimensional far-field vacuum (Theorem [A| (Case 2)), which is the
most difficult case, we show persistence of the initial condition (FFV-2)). Doing so, we
can only obtain bounds for pu and time-weighted estimates of u. Condition
is then crucial to get the space-weighted boundedness of the velocity near initial time,
see and Proposition , which in turn is key for the uniqueness in Subsection
42

The compatibility condition (Compal) creates important difficulties when trying to
approximate the initial data to construct an approximate sequence of smooth solutions.
Our construction in Subsubsection is inspired by [10]. However, since we apply
existence results for smooth data, we need to further regularize the right-hand-side
Vpog of (Compa). We then require that uy € L*(R?) and Vuy, € L'(R?) so as
to be able to show the appropriate convergence and boundedness properties of the
constructed sequence of approximate data.

Outline of the proofs. The general strategy is that of proofs a la Hoff [30].

We first get lower-order estimates on the velocity. We give propagate the D?(R?)
or the DV2(R3) regularity of the initial data for the velocity. In the three-dimensional
case, this estimate directly yields a L{°LS bound on u. In the two-dimensional case,
these estimates, in combination with the interpolation estimate of Proposition
(Case 1 of Theorem [A]) or the weighted interpolation estimate of Proposition (Case
2 of Theorem , lead to estimates of the velocity itself.
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The next step is to get higher-order estimates on the velocity. We carry out time-
weighted estimates of |/pt. Finally we transfer (shift) the integrability of |/pu to
second-order derivatives of the velocity via maximal regularity estimates for the sta-
tionary Stokes system. This enables us to get the crucial Lipschitz estimate for the
velocity.

The Lipschitz estimate for the velocity is key to the uniqueness proofs. To show the
uniqueness, we carry out a duality proof, which is a new approach in this context. In
particular our approach differs from the Lagrangian approach used in [16].

For more details concerning the relationship between the results in the paper, see

Figure

. u€LFLS
3D
Vu € LL2
> UE L?CLE,
almost No Vacuum (aNV)
Vacuum Bubble (VB)

2D

»
>

Far-Field Vacuum (FFV-2)

> 7w e LFL2
>z ue LY,
if (Compa)

Vot € LPL2 —shift o iy € XL 5 Vue LIL®
F1GURE 1. Relationships between the results in the paper

1.5. Some notations and assumptions. Throughout, we use B,, to denote the ball
{z € R% |z|] < n}. The notation (f); = max(f,0) stands for the positive part of
a function f. The japanese bracket is defined as follows () := (e + |2]?)'/? and we
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recall that the notation Z stands for 7 := (z) (In(z))?. We define material derivative
U = 0w +u- Vo for functions v : Ry x R? — R? Sometimes, we denote d,v by v,. For
simplicity, we will fix the viscosity to be 1 thanks to a standard rescaling argument.

1.6. Outline of the paper. Section [2|is concerned with the three-dimensional case.
It is devoted to the proof of the existence part of Theorem [B] Section [3] handles the
two-dimensional case. It is devoted to the existence part of Theorem [A] The proof is
more involved, especially in the far-field vacuum case, than in 3D. The proof of unique-
ness partis of Theorem [A] and Theorem [B] is carried out in Section [d] Theorem [C] is
proved in Section 5] Some frequently used functional spaces and essential interpolation
inequalities are recalled in Appendix [A]

2. PROOF OF THE EXISTENCE RESULTS IN THE THREE-DIMENSIONAL CASE,
THEOREM [Bl

This section mainly concerns the proof of the existence part in Theorem [B| (3D case).
The idea is to take advantage of classical results to construct smooth approximate
solutions without vacuum. After that, we show persistence of DV?(IR3) regularity and
some time-weighted estimates for time derivatives of the velocity independent of the
lower bounds of the density. Those estimates will enable us to shift the regularity to
obtain L} Lip, estimates for the velocity, which is important for our proof of uniqueness.
Finally, we pass to the limit via classical compactness argument.

Recall that the initial data (po,ug) satisfies conditions ((1.2) and ([1.7), and that
ug € DV2(R3),V - up = 0. Thus, we consider smoothed-out initial data

ph € C°(R?) with e <p5<2p and uf € CP(R?) with V-uj =0
such that as e — 07
ug —ug in DR, \/pgus — poug in LA(R?)
and
p5 — po  weak x in L(R?).

Then, by the strong solution theory (e.g. [13, Theorem 0.2]), we know that there exists
a local-in-time strong solution (pf,u®) to (INS).

2.1. Uniform estimates. In what follows, we focus on uniform estimates for the
approximate solutions (p°, u%). We often use the following Sobolev embedding

(2.1) ||ZHL6(]R3) < CHVZHL2(R3) for z € H1<R3),

with a universal positive constant C'. For notational simplicity, we omit the superscript
e and write the solution (p,u).
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2.1.1. Persistence of DY2(R3) regularity for the velocity.

Proposition 2.1 (gradient estimate). Let (p,u) be a smooth enough solution to system
([INS) on [0,T,) x R3. There erist positive universal constants co, C' such that if

3
(2.2) P 1/ pouoll L2rs) | Vuol| L2 (re) < co
then it holds for all t € [0,T,)

t t
(2:3) [l Mo +2 [ (/P Au) (s, Fagasy ds + 2 [ 11P(s, ) e ds
< IVuol|72 sy exp(Cllv/potoll 22 gy | Vo |72 gs) ) -
If (2.2)) is not satisfied, then (2.3)) holds true on [0,T] provided that

(2.4) T < 3;4 for some universal constant c.
,O*HVUOHLQ(Rs)

Proof. In order to estimate the second derivative of v and the gradient of the pressure,
we rewrite the momentum equation of (INS)) in the form

—Au+ VP =—pi in (0,7) x R?,
(2.5) V-ou=0 in (0,7) x R?,
u—0, as|z] — 0.

Applying the standard L?-estimate to (2.5)) yields that

26) [ Aulaop + VP < O(oulvpulass, + llu - Vulags ).
Testing the momentum equation of (INS) against w, yields
1d

th”VUH%?(Réf) + ||\/5Ut||%2(R3) = —(pu - Vu, uy).

Hence, by Holder’s inequality
%%HVUH%%W) + H\/ﬁ“t”%m@) <[[Vpu - Vullr2s)|[v/puel 2 s
<Cplu Vulfagusy + 315 Rages
Putting the above inequality together with implies
27) IVl + (B VP ey <Ol [Vl

<Cp.||Vull7ams) | Aul| 2@

1
<CPVull ey + 5[ Aullzz sy,

2p
in which inequality (2.1) and the Gagliardo-Nirenberg inequality (A.1) were used.
Therefore, we see that whenever T satisfies Cpl||Vuol|72ps) fOT IVull7z@s ds < 1,
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we have
Vg%,
IVu(t, )32 w9, g IVeollze ey - for all t € [0, 7).
— Cpd||Vuo |75 RS)J;) [Vu(s, )||L2(R3)d5

Now, the energy inequality (1.3]) implies that

t 1
IIVUOIIiz(RS)fO IV ul|72@s) ds < Vol 72 sy llv/potol| 22 gs) < 205 for any ¢ > 0

provided that (1/ps)?||Vuollr2®s)|l\/Pouollr2®s) < co for small enough co. Using in-
equality (2.1)) again, we get (12.3)).

In the case when the smallness condition is not satisfied, we get from (2.7)) that

||VU0”%2(R3)
1— QC'pi’tHVu()H‘ng(Rg,)’

IVu(t, )| 72 msy <

which eventually enables us to finish the proof of the second statement. OJ

Remark 2.2 (boundedness in space of the velocity). Notice that thanks to inequality
(2.3) we also have

T T
J, Mt Mgy dt < [ IVl |V 2ull2 e dt
< [V uollfaas) exp(Clly/Potoll3 e Vo [ 72(e))-

2.1.2. Estimates of the time derivative. Here, we want to bound time derivative \/ptu,
in the space L>®(0,T; L?>(R%)) and v/tVu, in the space L?((0,T) x R?), since it is an
important step towards the proof of existence and higher-order spatial estimates for
the velocity.

Proposition 2.3 (time derivative estimates). Let (p,u) be a smooth enough solution
to system (INS)) on [0,T%) x R3. Then for all T € [0,T.) it holds

T
(28) sup H\/_UtHL2 R3) + L H\/T_futHQD1,2(R3) ds < CO,T,

t€[0,T]
where Co 1 is a constant depending only on T, p. and norms ||\/potol| L2rs), || Vo || L2 (r3)-

Proof. At first, applying the time derivative 0; to the momentum equation in system
(INS) and multiplying the resulting equation by v/ yields

(2.9) p(O(Vtw) +u-V(Viu)) — A(\/_ut) + V(VtP)
\/_ptut \/gptu -Vu — ﬁput -Vu.

U
2\/—pt

Taking the L? scalar product with v/tu,, we get

(2.10) VARl + IV (Vs = A1+ Ay
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where

Ay = %H\/ﬁut“%z(ﬂ@)?

