Lecture 3: Compensated Compactness
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One of the essential difficulties of non linear (and even linear!) PDEs is the
incompatibility of weak convergence with products. For instance in the first lecture
we proved that

A(x/e)Vus — A°Vu®  weakly in  L*(Q)
where A° = A + AV is in general different from the weak limit A of A(x/e).

This lecture is devoted to situations where additional information (notably on
the boundedness of some linear combination of derivatives) enables to prove that
the weak limit of the product is the product of the weak limits. A simple instance of
such a phenomenon is the following. Let §2 be as usual a bounded Lipschitz domain
of Re. Let v, = v,(x) € R? and w,, = w,(z) € R? be two sequences such that

v, is bounded in H'(Q), v, = v weakly in L*(Q),
w, is bounded in L*(€2), w, —w weakly in L*(Q).

Then, by Rellich’s compact injection theorem a subsequence of v,, converges strongly
to v in L*(Q). Therefore

Vp - w, = v-w weaklyin L'(Q),

(the whole sequence converges). One encounters this situation when passing to the
limit in the non linear term u,, - Vu,, of the Navier-Stokes equations, for u,, a sequence
of smooth approximations.

The core of this lecture is the div-curl lemma. The lecture is mainly based on
the paper by Murat [Mur78| and the Chapter 5.B of the book by Evans [Eva90].

1 The div-curl lemma

Let us start with the definition of the divergence div and the rotational curl. For
v e D(Q), v=ruv(r) € R we define dive = dive(z) € R by

dive :=0,,v, in D'(Q).
For w € D'(Q), w = w(z) € R?, we define curlw = curlw(z) € R* by
{curlw}ag = 0pw* — O, w” in D'(Q),
for 1 <a,p <d.
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Theorem 1 (Div-curl lemma). Let 1 < p < oo and p’ the Holder conjugate of p,
ie. + 4+ L =1. Let

P

vn = v, (x) €R? be a sequence in  LP(Q))  such that divu, € LP(Q),

w, = wy(z) € R be a sequence in  LP(Q)  such that curlw, € LP' ().

Assume that

lvnll L) + || div o ||r)  is bounded uniformly and v, —v weakly in  LP(£2),
|wall o @) + fcurlwy[ 1) is bounded uniformly and w, — w  weakly in L7 (Q).
Then,
Up - Wy — V- W
in the sense of distributions.
In the div-curl lemma we only control some linear combinations of derivatives,
namely the divergence and the curl, whereas the example in the introduction based

on Rellich’s compactness theorem requires a control of all first-order derivatives of
vy, (or wy). It is often applied to sequences such that divwv, = 0 or curlw, = 0.

2 A direct proof via the Fourier transform: the case
/

We give here a proof based on the original ideas of Murat [Mur78| using the Fourier
transform in L*(R) and the Parseval-Plancherel formula. The following proof is
direct, in the sense that it only relies on elementary arguments and computations.
In particular, we do not use Rellich’s compactness theorem. The proof is valid for
an arbitrary bounded domain €2, i.e. without any assumption on 0¢2. The strategy
of the proof (splitting between low and high frequencies) is inspired from the proof
of Rellich’s injection H} () € L*(Q) given in the Introduction.
Let ¢ € C°(12) a test function. We need to show that

/vn~wng0—>/v-wg0.
Q Q

Step 1: extension to R? Before resorting to the Fourier transform, we need to
define functions on the whole space R?. Let ¢ € C>(£2) such that ) = 1 on Supp ¢.

Let
~ | v, in{ — | Yw, inQ
U"'_{O on R\ and w"'_{O on R4\ Q

Denoting by o, (resp. wy,) the Fourier transform of v, (resp. w,), we have

Q R4 R4
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It is clear that

~ —

v, and 1w, are bounded in L*(RY),
I weakly in  L*(R?),

T @ weakly in  L*(R?),

€atna is bounded in  L2(RY),

E5tna — Eany is bounded in  L2(R?).

The proof of the convergence of the last term in (2.1)) is based on a splitting
between low and high frequencies: for R > 0

Re B(0,R) R4\ B(0,R)

Step 2: low frequencies To handle the low frequencies, we rely on Lebesgue’s
theorem of dominated convergence. On the one hand,

|Un Lo ey < |[Unllzr@) < Callvnl| 2, (2.2)

and on the other hand, the weak convergence of 0, in L*(R?) implies the pointwise
convergence

~

v?l(ﬁ)Z/Qvn(x)exp(—ifv-f)dﬁﬁLv(x)exp(—ix-f)df=5(£)- (2.3)

The analogues of (2.2)) and (2.3 also hold for w,,. Therefore,

/ SN / 5.,
B(0,R) B(0,R)

when n — oo.