Ay 1= —(tpy, ),

As = —(Vtpu - Vu, Viuy),
Ay = —<\/z_fput -Vu, \/z_fut)

In order to estimate Aq, Ag, A3, Ay, we proceed as follows. Noticing that

Ay = SIVB— 1w V)
< WPl 2 gy + pallull oo sy I VUl 72 sy -
Using the equation p=0,p+u-Vp=0p+ V- (pu) =0, we write
Ay = —(tpu, V(|ul*))
and

| Aa| <2v/p |l oo ms) IV Pl || 2 ) |V (V) || 2 )
< LIV (Va0 ey + VTl s
Similarly, we write
Az = —(tpu, V](u - Vu) - w)).
and decompose

| As| < ([tpul, [Vul® [u) + ([tpul, [ul [V2ul [ui]) + ([tpul, [u] [Vu] [Vuy])
= A31 + A32 + A33.

Thanks to inequality (2.1)) and Young’s inequality
Azt < pVT |V poes) ul 2o | V| 7o o)
< CpVTIV (Vi) ooy IVl | P2l e

1
< g”v(\/%ut)H%Q(uw) + CpiT||Vul| 128 [ V2 ul|72 sy

As for Ass, A3z, we have
Azy </ p TNV ptug 2 sy |l oo oy [ V20 22
< ||\/ﬁut||%2(R3)||U||ioo(R3) + P*THVQUH%%H@)
and

Asz < P*\/THUH%OO(RS)||V“||L2(R3)||v(\/gut)||L2(R3)

1
< IVt sy + CoIT |10 s |Vl )
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To handle Ay, we use inequality (2.1)) and the Gagliardo-Nirenberg inequality (A.1)) to
get

| Al <VP:AIV | 2 ) |Vl | s sy |V e o sy
1 1
< VPV ptue 2oy | Ve 2o g [V 20| 22 g |V (V) || 29y
1
SgHV(\/?_fUt)||%2(R3> + CpullVptue| T2y | Vull L2 ey || V0| 2 rs)-
By putting all the above estimates into (2.10]), we find that
(2.11)

d
EH\//Ttut“%2(R3)+Hv(\/%ut)“%2(]1{3) < ||\/ﬁut||%2(ﬂa3) (1 + ||U||4Loo(R3) + ||VU||L2(R3)||V2U||L2(R3)>

+ Or (IvpilEas + (lullie e + DIVEIE2s) + (I Vullize + DIVl )
Using ([2.3) and Remark again, it is not difficult to conclude that inequality (2.11)

can be rewritten as

d
IVt sy + IV (VEu) 2 @s) < Baa(t) |V ptuelizgs) + Balt)

for some function Bs; € L'(0,T), the norm of which bounded only in terms of time

T, p. and norms ||\/potolL2(r3), || Vo || L2(r3)-
Finally, Gronwall’s lemma implies that for all ¢ € [0, T]]

T T T
(212)  VpulZs + [ IV Bas ds < [ Baa(®)dtexp ( | Bualt)dt).
This completes the proof of proposition [2.3 U

2.1.3. Shift of reqularity. As a consequence of Proposition [2.3] we will get higher-order
estimates for the velocity, via considering the following multi-dimensional stationary
Stokes problem

— A(Vtu) + V(VtP) = —pVt(us + u - V) in (0,7) x R,
(2.13) V- (Vtu) =0 in (0,7) x RY,
Viu— 0, |z| = oco.

We have

Proposition 2.4 (higher-order estimates). Let (p,u) be a smooth enough solution to
system (INS)) on [0,T.) x R®. Then for all T € [0,T.) it holds that for all r € [2,0]
ond q € 2 54

IV2 (V) sorier oy + IV (VEP) oo zir ey < Cor.

Moreover, we have the key Lipschitz estimate

T 1
Ji It ey dt < Cor T

and CO’TT% — 0 asT — 0.
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Proof. Applying the standard L” estimates for system ([2.13]) yields that for all finite
b,
(2.14) IV2(VEu) | poges) + IV (VEP) [ 1oges) < C(0) /Pl VPl 1o (ss)-

Now, we estimate the material derivative in the right-hand side of above inequality.
On the one hand, we have by inequality ({2.1) and Proposition

T T
J, IVPRulagay dt < pu | 1V(Veu)|2qga) dt < Cor.
Interpolating this with the estimate in Proposition gives that for all r € [2,6] and
q € [2, 55

(215) ||\/ﬁut“Lq(0,T;LT(R3) < CO,T‘

In the other hand, taking p = 2 in inequality (2.14)) and using Young’s inequality yield
that

(2.16)
IV2(Vtu)|| oo (0,T;L2(R3))
<C(Vp: |V ptul o= (o,r,L2(r2)) + P*H\/ZU -Vl ze 0,122 (®2)))
SC(\/EH\/ﬁutHL‘X’(O,T;L?(R?’)) + p*H\/ZUHLOO(D,T;LOO(R3)) HVUHL°°(07T;L2(R3)))
<C(p.) (I!\//Ttutllmo(om;m(w» +(Vtva, \/ZVQU)H%oo(QT;Lz(Rs))HVU|\Loo(o,T;L2(R3))>
<Cor.
Then by the Gagliardo-Nirenberg inequality , Proposition and estimate

T 1/2
IV - Vull 2o zizs(any v/ ( L 1l ey IVET 0 dt>)

T 1/2
<7 (J) IV0llen 192l Vil )

. 1/2
<V (J) I9ullss (1920l + VATl )
<Co,r.

Notice that the Gagliardo-Nirenberg inequality [26], page 54| and estimate (2.16]) give
that

[V ptu - V|| Lo 0,102 r3y) <V Pt Loo (0,710 (m3)) [ VU] Lo (0,712 (5

1 5 1
S\/EH\/Eu||1§°°(O,T;L2(R3))”\/EV UHIQ,OO(O,T;L?(R?'))||Vu||L°°(07T§L2(R3))
<Co,r.

4
) 37“16]

IV ptu - V| Laorsrre)) < Coyr,
which together with (2.15]) and (2.14]) imply the desired estimate.

Hence, by interpolation, for all r € [2,6] and ¢ € [2
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Finally, we have by inequality (A.1l)) again
T T 1 3 3
jo [Vl oy < [ V0l gy | VA (VR oy £

1 3 3
SHVU”zm(QT;H(R:%))HV2(\/ZU)Hiz(o,T;LG(Rfi))”t 5l

LE01)
<Cor .
It remains to check in the proof of Proposition that Cj 7 is uniformly bounded as
T — 0. This completes the proof of Proposition [2.4] 0

2.2. Proof of existence. One can now turn to the proof of the existence of a solution
stated in Theorem [B] Denoting by 7¢ the maximal time of existence for approximate
solutions (p%, u?), then [49, Theorem 1.4] shows that 7° > Ty. On the other hand, in
the case the smallness condition is satisfied, one can continue (p°, u®) globally-in-
time thanks to the L} Lip, estimate in Proposition and the blow-up criterion in [I3]
Theorem 0.4] or [10), Theorem 4]. It remains to prove the convergence of approximate
solutions. At this stage, with all the estimates established in the previous subsection,
the standard compactness argument yields that, up to a subsequence,

p°—p weakx in L°(Ry x R*) and 0<p<p,,
Vuf — Vu  weak in L*(Ry; L*(R?),
u® —u  weak in L*(Ry; L°(R?),
for some (p,u) satisfies all the regularity results stated in Theorem , except for the

regularities of non-linear term ,/pu;. The compactness result obtained in [22] then
shows that

p° = p in Coe(Ry; Li]ocaRS))’ Vg € [0,00)
and
Vorus — Jpu in LY (R, x R?).
From which, we know from Proposition [2.3| that \/p*u; — /pu; weak in D’((0,Tp) x
R?)) and thus \/pu, € L*(0,Tp; L*(R?)) thanks to the uniform bounds (2.3). Similarly,
one has /ptu; € L*(0, Tp; L*(R?)).
Finally, all the compactness information above is enough to justify that the couple

(p,u) is a weak solution to (INS)) in the sense of distributions. This finishes the proof
of the existence part of Theorem [B] O]

3. PROOF OF THE EXISTENCE RESULTS IN THE TWO-DIMENSIONAL CASE,
THEOREM [Al

This section is concerned with the proof of the existence part in Theorem[A](2D case).
The initial data (pg,ug) satisfies condition ((1.2)) and (1.7)), and Vug € L*(R?),V -ug =
0. We analyse separately the case when: (i) (aNV]) or (VB]) is satisfied, see Subsection
below, (ii) (FFV-2)) is satisfied, see Subsection @ The idea is similar to the three-
dimensional case. We first approximate the data or mollify the equationﬁ and rely on

6We use two different approximation procedures depending on which case (i) or (ii) is considered
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known existence results for smooth approximate solutions without vacuum. Then, we
show the persistence of the regularity v € D%?(R?) and other higher-order estimates
uniformly for the approximate solutions. The actual existence proof is similar to the
one in the three-dimensional case, see Subsection [2.2]

Before going into the details of each case, let us recall an estimate obtained in
[43] whose proof is motivated by the work [37] of Li and Xin on the two-dimensional
compressible Navier-Stokes equations with vacuum. For the reader’s convenience, we
provide its proof here and mention in particular that it is valid for our approximate
solutions constructed in the follow-up subsections.

Proposition 3.1 (gradient estimate; [43, Lemma 3.2]). There exists a universal con-
stant C' > 0 such that for all t > 0,

t
(3.1) IVult, )lI72@2) + QL 1(V/pi, Au, VP)(s, ) |72 g2y ds
< Vol Z2(g2) exp(Cpsllv/pottol L2 e2) )

Proof. The main idea is to test the momentum equation against . This gives that

1d . .
Using that V- u = 0 we have Au = V+(V* - u) with V* := (=,,9;), and thus

(Au,u-Vu) = (VE-u,u-V(VE-u)) = 0.
Meanwhile, using V - v = 0 again, by the well-known duality between BMO(R?) and
the Hardy space H'(R?) and the following inequality (see for instance [42]), there exists
a universal positive constant C' such that for all vectors w,z € L*(R?* R?) satisfying
V- -w=Vtz=0,
(3.3) [w -zl @2y < Cllwllza@e) |2l 22,
we have
[(P,div (u- V)| < Y [(P,oju- Vi)

j=1,2
<> 1P lsmoe) 1051 - Vi[5 g2)
j=1,2
< [[Pllsntogee) [Vl Z2ge)
< O\ VPl 2@ IVull 72 g
Notice that in the last inequality we used the embedding H*(R?) < BMO(R?) with a

numerical constant C'.
Plugging the above inequalities into (3.2]) and noticing that

(A, VP) T2y < llpill 72y < pullv/pillzaes).
we obtain (3.1)) from the energy inequality ([1.3)). O

Notice that this result does not require any of the assumptions (aNV)), nor
(FFV-2).
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3.1. The case when (aNV) or (VB] is satisfied.

3.1.1. Approzimation procedure. As in the three-dimensional case, we regularize the
initial data. We require that the approximate initial density pf satisfies or
(VB]) whenever po satisfies (aNV]) or (VB]). Therefore, we construct a sequence pf
such that pj > py. To do this we build the approximation on the sequence of balls B,,,
n — oo.

Let ¢ > 0 and n € N, n > 1. Let K. denote a non-negative mollifier. We
approximate the initial velocity ug by ug”™ € C5°(B,) in the following way

ug,n - (UOSOn) * K,

where ¢, = ¢(-/n) with ¢ € C°(B1) a cut-off function such that ¢ =1 on By/. As
for the density, we approximate it in the following way on B,

==

Py = pox Ko llpox Ke = poll=s,) + —e
Notice that
1
pg,n c COO(R2> Wlth —6_n2 S pg S 2p* and U,g’n & CgO(RQ) Wlth V . Ugm = 0
n

Moreover, ||po* Ke— pol|lre(s,) — 0 when ¢ — 0" and pg™ > py. Therefore if (aNV))
(resp. (VB)) is satisfied for py it is also satisfied for py™.
We consider the solutions (p=", u*") to the following mollified version of (INS]
Op™" + V- (pP (K. +u™)) =0,
(INS-¢) O(pu™™) + V - (p7" (Ko % u™™) @ u™") + VP = vAu™",
V-us" =0.

in the domain B, with no-slip boundary condition "™ = 0 on 0B, and initial data
(pg", ug™). According to [42, Theorem 2.6], there exists a smooth global-in-time solu-

tion (p=", us") € C=([0,00) x B,) to (INS-g).

Our objective is now to derive uniform estimates in € and n for the approximate
solutions (p=™, u="). For notational simplicity, we drop the superscripts € and n below
and simply write the solution (p,u). Notice that all the estimates below are on B, ﬂ

3.1.2. Lower-order estimates. Here, we establish some lower-order bounds following
from condition (aNV|) or (VBJ) for py.

Proposition 3.2 (L{°L2 bound for the velocity). We have

(3.4) [l oo s 2(80)) < Cilllv/Povol L2 w2y + [Vuol|12r2))
and
(3.5)

2
[ull s Ba)) < Cu(lVpouollz2s,) + Vol z2(s,)) [ Vol 72 gey exp(lv/potiol 72 g2)),
with positive constant C, depending only on the factors in condition (aNV]) or (VB]).

"Notice that as in the previous subsection, the estimates that do not involve second-order space

derivatibves or first-order time derivatives of the velocity can be extended to R? thanks to the fact
that u®™ satisfies no-slip boundary conditions on 0B, .
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Proof. Using the Lagrangian flow maps and the fact that they are measure preserving
due to incompressibility, p satisfies (aNV|) or (VB)) along the evolution with the same

constants d, dp and ||(1/n) 1,<s, |1 in the case when (aNV)) is satisfied, p, d, 7 and
/(7 —n)+||zr in the case when (VB)). Then by Proposition [A.6[ and (3.1)), we get

[ull oo ®ysr2(m0)) < CelllVpullrzs,) + IVullz2s,)
< Culllv/pouoll 22y + | Vuol 2 we)).

Using (3.4) and ({3.1]), we further get
J Mt M,
< [ e IVl s, dt
2
< Cu(llvpouoll2@2) + Vuoll @) VUl 22, 12 (r.y)
2
< Cu(llv/pouoll 2@y + 1Vuoll L2@2)) " Vol 22 g2y exp(llv/potiol| 722 )- O

3.1.3. Estimates of the time derivative. In this step, we want to bound time derivatives
Vptu, in L (R, ; L2(B,)) and vtVu, in L2 (Ry; L*(B,)), since it is an important

loc loc
step towards higher-order spatial estimates for the velocity.

Proposition 3.3 (time derivative estimates). For any T > 0, there exits a positive
constant Cy (T) depending only on C, T, px and ||\/pouol|r2, [|Vuol||r2 such that

(3.6) Vot o 22 (5,)) + IV (ViU 220 7,23,y < Con(T).

Proof. The proof is similar to the three-dimensional case. Recall that by testing the
equation (2.9) with v/tu,, we are led to

Ld

(3.7) 5 7t

||\/ﬁut|’%2 + HV(\/EUt)Hiz =A1+- -+ Ay
with
Av = Sl
2
Ay = —(tps, lu]*),
As = —<\/Zptu -Vu, \/Zut),
Ay = —<\/1_fput -Vu, \/z_fut>

In order to estimate A;, As, A3, Ay, we proceed as follows. Noticing that
1 .
A = 5”\/5(“ —u-Vu)llizg,
<|IVpull7zg,) + pellullfo ) Vullizs,)-
Using the equation 0,p + V - (pu) = 0, we write
Ay = —(tpu, V(Ju/*))
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and
| As| <24/pa||ull oo 8oy IV PR L2 (8, |V (VEW) | L2,

< eIV (Va0 oy + OV g, 1l s,
Similarly, we write
Az = —(tpu, V[(u - Vu) - uyl),
and decompose
| As| < ([toul, [Vul® Jul) + (|tpul, [ul [Vul fu]) + ([toul, [u] [Vul [Vu])
=: A1 + Azo + Ass.
To bound As;, we write by the Gagliardo-Nirenberg inequality
Azt < V0T IIVptuw 2 IVl 55,0 10l 2 (8,)
< IVptue| 32 g lullZoo (5, + 2TV Ul 45,
< H\/ﬁut|’%2(3n)”uHQLoo(Bn) + P*THVUH%%Bn)HV2UH%2(Bn)-
As for Ass, A3z, we have
Asy < VTNV ptue 2 llull o (5,0 | V20l 228,
< IVptul 22z lullfoo ) + 2TVl 725,
and

Ass < p VTl oo (5, | Vil 28 IV (VEu) || 125,
1
< é”v(\/%ut)H%?(Bn) + szTHu“%m(Bn)HVUH%Z’(Bny

To handle Ay, we need to use Proposition . More precisely, since condition (aNV))

or (VD) is also satisfied by p, so the functional inequality (A.§) (taking 7 = v/tu,)
yields that

(3.9 Voulzzoy < C. IV, + IV (Vi) 12, )-
Then for all r € [2,00), we have by interpolation inequality
IV tuel sy SCUVEul 1208, + IVEVUe 12(5,)

<C.(|IVptuel r2(m,) + V(VEur) || 22(5.),
which implies that

|Aa| <IVptudlZe s, VUl 2(5,)
1 3
SH\/ﬁut”zmgn) ”\/ﬁutHzG(Bn) “VU”LQ(Bn)
3 1 3
<C.pdIVptul 3o, (IVPEw 1208, + IV (V) [ 22(5,0) * | Ve 228,

3
<C.pi H\/ﬁutH%?(Bn)HVUHLQ(Bn) + O*Pi”\/ﬁUtHé(Bn)HVUHLlL?(Bn)-
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Finally, by plugging all the above estimates of A; (i = 1,... 4) into (3.7)), we get
(3.9)

d
£||\/ﬁut||%2(3n) + ||V(\/¥Ut)||%2(3n)

<Pt s,y (1+ Il s,y + IVl 225, + I Vulliags, )
+ Cou(T) (VB3 + (el e s,y + DIV + (IValags,) + DIV2ul320s,)) -

To conclude, thanks to inequalities (3.1)) and (3.5)), it is not difficult to find that in-
equality (3.9) can be rewritten as

d
%”\/ﬁutniam) + |]V(\/¥ut)|]%2(3n) < Baa(t) |V ptuel| 725,y + Baa(t)

for some function By € L'(0,T'), the norm of which bounded only in terms of C,,T,

ps and norms ||\/potol| 25, | Vol r2(s,)-
Therefore, Gronwall’s lemma implies that for all ¢ € [0, T]]

T T T
IVotullzz + | IV(VEu)|32 dt < | Baa(t) dtexp (fo Ba(t) dt) :
This completes the proof of proposition (3.3 O

3.1.4. Shift of reqularity. As a consequence of Proposition [3.3] we will get higher-order
estimates for the velocity, via considering the Stokes problem ([2.13)). We have

Proposition 3.4 (higher-order estimates). Let T > 0. For all r € [2,00) and q €

2, -2), we have

(3.10) IV2(Vtu)| ooz By + IV (VEP) | Lao, 07 () < Cox(T).