Step 3: high frequencies For the control of the high frequencies, we use the
boundedness of the divergence and the curl in L?(Q2). We simply have

=~ = =~ = 1
/ vn~wn:/ %vn-w g—/
R4\ B(0,R) Ri\B(O,R) |§] R Jpa\p(o,r)

It is subsequently enough to show that for all 1 < § < d, fmﬁzﬁ is bounded in
L*(R%) uniformly in n. This is the place where the assumptions on the divergence
and the curl are crucial.

—A‘

Lemma 2. For any vectors V, W € C%, for any 1 < 8 < d,
d  d d o o
55 Z VoW = W,B Zfava + Z {§5Wa — faW5} V...
a=1 a=1 a=1
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Applying this identity to V = Uﬁ(g) and W = zﬁ(é), we get

—— T — e —} —

gﬁvn,awn,a = Wn,p foﬂ}n,a + gﬁwn,a - fawn,ﬁ Un,a
——
L2(R4)

so that émﬁzﬁ is bounded in L'(R?) uniformly in n. Thus,

RA\B(0,R)

when R — oo.
Finally, combining Step 1, Step 2 and Step 3 we get

= - n—oo =~ = ~ o~ ~ o~
/Un~wng0:/vn~wn—>/U-w:/v‘w:/v-w:/v'wgo.
Q R4 Rd Rd Q Q

3 Thecasel<p, p<oo

To address the case p # 2, Fourier analysis is not suitable any longer and we need
to resort to tools from harmonic analysis, except in one case: when there exists a
sequence z, such that w, = Vz, with

zn — 2 strongly in L (Q),

, (3.1)
Vz, — Vz weakly in LP (Q).

Easy case

Let us assume (3.1). As we will see below, this is equivalent to curlw, = 0. Then
the div-curl lemma simply follows an integration by parts. Indeed, we have

/vn-wngpz/vn~v,zng0:—/V-vnzncp—/vn-V@zn
Q Q Q Q
@—/V-vzgp—/v-Vgpz:/v-wgp.
Q Q Q

Remark 1. This computation was implicitly done in the first lecture, when proving
the homogenization via the oscillating test function (step (2)). Though there we did
not invoke the div-curl lemma, the same phenomenon is at work.

A few singular integrals

Let I' = I'(x) denote the fundamental solution of the Laplacian —A:

+—log|z|, d=2
—J o ’ ,
F(Q?) T { Cdlx‘%, d 2 3.
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Then, for all f € C°(R?), the Newtonian potential u given by
u(zr) =T f(z) := / [(x —Z)f(2)dz,
R4
is a weak solution to
—~Au=f xcR% (3.2)
Our goal is to prove the following proposition.

Proposition 3.

(1) Let 1 < g < d. There exists C > 0 such that for all f € LY(Q2), the Newtonian
potential u = T" % [ satisfies

. 1 1
[Vullpe ) < O\ fllay with — = 7

1
4 q
(2) Letl < q < oo. There exists C > 0 such that for all f € LI(Q2), the Newtonian
potential u = T x f satisfies
IV*ull ooy < Cllfllzo)-
The estimate for Vu follows from an estimate on singular integrals of the follow-
ing type: for 0 < a < d and f € C>°(R?), we define
1 1
I, =— = — f(%)dx.
@) = e ) = [ @)
Indeed,
st d=2,

_ 27 [z2°
VI(z) = { ca(2—d) %, d>3.
Proposition 4. For all 0 < o < d, for all 1 < p < d/a, for all f € LP(RY),
I afllzomaey < Cfllray for 1/q=1/p—a/d (3.3)
with C = C(a,d,p). We say that 1, is of (strong) type (p,q).

For a proof, see [Ste70, Theorem 1.1 p. 119] or [O’N63|, section III] (more general
theorem on convolution in Lorentz spaces).

Remark 2 (homogeneity). The condition 1/q = 1/p — a/d comes from homogeneity
arguments. Let f € LP(R?). Let 1 < p,q < oo and assume an estimate like (3.3))
holds, i.e. I, is of type (p,q). For all § > 0, we have

1o { f(0) I Lagay < CIf()] 1o (ra)-
Now, on the one hand

1 1
Mol F O pawe) = 55 Maf (02) 2oy = 5orgzg M af | pawa),

and on the other hand

1
£ (@) oy = 57 1 fllLogmay.
Therefore, o 4+ d/q = d/p.
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It follows from the Proposition that for 1 <p <d, 1/p, = 1/p —1/d,

VUl Lo may < ClILF|| Loe (mty < Ol ] Lo (re)- (3.4)

We now turn to the estimate of V2u. We have for alld > 2, forall 1 < o, 8 < 1,
_dEh, o f,
L PR

with for d = 2, ¢ := 5= and for d = 3, ¢4 := (2 — d)cy.