Moreover, we have the following key Lipschitz estimate

wl—

T
(3.11) J, IVl e dt < Con(T)TH.

In particular, C’Q*(T)T% —0 as T — 0.
Proof. Applying the standard LP estimates for system ([2.13)), one gets for all finite p,
(3.12) IV2(VEuw) oo, + IV (VEP) (s, < C0)v/Pel IV Pk 125, -

To estimate the material derivative in the right-hand side of above inequality, we use
the Gagliardo-Nirenberg inequality (A.1)) and (3.38) to write that for all 7 € [2, c0)

T T
J, IVl dt < |V Eullias,) + IV (Vo) | es, ) dt

T
< Cope [ (VPRI ) + IV (VE) s, )t < Con(T),
where in the last inequality we used bounds ((3.6)).
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Then, interpolating above inequality with bounds (3.6]) yields that for all r € [2, 00)

and ¢ € [2,r*) with r* := %, one has
(3.13) IVt oo.rcr (B < Cox(T).

For the convective term, we notice that the Gagliardo-Nirenberg inequality (A.1]), (3.1))
and Proposition imply that for all 7 € [2,00)

IVotullL=o,r 5.y <V AT (lull=omiraa) + 1Vulli=oriz2s.y) < Cox(T),
and for all 7 € [2,00) and m € [2, 2]
IVullmo,rir(8.)) <IVullreomr2s.)) + 1VUll2orm s,y < Cox(D).
Thus, for all r € [2,00) and ¢ € [2,7*), we write according to the above two inequalities
(3.14) IVptw - Vullpaorrr8.) < Cox(T).
Putting estimates (3.13)) and (3.14]) into (3.12) yields
IV (Ve oo.r:er 80 + IV (VEP) | Laozr (8. < Co(T).
To prove Lipschitz estimate, we write by inequality (A.1]), (3.1) and (3.10] thatﬂ
T T 1 2 1
J, 1Vl dt < | 1Vl IV (V) 1, 5
3 2 3 -1
gHVUHLoo(o,T;p(Bn))HV (ﬂu)”p(oj;m(]gn))w 5l

<Cy.(T)T5.

L2 (0,T)

It is easy to notice that Cy.(T") stays bounded as T"— 0, thus we complete the proof
of Proposition 3.4} 0

3.2. The case when (FFV-2)) is satisfied. This case corresponds to the far-field

vacuulll.

3.2.1. Approzimation procedure. The construction is similar to the one in Section
Without loss of generality, we assume that the initial density po satisfies ||polz1®2) = 1,
which implies that there exists a positive constant Ny such that

1
dr > —.
IBNOPO * 2

We require that the approximate initial density satisfies (FFV-2) whenever the initial
density satisfies (FFV-2]).

Let ¢ > 0 and n € N, n > 1. Let K. denote a non-negative mollifier. We
approximate the density in the following way on B,

= |=|?

1
oo = pox Ko + e

8Notice that the time-weighted estimate ([3.10) enables us to gain smallness in time in the final

estimate (3.11)).
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Notice that
1
P € CP(R?) with —e ™™ < p5 <2p, and uS" € C°(R?) with V-uS" = 0.
n

For n € N, n > 1 fixed and for ¢ — 07,

1
o dr > -
IBNO Po x 47

(3.15) 95" — 7% weak x in L=(R?),

5" — 7%py in LP(R?), V pe€ [1,00).
The construction of an approximate initial velocity ug™ € C§°(B,,) is inspired by [10].
We let ug™ € C>®(B,,) be the solution to
(Approx-compa) —Auy" + VP =+/py"g"", V-ug"=0  on By,
with no-slip boundary conditions uy" = 0 on 9B,, with ¢=" := (g x K.)p,. Notice
that we have the following estimate
(3.16) IV (ug" —uo)ll2(m,) < Cnllv/pg" g™ —pogll 2 +1 ol 2(se) +lwoll i (e,

where we used the rescaled trace inequality

_1 _
n” 2 |lug|| L2 0m,) + [|[uoll n 1HUOHH(Bg) + [|uoll 21 (Be)-

HZ(9B,) <
Furthermore, by the Poincaré-Sobolev inequality [20, estimate 11.3.7], we have
[ug" (| z2me) < ClIVug" |12y = ClVug" |21 (5.
(3.17) < On||V(ug" = uo)llr2(s,) + CllVuol o z2)
< OV pa"9™" = poglleac,) + ClI Vol o e

We rely on (3.16), (3.17) and on the facts thatf]

nuoll r2(se) + lluoll mrse) — 0, n — 0o

and
Cn*IVpo" ™" = pogllras,y = 0. =0
when n is fixed, to choose a sequence (gg, ny) on which (pg*"™*, ug™"™") have the ad hoc
boundedness and convergence properties.
Let Kk € N. Assume n; < ... <ng_; and €1 > ... > g;_; > 0 are constructed.
There exists niy € N, ng > np_4

1
HUOHLQ(Bﬁk) + HuO”Hl(BL < o

Then there exists 0 < g, < €51 such that
n n 1
Cngllv/ po= "™ g™ — pogllze(s,,) < %

9Notice that here we use the assumption that wug in addition belongs to L?(R?) so that ug €
H(R?).
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Hence, for all k € N,

n 1
IV (™™ = wo)ll2(s) < 7
which implies
IV (ug™™ — o)l L2z = [V (ug"™ = wo)llz2(s,,) + IVuol 2, )
1
S E‘i‘ HVUO||L2(B$%) %O, n—>oo,

and™)
n 1
lug""™ |22y < Cl|Vuol|prre) + 5

Therefore

€k

Uy " L2(R2); o " Uy o L2(R2) an Uy o L2(R2)

[Jug"™ ™| 1/ oo™ ug™™ | d[[Vu"™ |

are bounded uniformly in k& by

(3.18) Ao == ps + [lpollzr®2) + [V pouollz2re) + [ Vuol iee) + [[Vuo| 22

and we have the following convergence properties

uS™ = g in DY2(R?),  piFugE™ — /poue  in L2(R?).

Finally, elliptic estimates for the Neumann boundary value problem imply

n n 1
(319) VB lliasay) < OV 0 25, < Cllvagllzzs + 5.

with C' uniform in %, and by (Approx-compal) and maximal regularity for the stationary
Stokes system, we have

g 1
(3.20) IV2use |28, ) < ClIV g™ 9™ [ 12(8,y) < Cllv/pogll 2 + 5>

We consider the solutions (p*, u*) to the following mollified version of (INS)
0ip" +V - (p" (Ko, xub)) =0,
(INS-¢) (P ") + V- (p* (K., * u*) @ u*) + VPF = vAUF,
V-ub =0.

in the domain B, with no-slip boundary condition u* =0 on dB,, and initial data

k EkNE  EkiNk

(plg,uo) = (ug""™, pg""™").

According to [42, Theorem 2.6], there exists a smooth global-in-time solution (p*, u*) €
COO([OJOO) X E'ﬂk) to '

Our objective is now to derive uniform estimates in k for the approximate solutions
(p*,u*). Notice that all the estimates below are on B,

10Remark that here the assumption that Vug € L'(R?) plays a key role.
HSee comment in Footnote
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3.2.2. First uniform estimates. Since (p*,u*) belongs to C*([0,00) x B, ) and satis-
fies the no-slip boundary condition u* = 0 on 9B, , we have all the estimates from
the proof of [43, Theorem 1.1]. More precisely, we have the following strengthened ver-
sion of Proposition that in addition to gradient estimates provides time-weighted
estimates for the convective derivative.

Proposition 3.5 (gradient and convective-derivative estimates; [43, Lemma 3.2, 3.2
and 3.4]). There exists a positive Cy depending only on Ay defined by (3.18]) such that
0<pF<p, and

(3'21) ||( \% pkuk7vuk)”%oo(RJr;L?(Bnk)) + H(Vuk’ V pkuk,Auk” ka)|’%2(R+><Bnk) < OO
and for all T > 0 it holds that

T
(3.22) sup [[v/pHtit|2as, ) + [ IVEVEE 2, dt < Co.
te[0,7T) 0
Moreover,
1
3.23 inf Ft,x)de > =
(3.23) L (t,2)de = 7,

for some positive constant Ny depending only on ||po|| 1 (r2), |[\/Potol L2y, No and T.

Remark that is a combination of estimates [43, (3.4), Lemma 3.2 and Lemma
3.3], follows from [43, Lemma 3.3] and follows from [43], (3.24)].

At this stage, we want to shift the regularity in order to get L!Lip, estimate for the
velocity. To achieve it, we first need to show the following spatial-weighted estimates
for the velocity and the density.

Proposition 3.6 (weighted estimates for the velocity and the density). For any T > 0,
there exists a positive constant Cor depending only on Ny, T and on Ay defined by
(3.18) such that for all a € (2,00) and b € (0,1]

bk

(324) t:E(l),I;] ||I u (tv >HLF(Bnk) < CO,T?

(3.25) sup ||z uF(t, -)HLQ(B%) < Cor,
t€[0,T]

(3.26) 12~ uP | 2o 132 (B,, ) < Corr

Moreover for a> 1, for all p € [1, 00],

(3.27) sup (20" (t, )| £r(Bay) < Cor-

te€[0,7)

Proof. At first, we prove inequality (3.25). It can be derived directly from classical
weighted inequalities and the uniform estimates in Proposition Indeed, estimate
(A.3) with inequality (3.23)) and (3.21)) implies that there exists a positive constant C'
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depending only on p,,m, ¢, No, T and norms ||pol|z:®2), ||\/Poto||L2(r2) such that

uk t,l‘ m B 1/m
(3.28) (IB M (In(z)) de) < C’(||\/p’“uk||L2(Bnk) + ||Vuk||L2(Bnk))

mo (2)
< C(H\/%UOHLQ(RQ) + HVU/OHLQ(RQ))’
for all m € [2,00) and ¢ € (1 4+ 2, 00). Recalling that z = (z)(In(z))* and taking

m = 2, =4 in inequality (3.28)), we easily get (3.25)).
Taking m = 4,¢ = 4 in inequality (3.28)), we find that

1=

4

B2 ) n < ( f, o] o)) o)
N
< Oy wtleqes) + [ Vaoloqeo).
where we used the fact that

(3.30) (In{x))" < C(y)(x), for any v € [1,00), = € R?.
The proof of (3.24]) be follows similarly by using (3.28)) and (3.30) again.
520 .

To prove , we use the Gagliardo-Nirenberg inequality (A.1) and Young’s in-
equality to write that

1270, = 5,,) < CIZ (2, )

< C(lz~"u" (¢, )

V@t )
| HIVat(, )

HL%(B% HL%(B%Q

”L%(Bnk ”L%(Bnk))'

Thus, taking a = 4, one then has (3.26) thanks to inequality (3.24)) and the uniform

estimate (3.21]).
Now, we can prove (3.27)). Noticing that 2%p"* satisfies

o,z p*) +u” - V(2°p") = a(z*p")u” - Vinz,
then the standard L” estimate for the transport equation gives that
25125, < ClE ol ey 5P -V I & 3001, )
Using the fact that
(3.31) Vz| < C(In(z))?, |V{z)| <C, forany x € R?
together with inequalities (A.1)), (3.21), (3.29), one obtains

T T
(832) | VInallioqs,) dt < C [ l1@) b 1w, dt
T 1 _ i
< C @) g IV (@) D,
T 1
< C J ) @) e s IV g,

< C(llv/pouollzee) + Vol 2gez)) 2 T
This finishes the proof of Proposition [3.6] 0
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3.2.3. Shift of regularity.

Proposition 3.7 (improved higher-order estimates). For any T > 0 and for all r €
[2,00) and q € [2,25), we have

P r—2
(3.33) IV (VEub) | ooz 8o, ) + IV (VEPH) | Loor:r (B, ) < Corr
and
(3.34) sup, <||V2(\/l_fuk)||L2(Bnk) + ||V(\/5Pk)||L2<Bnk>> < Cor,
te[0,T

where Cor depends only on Ny, T and on Ay defined by (3.18)). Moreover, we have
the following key Lipschitz estimate

T 1

and C’O,TT% —0 asT — 0.

Proof. Applying the standard LP estimates for Stokes problem (2.13]), we have for all
finite p,

(3.35) IV2(Vtu") oo, + IV(VEP) 10(8,,) < COIVEPEE || Lo ,.)-

Obviously, inequality (3.22)) yields (3.34]) directly.
Similarly to the proof of inequality (3.28)), applying Proposition to o implies
that for all r € [2,00) (taking ¢ = 2r)

VIt )| e Lr . )
(L} WEZE DI 4 1) dx) < OVt age,,) + IVEVE | 2a,,.).

wo {2)?

Thus by using a > 1, one has

1/r
Vtpi||r(s,,) = (fB (7°p")" ()0 (In ) )27 |V/tak | () 2 (In(x)) = dx)

< Ol L (IV Pt || 2, + VEVE | 2B, ),

which together with inequalities (3.27)), (3.22]) and (3.35)) yields (3.33)) in the case ¢ = 2.
Further interpolating with (3.22)) this finally implies (3.33)).

To prove the Lipschitz estimate, we write by inequalities (A.1)), (3.21) and (3.33])
that

T T 1 2 1
Jy 19 Lo dt < [ V0 g, IV VRO g, 75

1 2 1

<Co,r Téa

3
L2(0,T)

where Cyr remains bounded when 7" — 0. O
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3.2.4. Weighted L*>* estimates. In order to prove uniqueness, we need the following
improved weighted-estimate for the velocity, with the help of initial condition (Compal).

Proposition 3.8 (almost boundedness of the velocity). For any T > 0, there exits a
constant C depending only on the norms ||g||r2r2), || Vol L22), || Ato|| 22y and on
Cor (defined in Proposition[3.7) such that for any b € (0,1],
(3.36) sup [|27"u"(t, )| oo (B,,) < Cy

t€[0,7)]
Proof. At first, using the Gagliardo-Nirenberg inequality (A.1)) and Young’s inequality,
one has for any a € (2,00),

(337) 1 ey < CUT W g g, + V8 2 )

Let us bound the right-hand-side of for § = 4. The bound for the first term
follows simply from (|3.24]).

It remains to obtain estimate for Vu* in L>(0,T; L*(B,,)). Estimate (3.34) can be
used to obtain an estimate away from initial time. The difficulty is that this estimate
degenerates near initial time. Our goal is now to get an estimate near ¢t = 0. In order
to achieve this, we need the compatibility condition . From [43] Lemma 3.3,
we know that there exists a positive constant C' depending only on on A defined by

(3.18) such that

(3.38)
d ) ; . .
J: b
First, one has forall 0 <7 <t <T
(3.39) IVt (7, )2, ) = (pu", ") = (Aub,a*) — (VP*, )
and

(AP 0"y = (Au® — VP /\/p, v/ pFi) + (VPF u - V)
= ((Au® — VPF)//pF ,\/p WF) = ) (P, 0" - (b)),
=12
and
(VP* ¥y = (VP* . (P* 0u" - V(u)7).
7j=1,2

Second, using inequality (3.3) we have
(3.40)

[(P* — Py, 0u” - V(")) < [|P* = Pyllmoee) 056" || 2@ |V (0°) || 2 g2

< C(p) (IIVpogll 2@y + IV 070" | 22 [ VP (| T2 2y

where in the last inequality we used the embedding H'(R?) < BMO(R?), the standard
maximal regularity estimates for the stationary Stokes system applied to (INS-g;)) and
estimate ([3.19) for Pr.
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Thus by Hoélder’s and Young's inequalities and (3.40)), the identity (3.39) leads to

the following estimate

IR (7, ) 2,y < C (1AW = VBV s,
IV T g,y + 1V o) )

Moreover, using Holder’s inequality again, (A.1)) and the estimate

sup H\/ﬁuk(t, .)HL4(R2) = (ij(jap)2<x>2*2a(ln<x>)474a|uk|4<x>72<1n<x>)—4 diL‘)

t€[0,T7]

1/4

< CJ|7° pl| oo 2y (| V P || 22y + VP || 2 e2)) < Cor,
the above inequality can be further rewritten as
IV p*a (7, ) 22(s,,) < CIAW = V)V p*|f2s,, )
+ CorlIVub|| 28, ) V20" 28, ) + VUF[| 725

Therefore, by the fact that u* € C;H? and by the approximate compatibility condition
(Approx-compal), we have

(3.41) hmsup!lx/_u( Nizs.,)

70t

< C(llgll72@2) + CoxllVuoll 2@ [ V2uol 22y + | Vuol 12 gey) = Cy-

Notice that we used (3.20) to bound [ V?u"||;2g2) uniformly in k. By a variant of
inequality (3.40)), we see that

1 .
IVt ) La s, — CIVE 2, < IV R )2,
-2 Z (P*, 0;uf - W (u")7)| (¢).