Operators with a kernel of homogeneity —d such as 14 or Op,0.,1'(7) cannot
be handled using Proposition 4 Indeed, the kernel is ne1t£er mtegrable around 0,
nor at co. In some cases, subtle cancellations properties make it possible to define
an operator and prove its boundedness. One of the purposes of Calderon-Zygmund
theory is to address such situations.

Let w = w(s) be a Lipschitz function on S~ such that

/S  wls)do(s) =0, (3.5)

and denote by K = K(x) the kernel
1
K(z) == —w <i>

|z]

Notice that p.v. K x f is well defined: for all f € CSO(Rd), for e > 0,

—rs)r®tdo(s)dr

1 (x—x
—w
B(z,e) |z — 2|7\ |z — 7| gd—1 Td

€1 .
= / —/ w(s)[f x—rs) f(z)]do(s)dr </ dr/ s)|do(s) i0>0
o T Jgd-1 h > gd—1

Proposition 5. The operator T, defined by for all f € C°(R?) by

Tf(x) :=p.v. K x f(z),
is bounded from LP(R?) to LP(RY) for all 1 < p < oo.

Proposition [5| is actually a corollary of a general theory due to Calderon and
Zygmund. For a proof of Proposition , see [Ste70, theorem 3 p. 39].
For 1 < a,p <d, let

Sasp, a7,
waﬁ(s) = { 1 ds? o 7: 3,

for s € ST If a # B, wyp is odd with respect to z,. If a = 3, we have

d
o do( 2d = d — 2d
/Svdlw 6 /;d 1 U /;d1 Sa U(S> /;d1 U<S) ;/S‘dl 57 U(S>
ds — do(
Lo /Sd 3
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Since (3.5]) is satisfied in both cases, Proposition [5| applies and implies that for
1 <p<oo,
IV2ull 2o ey < Nl fll o ay-

Remark 3. For u € C®°(RY), for all 1 < a < d,
a s
SEN

where the Riesz transforms R, are defined by: for f € C*(R%), for 1 < a < d,

D, 0yul€) = —Eapit(€) = €20(€) = RoRp—Au(€),

Z'a_i'a

R.f(x) := ¢qp. V./ f(z)dz.

[T — [T
Therefore,
020 Oz,u = —Ro RgAu,

and by the L? boundedness of the Riesz potentials (see Proposition , for all 1 <
p < 00, there exists a constant C' = C(d, p) such that

10, 0. < Cl|Au] g

BUHLP(Rd) =

Helmholtz’s decomposition and the proof of the div-curl lemma

The following proof of the div-curl lemma is inspired from Evans [Eva90, Chapter
5.B| and from [Mur7§].

Technical point. The estimate of the singular integral I1(f) in Proposition [4] and its
corollary estimate prompts the need to separate the case p > d;fl (treated first)
and p < ﬁ.

Let v, and w, be two sequences satisfying the assumptions of Theorem [T} The
idea of the proof is to decompose w,, as a sum

Wy = Yn + Vzn, (3.6)
with /
Yo — y strongly in L7 (Q),
Zn — 2 weakly in  WHP'(Q).
Identity (3.6 is nothing more than the Helmholtz decomposition of w,, vy, being
the projection of w, on the solenoidal fields and Vz, being the projection of w, on

the curl-free fields.
e Let p > ﬁ and p’ the conjugate Holder exponent of p:

d 1 1
p>—— 1<p <d and -+—-=1|
d—1 p P

(1) As in the proof of the case p = p’ = 2 (see Step 1 above), we extend v,, and
w,, on the whole space R? in the following way

~ | v, in — | Yw, inQ
U"'_{O on R\ and w”'_{O on R4\ Q
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(2) For each n, we consider the Newtonian potential u,, = u,(z) € R? defined by
u, := ' xw,, which is a weak solution to

—Au, =w,, x¢€RL
where w,, = w,(z) € R Since by assumption w, is bounded in L (R%), Proposition

B implies
||Vun||Lp;(Rd) + ||V2un||LP'(Rd) < CH@AU/nHLP’(Rd)a

for 1/pl, =1/p' —1/d.
(3) Define z,, := —V - u,, and y,, := w, — Vz,. We have for alla =1, ... d,

Y = W," — Oozn = —0305uS + 0a0pul = 03(—0gu® + 0aul) = —0s{(curl uy)us}-
Since curlu,, = I' % curl w,,, we have
|V curl unHLP;(Rd) + ||V Curlun”LP’(Rd) <{| Curlﬂ)\:LHLP'(Rdy
from which we infer that
19nll ot (ray + VYl o ey < Cll curl w| gy
Restricting to € using p!, > p’, we get
HynHLP'(Q) + HvynHLP'(Q) < Cq| Curl{U\;zHLp’(Rd)'

Therefore, 1, is bounded in VVO1 P ,(Q) and Rellich’s compactness theorem implies
that (up to a subsequence)

Yo — y strongly in L (Q).
Moreover, by a similar reasoning z,, is bounded in VVO1 P I(Q), so up to a subsequence,

zn — 2 strongly in L (Q),
Vz, = Vz weakly in L (Q).