§=1,2

Then, integrating (3.38) on the time interval [r,¢] and letting 7 — 07 in the resulting
inequality, we obtain that there exits a positive time 7% depending only on Cx such
that

(3.42) |/ pra HL2(B < CCy, for all time t € (0, T].

Using the standard estimates for the Stokes system, we then get for all ¢ € (0, T%],
1804ty + 19PN o) < Conlly/ i (8, ) g,y < OO

This together with estimate (3.34]) implies that

(3.43) sup ||VZu"(t, .)”%Q(Bnk) < C(Cy + Cor).

t€[0,T)
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Finally, from the Gagliardo-Nirenberg inequality (A.1) and (3.21)),
sup V' (t,)l|zas,,) < sup (IVur(t)llea,,) + 1V (E ) e2s,,)

te[0,T] t€[0,7]
< C(Cyu+ Cor).
This completes the proof of proposition |3.8 U

4. PROOF OF THE UNIQUENESS RESULTS

In this section, we show the uniqueness of the solutions that we constructed in the
paper, both in the two- and three-dimensional case. The main difficulty we have to
face is that having only bounded solutions can not ensure L? stability for the transport
equation. Of course, one may reformulate system (INS|) in Lagrangian coordinates to
prove uniqueness. The advantage of doing so is obvious: the density is constant along
the flow. However, motivated by Hoff’s paper [30] on the compressible Navier-Stokes
equations, it is possible to directly estimate the difference of the densities in H! (see
for example [17, 21]).

4.1. The case when v is in L?(R?) or L5(RR3).

Proposition 4.1 (uniqueness in 2D and 3D under control of a Lebesgue norm of the
velocity). Consider two finite-energy weak solutions (p,u) and (p,u) (in the sense of
Deﬁmtion to system (INS|) corresponding to the same initial data (po,uo) satisfy-
ing (1.2). Assume that
(1) Vi e L®(0,T; L*(RY) N L'(0, T; L*(R7)),

' Viti € L*(0,T; LS(RY), V(Vti) € L*((0,T) x RY),
and

e [n the two-dimensional case, assume in addition that py satisfies condition

(aNV)) or (VB),

e In the three-dimensional case, assume in addition that,
(4.2) Vu € L*(0,T; L*(R?)),
then (p,u) = (p,u) on [0,T] x R*[7|

Proof. We focus on the case when T is small, say T' < % We remark that a standard
connectivity argument enables us to prove the the case of arbitrary large 7T'.

Step 1: control of the difference of the densities.
Define the difference dp := p — p and du := u — @, then the system for (dp, du) reads

Ohp+u-Vop+du-Vp=0,

p(O0pdu +u - Vou) + VOP — Adu = —pu — pdu - Vi,
V-du=0,

(9p, du)| =0 = 0.

(4.3)

127 et us stress that the uniqueness is in the class of finite-energy weak solutions. Moreover, notice
that the result in 2D is of weak-strong uniqueness type.
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We perform estimates for & in L>°(0,T; H~'(R%) and for éu in L*((0,7) x R?). We
remark that the general strategy is the same for dimensions d = 2, 3. To achieve these
estimates, we set

(4.4) 6= (~A) " s that (V6] 1) = 1l i ey
Now, testing the first equation of (4.3)) against ¢ yields

thHVCbHH Rd) = < [{u- VA, )| + [(du-Vp,d)|.
For the first term in the right-hand-side of (4.5)), using that V -4 = 0 one has

(- VAG @) = Y (Wdy0.0) = Y (0;u'0;0,0:0)

1<i,j<d 1<i,j<d

(4.5)

so that
(@ VAG, §)| < IV oo wa) I VO 2 gy
As for the second term in the right-hand-side of , noticing that V - du = 0, then
(0u-Vp,¢) = ={0u-Vo,p),
and thus
(30 Vp,0)| < m||ﬁ5u||L2(Rd>||v¢||L2(Rd>.
Collecting the above two estimates into , we discover that

t
196(t Moz < [ 1905, it [V (s, Yxguy ds + vr [, 11yAu(s, ) ey ds.
Hence, using (4.4]) and denoting
1
D(t) := sup s72[|dp(s, )|l g1 (ray,

0<s<t

we get after using Young’s inequality and Gronwall’s lemma, for all ¢ € [0, T,
(4.6) D(t) < v/pullv/poul| 2 (0,0 xray expI VU 10,7, 100 (ra)))-

Step 2: duality argument.

At this stage, in order to control the difference (/pdu in L*((0,t) x R?), we introduce
the solution v to the following linear backward parabolic system:

p(Oww +u - Vu) + VQ + Av = pdu,
(4.7) V-v=0,

’U’t:T =0.

Let us first claim an important a priori estimate for the above system:
(4.8)
2 T 2 C o2 2
sup | (v/pv, Vo) (1, )| 72 ey +f0 (IVu(t, )lIz: + I(vpo, Vi, VQ)(t, -)I[72) dt

t€[0,T]
< CH\/E(SUH%Q((O,T)X]W)’
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that we prove below. Solving the above problem is not included in the classical theory
for the linear evolutionary Stokes system, since the coefficients are rough and may
vanish. It is not hard to find that if (p,u) are regular with p bounded from below
away from zero then the existence issue can be solved thanks to the a priori estimate
. In our setting, the existence may be established by a regularizing procedure of
(p,u), after using estimate , as in the proof of the existence part of Theorem
and [Bl

For the moment, we assume that estimate is satisfied. Testing the equation of
du in system by v yields that

) T - T _
(4.9) I/l ((0,7) xray < fo [(dpu, v)| dt +f0 |[(pdu - Vi, v)| dt.

We have, by Holder’s inequality

[ 1, o) dt < 167200l 3112y IVEZ - 0) s iy
< D(T)(|V(VE) || 2 (0.2 xrey 10| 22 0,720 ey + | VEG 220,726 Ry [| VO L2 (0728 ) )
and
_[OT [(pdu - Vi, v)| dt < \/aH\/lBéuHL%(O,T)XRd)HVEHL‘X’(O,T;LQ(]IW))HUHLQ(O,T;LOO(Rd))-
By estimate and Gagliardo-Nirenberg’s inequality [20, Lemma I1.3.3], we see that
in 2D

. 1/4
ooy < ( J; Tl P20l dt

1/2 1/2
< Cll (WA, VO L2 0 20 | V20l ooy e
< C|l\/pdu|| 20,1 xRr2)5
and in 3D

. 1/4
folisiramien < ( [ 190l 9700t
1/2 2,111/2
< CHVU||Loo(o,T;L2(JR3))Hv U||L2((07T)XR3)
< Cllvpdullr2(0,r)xr?)-
Moreover, one has (recall that 7' < 1/2)
1-4d g
||VU||L2(0,T;L3(Rd)) < C||vv||L2(6(0,T)><Rd)||V2v||22((07T)XRd)
1_d 1-4 e
< CT27 32|Vl 1o ey 1V 20l B2 0,7y xmay
1
< CT5|v/pdull r2(0,1) <)

So that one can conclude that

1
01| 20,7100 (Rey) + 1|Vl 120, 03®ay) < CTH|\/pou| 20,1y xR -
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Taking these estimates into (4.9)) and using assumption (4.1)), we get
1
H\/E(SUH%?((O,T)de) < CT5(D(T) v/ pdul| 20,1y xrey + H\/wu”%?((o,T)de))-
This together with inequality (4.6) implies that if 7" is small enough then
Vpiu=0 and D(t)=0 on 0,77

Now, since we already know that /pdu and dp are zero on [0, 7], a direct L? estimate
for the equation of du in system (4.3)) gives directly that

t 2
(4.10) jo IV6u(s, ) |22 ga ds = 0.

In the 2D case, using again the condition (aNV)) or (VB|) together with Proposition
, one gets du = 0 on [0,7]. In the 3D case, one gets same conclusion by recalling
that du € L*(R; L5(R?)).

Step 3: proof of estimate ({4.8)).
It remains to prove estimate (4.8). Actually, the proof is similar to Proposition
To achieve it, we proceed as follows. At first, testing the equation by v, one finds that

T
(@11)  sup ly/Bolt s + [, V00t B
te(0,7)
< VoSl 72 (0,7 ey + Tts(%%) Iv/pv(t, )72 gy
€0,

Secondly, in order to obtain the higher-order estimates of v, we apply the standard
maximal regularity estimates for the stationary Stokes system to (4.7]) to get that for
any p € (1,00),

(4.12) AV o ey + IVQ Lo ey < C) o0l Loy < C(P)V PV PO Lo (e
Testing the first equation of (4.7]) by © gives that
/POt 3@ + (A, 0) + (VQ, 0) = (pdu, D).

Since
(Av, 0) = —%nwn; Y (Ot wio)
1<i,jk<d
and
(D', W 00"y = — (90", Dpu? Oj0").
thus
(4.13)

d . . . i ia i
—EIIWHEJrH\/ﬁv(tw)HQLz(Rd)=(p&t,v)—WQav)Jr > (O, Ol o).

1<i,jk<d
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Note that in the 2D case, we have by the Gagliardo-Nirenberg inequality (A.1)

(@19 Y 0w Bddye)] <CIT0 e IVl sageey

1<i,5,k<d
SC||VU||L2(R2) ||V2U||L2(R2) ||Vu||L2(R2)

1
<
=0,

V0 Z2mey + Coal| V|| Za@e) Vol 222,
while in the 3D case,

(4.15) D 10k, 0 050°)| <C|V0lFa s || V] L2 es)
1<i,j,k<d
1 3
<OVl 2y V20l 22 ey || Vil 2 )

1
<
=0,

V20l es) + Coll VullLa@s) VOl L @s)-

Meanwhile, using that V - v = 0, we write
(VQ.0) = —(Q. V- (u- Vo)) == > (Q.0u/0p0") = = ) (Q, 0 Vv').
1<i,j<d 1<i<d
Therefore in the 2D case, inequality (3.3)) implies
(4.16) (VQ,9)| < CllQllsmom) | Vull r2@e) Vol 2 we)
S CHVQHL2(R2) HVUHLZ(RQ)HVUHL2(R2)

1
Cps

As for the 3D case, one has
(4.17) [(VQ,0)| < CllQlrows) I Vull L2 @) [ V] L2 s

1 1

< CQllpras) | Vull L2 V0l 22 ) | V0 22 s
1

Cp.

<

HVQH%Q(RQ) + CP*HVUH%Q(RQ)“VUH%Q(RQ)'

< =—(IV*I72 + 1Qlprms)) + CoilVull Lo IVl 72 es).

It is easy to find that

[ (b, 9)] < [|y/B8ull 2 1/ 2.

Putting the above estimate and (4.12)), (4.14)-(4.17) into (4.13), we conclude after
applying Gronwall’s lemma that, in the 2D case

2 T g 2 2
sup [|Vo(t, )| 72ge) + fo 1(v/p0, V20, VQ)(t, )| 72re) dt

te(0,T)
< |IV/pdul| 720,y xm2) eXP(Cpa |/ Potto]| 72 2y
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and in the 3D case

2 T . 2 2
sup Vot )R + [ (/70,720 Q) ) e dt

te(0,T)
< IVPdull72 (0 )iy €xXP(C P2Vl Lao 72 msy))-

Finally, these estimates together with estimate (4.11)) prove (4.8)). This completes the
proof of Proposition {4.1] 0

4.2. The case of two-dimensional far-field vacuum.

Proposition 4.2 (uniqueness in 2D in the case of far-field vacuum). Let d = 2.
Consider two finite-energy weak solutions (p,u) and (p,u) (in the sense of Definition

to system (INS) corresponding to the same initial data (po,uo) satisfying (1.2]).
Assume in addition thaf™| pz® € L=(0,T; LY(R?)) N L=((0,T) x R?) and
(4.18)
7 € L°(0,T; L*(R?)), 27 'a, 27'u € L™((0,T) x R?), (x)~'u € L'(0,T; L™(R?)),
Va € L>(0,T; L*(R*)) N L' (0, T; L™ (R?)),
. . 11
V(Vti) € L*((0,T) x R?),Vtuz =" € L*(0,T; L%(R?)) for some § € (5’ 5).
Then (p,u) = (p,u) on [0,T] x R? [

Proof. Step 1: control of the difference of the densities.

Recall the system (4.3)) satisfied by the difference. We deﬁnﬂ do := 7% (note that
B < §) and thus get the following equation

(4.19) Qb0+ 1 - Voo + - Vp = foou-VInz.

In contrast to the previous subsection, we define an inhomogeneous version of the test
function for the duality proof, namely

(4.20) ¢:=(Id—A)"'0 sothat ||¢|mre) = |dlr-1(r2)
Now, testing the first equation of (4.19)) against ¢ yields that
1d

S 0l ey < (- VAG,6)| + (2% - Vo, 6} + 8l{Ava - Vinz, d)]
(4.21) + 86T - VInz, o).

First term in the right-hand-side of (4.21]). One has
(4.22) (@ VA, ¢)| < |Vl po ey VS| 72g2)

3Here as in the whole paper a > 1, see (FFV-2).

HNotice that the uniqueness is for finite-energy weak solutions. However, this result is not of
weak-strong uniqueness type.

Notice that in contrast with Subsection we work here, in the far-field case, with a weighted
version of the difference of the densities.
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Second term in the right-hand-side of . Noticing that V - du = 0, we get
(4.23) (@°0u - Vp,¢) = —(6u- Vo, 2°p) — (du- VZ’, pg).
By Holder’s inequality
(420)  |(6u- Vo, 20)] < VAl o) IVl aqen I/ e
< IVpoull 22 |V @l 2 r2) (1 + |92 || oo (r2))-

For the second term in the right-hand-side of (4.23]) we use the following inequality
from [44, Theorem 1.1] which is valid for any BMO(RR?) function f with compact
support and g € L'(R?) N L>®(R?),

(4.25) 1(f )] < Cllfllsmoe) llgll @z (|10 [|gll 1 re)| + In(e + ||gll Lo r2)))

with the functions f = ¢, g = pdu-VZ?. In particular, we use that t"2¢ € L>°(0, T; H*(R2))
and the fact that the space D(R?) of smooth compactly supported functions on R? is
dense in H'(R?). Noticing

- V2l 1z < Cly/Bull e /5 ()2 oo
< Cllyadulzagenll 7”5,
and that
b - V2 ey < 192 ()2 ety 1 e e
< OlpZ* || oo g2y (17~ 0| oo g2y + 17 al| oo 2 )
we see that estimate (4.25)) yields

(- VZ7, pg)| < Clldllmmoes) |v/pdull 2wz (| || pdu - V37| 11 g2 | + C)
< OVl L2rr)llv/pdul| L2r2),

where in order to get the last inequality, we used the embedding H'(R?) — BMO(R?)
and that

|pdu - V27| L1 g2y < | p2° (In(2))? | 1 2y |2 G| Lo (g2
< C|1p7*|| 1 (r2) (|7 ul| Lo r2) + (|17 0| Lo r2)) < C.
These results combined with inequality (4.24]) imply that
(1.26) (270 - Vp,8)] < CIV 6 aqeolly Pl e

Third term in the right-hand-side of (4.21). We rewrite it into
(427)  (Adn-VInz,é) < (V- V(a-Vinz),é)| + [([VoP.a-Vinz)|.
Similarly, as above one has

(Vo -V(u-VInz),d)| <[VO 2w |V - V(- VInT)|r g
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We now rely on (4.25) with f:=V¢-V(a-Vin JE) to estimate the right-hand-side in
the previous estimate. Noticing from inequalities ([3.30]) and - that
||V¢ . V(u -Vin $)||L1(]R2) S ||V¢||L2(R2)(||VUV lnw||L2(R2) + ||u< > ||L2(R2))
< OIVel e (I Vall z2gey + 102" | 2 e2))
and additionally using the Gagliardo-Nirenberg inequality (A.1)) we have
||V§Z5 . V(ﬂ -Vin .T)||Loo(R2) < CHquHLoo(RQ)(||Vﬂ||Loo(R2) + ||ﬂf_1||Loo(R2)>
< C(IVollaee) + 12700] pa@2) (IVal| oo (2 + (|02 || o (g2) )
Thus one has

(4.28)
(Vo V(@ VInz), ¢)] < CIIVS|3aee) (| 1]Vl eee)| + 1Vl ey + 32 | e + 1)

For the remaining term in (4.27]), notice that
(VeI @ VInz)| < [[Vol[7ee [a(z) ™ || 1o me).
Fourth term in the right-hand-side of . By the same reasoning as above, we have
(60 VInZ, 6)] < 6] - V In 2] e
(4.29) < Cllolzamey (@)~ [l 1o we)-

Final estimate of (4.21). Putting the above estimates (4.22), (4.26)), (4.28]), (4.29)
together into (4.21)), we get

d _ -
10 g2y SCUSM ey (| 162y + [Vl e uz) + @)™ [l e2) +1)
+ [0l @2 [|v/pou| 2 @2)-

Hence, denoting

- _1
D(t) :== sup s 2||do(s, )|l m-1(r2),
0<s<t

we further get that for all t €[0,7],

(4.30) D(t) <C ) (1In D(s)| + | Ins| + | Vit poogge) + [1a(x) | ooy + 1) ds
+CH\/_5UHL2<o,t>xR2)-

Step 2: duality argument.