We thus have:
Yw=y+ Vz.

(4) It remains to pass to the limit in the product, proceeding as above (integration
by parts) for the term involving Vz,:

/vn-wnwzf @-@:/@-(yﬁwﬂ)
Q R4 Q

—>/Q§'(y+Vz):/ngv'ww=/QU‘w90-

The whole sequence v, - w,, converges in D’'(§2) (and not only a subsequence) because
v - w is the only possible limit.
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o Let p< d%‘ll and p’ the conjugate Holder exponent of p:

d 1 1
péﬁ, p,Zd and 5‘{‘_/:1

Let us outline the changes which have to be made. We concentrate on steps (2)
and (3) above. Since w,, and curl w,, are compactly supported in €2, we have, for all

g<p
[wallLagay < Cllwnll g gay and || curlwy||pogay < Clf curlwyl| 1 ga)

where C' only depends on p’, ¢ and the measure of 2. Now we take advantage of
the gain in integrability provided by I; by taking ¢ < d close enough to d, so that

G = L Y
d—q
Then,
HVUTLHLP/(]Rd) + ||V2un”Lp’(Rd) < C||{15:L||LP/(Rd)7
||V curl un||Lp/(Rd) + || V2 curl un||Lpr(Rd) <C| curliE;HL,,/(Rd).
Therefore

”?JnHLp’(Q) + Hvyn||Lp’(Q) < Cq| Curl@;”m’(n@d)a
and the rest of the proof is similar.

Remark 4. Notice that

5 §aba = o

aaynga@—wf5@=V~wn—V-wn:
Therefore,
Y = Pw,

where P is the Leray projector. In Fourier space,

~  ~ g@_ gaéﬁ?) —
== e { (% aﬂ}“’

4 Applications

Convergence of the energy

From the first lecture we have

& (x) == Az /e)Vus — A°Vu"  weakly in  L*(Q),
Vu® — Vu'  weakly in  L*(Q).

Moreover, on the one hand
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so that
1€°0 20y + IV - €l 120
is bounded uniformly in ¢, and on the other hand
curl(Vu©) = 0.
The div-curl lemma now implies the convergence of the energy
A(x/e)Vus - Vus — AV - vl

in the sense of distributions.

Weak continuity of the Jacobian determinant

Proposition 6. Let Q be a bounded Lipschitz domain in R and u¢ = u®(z) € R%
Assume that

ut —u  weakly in  WH4(RY).

Then,
det(Vu®) — det(Vu)

i the sense of distributions.

This proposition goes back to Ball [Bal77]. A proof of the result stated here can
be found in [Murl, p. 56, Lemma 6.20] (see also [Eva90, Chapter 3.E|). Since Vu* is
bounded in L%(Q), we have det(Vu?) is bounded in L'(2). Thus

det(Vu®) =

to a Radon measure u € (L=(Q))'.
Developping with respect to the first column we have

det(Vu®) = dguimy s(Vus) (4.1)

where m,, 5 is the minor in position («a, ) associated to Vue.
(1) The key point is the following algebraic formula: for all ¢ € C°(R?),

01m171(V90) + ... é?dde(Vgo) = 0. (42)
(2) We now extend the formula to u € WH(Q). Let u € WH4(Q). There

exists a sequence @y € C°(2) such that
or — u strongly in - Wh(Q).

Therefore,
m1. (Vi) = my.(Vu)  strongly in Ld%'%(Q)7
and for all ¢ € C°(Q)

0= (mi1(Ver) +...00m14(Ver), V)pp = — / ms. (Vi) - Vi
Q

=8 / my,.(Vu) - Vi = (01my1(Vu) + ... 0gm o(Vu), ) p.
Q
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(3) It follows from that
det(Vu®) = my . (Vu©) - Vuj
has a div-curl structure. Indeed on the one hand
divim,.(Vu®)) =0 D'(Q) and m;.(Vu®) is bounded uniformly in Ld%l(Q),
and on the other hand

curl(Vu$) =0 and Vu$ is bounded uniformly in  L4(€),

so that the result follows from the div-curl lemma for p = df‘ll and p' = d.
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