At this stage, in order to control the difference /pdu in L*((0,¢) x R?), we will estimate
the solution v to the linear backward parabolic system (4.7)) as in Subsection
Indeed, in our current setting, the solvability of problem (4.7) can be achieved by
following the steps in Subsection . Moreover, similarly to estimate and also to

(3.24), (3.26)), we have
(4.31)

S(UPT | (vpv, Vo) (t, )| 22y + [[(Vo, V271)||L2(0,:r’;L2(R2)) + ||f_BU||L2+B(o,T;Loo(R2))
te(0

1
+ 1272 || pe o, re@2)) < Cllvpoull r2(o,m)xr2).-
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Now, recall that

T ) T B
(4.32) Vol 0 rymiey < [, (00T, 0) it + [ [(pdu - T, 0)] d.

By Holder’s inequality

jOT|<p5u-Va,v>|dt
<[[VpdullL2(0,1)xr2) [ V|| oo 0,7:02®2)) VPV | 22 (0,70 (R2))
<O|lv/poul r2(0.) xz2) | Vil L= (0,722 12770 ]| 20,500 (m2) (1 + 107 | oo 0,7xR2) ),
and
[ 1ot o) dt < 12807 sy VIV (G 0) 3oy
D(T)IVIV(Z Pt - v) || 072 (m2) -
Using inequalities , and (< 5, we have
V(@ P v)| < C(|Villz~ %] + iz || Vo] + [az 7| [vz~2 7)),
which implies that
IVEV (2P0 - 0) |1 0.1322m2))
SH\/—VU/HLQ((O,T)XRQ)H‘I 0| 20,7100 (R2)) + ||\/gajiﬁHLQ(O,T;LG(RQ))||VUHL2(O,T;L3(R2))
+ T%||\/Eﬁf_BHL?(o,T;LG(R%)||U§C—%_B||Loo(o,T;L3(R2))

So by estimate (4.31]) we can bound the right-hand-side of (4.32)) and get

VA0l 2 0,y xy < CT® (DT V/p0ull 20,12 + I1v/ASl 20,7y x)) -

Clearly, the above inequality implies that, if 7" is small enough then

(4.33) Iv/Pdul| 2.1y <2y < CD(T)T TS,

Putting the above inequality into (4.30)), we get for T small enough

GJ

D(T)<C (LTD(t) (IVall ey + [1a(2) " | 12y + [ In D(t)| — Int) dt) :

From Osgood’s lemma [6, Lemma 3.4], we then infer that D(¢) = 0 on [0, T], and thus
VPou =0, dp = 0 on [0, 7] thanks to inequality and equation , respectively.
Finally, u = 0 and dp = 0 on [0, 00) can be concluded similarly as previous subsection.
In particular, one needs to use the functional inequality . 0

4.3. Proof of uniqueness. To complete the proof of uniqueness part of Theorem [A]
and Theorem [B] it suffices to observe that all the assumptions in Proposition and
Proposition are satisfied by those solutions constructed in Theorem [A]and Theorem

Bl O
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5. PROOF OF THEOREM

We remark that the general strategy is the same in dimensions d = 2 and 3. Assume
that 9Qy corresponds to the level set {fys = 0} of some C7 function fy : Qy — R.
Then we know that 9€; = X (¢, f; ' ({0})) corresponds to the level set {f; = 0} with
fi == foo(X(t,-))7t, where (X (¢,-))~! is the inverse function of X(¢,-). Indeed, as the
flow is incompressible, the Jacobian of X is identically equal to 1. Hence the classical
inverse function theorem ensures the existence and regularity of X 1.

Now, fix some 7' > 0. In the 2D case, according to Theorem[A] for all r € 2, 00) we
can find ¢ > 2 such that

1
IV2ull 2 01202y < NIV (VEW) oo rior @) 12 | ooy < Cor
and by the Gagliardo-Nirenberg inequality (A.1)) and Young’s inequality
||VU||L1(O,T;LT(R2) < C(HVUHLl(o,T;L?(R?)) + ||Au||L1(O,T;L2(]R2))) < Cor-

By Sobolev’s embedding, one has Vu € L*(0,7;C%7) for all v € (0,1). Consequently,
the flow X(t,-) is C% and so is f;.
For the 3D case, Theorem [Blensures that for all r € [2,6), Vu € L*(0,T; L"(R?)) and
we can find ¢ > 2 such that V?(v/tu) € L1(0,T; L"(R?)). Thus Vu € L*(0, T; W' (R?)).
1

This finally implies that f; is a C%7 function, if v < 5 U

A. FUNCTIONAL SPACES AND INEQUALITIES

For the reader’s convenience, we here recall a few results that are used repeatedly in
the paper. Let us first recall the definitions of homogeneous Sobolev spaces.

Definition A.1 (homogeneous Sobolev space). Let s be in R. The homogeneous
Sobolev space H*(R?) is the set of tempered distributions u on R, with Fourier trans-
form in L} _(R?), satisfying
[ll s (ay = INEPPF () (€| z2ray < o0
We often use the following Gagliardo-Nirenberg inequalities.

Proposition A.2 (Gagliardo-Nirenberg inequalities; [26, Lemma 11.3.3]). If (¢q,r) €
(1,00)2, there exists a constant C' depending on q and r such that

(A1) [ liogasy < CITN ol

1 _p(l_ 1y 1-0
wzth;-&(;—g)—i—T, 0<6H<1.

Let us now recall some properties of the spaces D'2(R?) and D>2(R?) that are used
in the paper. For more details, see Appendix A and B of [42]. The first one is the
following weighted estimate for elements of the space D'?(IR?).

Lemma A.3 ([42, Theorem B.1]). For m € [2,00) and { € (14 %, 00), there exists a
positive constant C' depending on m and | such that for all z € DV?(R?),

m

5 1/m
@2 ([ tomta)tar) <€ (llm + 192l
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Then one has the following Proposition due to Li and Xin [37], which is a combination
of Lemma with the Poincaré inequality; see [37], (2.6) and (2.8) in the proof of
Lemma 2.4 therein.

Proposition A.4 ([37, Lemma 2.4]). Let m € [2,00) and { € (14 F,00). Let
z € DY*(R?) and n € L>(R?). Assume that \/nz € L*(R?) and satisfies
0<n<y. M< | ndr

for positive constants n*, M, R. Then there exists a positive constant C depending only
on m,l,n*, M, R such that

2| g )
(A3) Jor i Qosta) ) < Ol A=l + 19l

We also needed the following conditional L2 bound for elements of the space D2(R2).

Lemma A.5 (J42, Lemma B.1 and Remark B.1]). DY2(R2) is a Hilbert space for the
scalar product (Vz, Vw) + (1p, z, w) and an equivalent norm is given by ||Vz||12r2) +

| ‘fBl zdz|. Moreover, we have DV*(R?)N (L' (R?)+ L2(R?)) — H'(R?), more precisely,

there exists a constant C > 0 such that for all z € DV2(R?) satisfying z = 21 + 2o with
Z1 € L1<R2>, 2o € L2(R2)

1 1
(A4) lellzay < C (Il aoy 192 gy + ealles)

A similar result holds for all z € D“?(R3). There exists a constant C' > 0 such that
for all z € DY2(R3) satisfying z = 21 + 20 with z; € L'(R3), 2, € L*(R3)

2 3
(A.5) 2l z2es) < C (Il a1V 20 Fagusy + 222y ) -
Then based on Lemma [A.5] we have

Proposition A.6 (interpolation estimate). Let d = 2, 3. For all = € D“*(R2%) or
DY4(R3) and all non-negative function n € L=(R?) that satisfies either

(A.6) (1/1) 1«5, € L*(RY),  for some &y > 0,
or
(A7) (n—n)+ € LP(RY), for some n € (0,00), p € (d/2,00),

there ezists a constant C, depending on d, dy and |[(1/n) 1,<s, ||z in the case when

(A.6) is satisfied, p, d, 7 and ||(7 —n)4||zr in the case when (A.7)) is satisfied, such
that

(A.8) 12l 2mey < CulllvmzllL2ey + IV 2| 2(Ray)-
Proof. We first consider n satisfying ((A.7]). It is easy to check that

V1< =)+ + V0.
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We then write by Holder’s inequality, the Gagliardo-Nirenberg inequality in Proposition
and Young’s inequality that

\/EHZHL?(W) <[/ (1= n)+ 2l L2ay + V02l L2 (Re)

1
<I@ =M+l Lo ll21l | 220 + V02|22 o)
d d

1 1— 4
<O = 1)+ 2 121 e 21 gy + 1/ 2

» V1
<C||(n— 7]>+HLP(Rd)||VZ“L2(Rd) + THZ“L?(Rd) + vzl L2 may,

which enables us to obtain (A.8)).
If (A.6)) is satisfied, we decompose

2 =zlycs, + 2 155,

and write that

1 1
12 Lz [l 2(ray < \/—5—0”\/7_72 Ly>soll L2 ey < \/—5—0||\/52||L2(Rd)7
12 Ly<soll L2y < W2l 2@ay || (1/v/1) 1y<ss | L2 ey
1
< H\/ﬁz“LQ(Rd)H(l/n) 117<60H21(Rd)'

We complete the proof by using Lemma and Young’s inequality. O
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