Lecture 2: A Strange Term Coming From Nowhere
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In this lecture, we consider the Poisson equation with homogeneous Dirichlet

boundary conditions
—Au® = f, x e,
S S 01

in a perforated (or porous) domain

=Q\|JTr cR%
i=1

The source term f belongs to L?(2). The bounded domain € is perforated by n.
holes T7. Contrary to the first lecture, the inhomogeneities are not in the coefficients,
but in the domain itself. A way to connect the two situations is to consider that in
the holes the viscosity is infinite, though we will not use this point of view.

This lecture is based on the paper by Cioranescu and Murat, A Strange Term
Coming from Nowhere in [CK97].

Several things can happen depending on the size of the holes, their density, the
way they are distributed and the distance between adjacent holes:

(1) Assume that for any K € Q, K C Q° for all € sufficiently small. Then we
casily have that u® converges to the solution u° to the Poisson problem in
with Dirichlet boundary conditions on 0f2.

(2) Assume that the characteristic function x7- of the holes (bounded in L>(2))
converges weakly star in L>°(£2) to a positive function y € L. Then the holes
fill the whole of 2 and therefore u® goes to zero. Indeed, extending u® by zero
in the holes, we get for p € L'(Q),

/uso /uso /1—XugslT;)u590,

so that in the limit
/uoso = /(1 — x)u’e,
Q Q

/ xu'y = 0.
Q

Thus yu’ = 0 and by positivity of y, u® = 0.

i.e.
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(3) The domain 2 is perforated by an increasing number of reqularly distributed
holes whose diameters go to zero. This is the situation we consider in this
lecture. Of course, the two extreme cases u° goes to u” or u° goes to 0 are still
possible. However, there is an intermediate situation where something non
trivial arises in the limit, hence the title of this lecture.

1 A general framework for the oscillating test func-
tion method

In this section, d > 1.
The variational formulation for (0.1]) reads: for all v € H{ (),

Vu®-Vo= [ fo. (1.1)
Qe Qe

We now extend any function v € H}(QF) by zero in the holes to a function
v € HHQ):
0(x) = v(x) for z € O, 0(x) =0 for x € T .
For the rest of this lecture, we drop the tildes.
Remark 1. The class of test functions in ((1.1) cannot be extended to the whole
of H}(€). The test function have to vanish on the holes. The point is that the
solution u® extended by zero in the holes belongs to Hj(€2), but it does not satisfy

the equation in a neighborhood of the holes 9T7. On 077, there is a jump in Vu®.
Thus Auf is a dirac mass (in a sense to be made precise below).

Taking v = u® € Hg () in the variational formulation (I.1)) and using Poincaré’s
inequality, we get the a priori estimate

1/2
( / rw) < Cllf e,

Therefore, ||u®||g1(q) is bounded uniformly in € so that by Rellich’s theorem yields
(up to a subsequence)

Vust — Vu weakly in L*(1),
u® — u° strongly in L*(€2).

Question. Can we identify the limit u°?

We have seen in the first lecture that the oscillating test function method is
useful in similar situations. Therefore, let us take a test function v := w®p, where
© € C(Q) (test function for the limit system, so no requirement to be zero on the
holes) and w® is a corrector. We adopt a heuristic approach in two steps:

(1) We first try to identify properties the correctors w® have to satisfy in order
to see something non trivial in the limit. This is the easy step in the sense
that we may impose whatever we like on w® which gives rise to interesting
phenomena in the limit.
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(2) Adding some structure on the distribution of the holes (for instance period-
icity) and taking specific scalings (size of the holes relative to the distance
between adjacent holes), we show that ad hoc correctors exist (see section [2)).
This is the difficult step.

Again, w® should be thought of some function which behaves similarly to u° in
the sense that

w® is almost a solution of the Poisson equation, and it is zero on the holes.

(1.2)
The additional requirement is that

in the limit pw® should converge (in some sense) to ¢, (1.3)

because ¢ is the test function for the limit system posed in €. As underlined in
the first lecture, the difficulty of the oscillating test function method lies in the
construction of correctors, i.e. of w*®.

Keeping in mind the heuristic conditions (1.2]) and (|1.3), we now list a couple a
conditions on w°®.
First of all, we want the test function wp to belong to H'(Q). Thus, we take

w® € HY(Q). (1.4)

Second, the test function w®p, in order to be admissible in (|1.1)), has to vanish
on 077 . Therefore, we impose

w®=0 on 1T17}. (1.5)

1

We do not impose w® = 0 on 052, since there ¢ already vanishes.
Let us now take v = w®p in (|1.1). We have

/ Vu® - V(wp) = / eVu® - Vu© + / wVu® -V = / fwo.
Q 0 Q 0

Provided that w® converges strongly in L?(£2) (necessarily to 1 because we want that
pw® to converge to ), it is easy to pass to the limit in the terms

/ w*Vu® - Vo — / Vu' - Vo,
Q Q

/wasw—>/ﬂf¢-

w® — 1 weakly in H'(Q), (1.6)

We impose

which in particular implies that Vw® — 0 in L?(Q2) and enables to get rid of one
term (see below),.
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Remark 2. If moreover w® — 1 in H'(Q), then
/ oVu® - Vw® — 0,
Q

so that u® € H} () is simply a solution to the Poisson problem

{—Auo =f x€q,

u’ =0, €. (L.7)

No interesting phenomenon arises from the limit in that case.

Remark 3. Condition (1.6 prevents the holes from coalescing/merging in the limit,
because w* has to be zero on the holes. In some sense, it implies that the diameter
of the holes go sufficiently fast to zero, and that the holes are sufficiently spaced.

Remark 4 (one-dimensional case). Let d = 1 and take Q = (0, 1) for simplicity. Let
Q= (0, )\ U B5 D)
i=1

with 25 € (0,1). Assume that assumptions (1.4), (1.5) and (1.6) hold. Then,

a subsequence of the family of points {zf} converges to a point z° € [0,1]. In
dimension d = 1, Rellich’s theorem implies that H'(f2) is compactly embedded in
C%7([0,1]) for 0 < v < 1/2. Since w® is bounded uniformly in H'(0,1), up to a
subsequence, w® converges strongly in C%7([0,1]) to w. From (L.6), we get that
w’ = 1. Now,

[w?(2%)] = [w®(2") — w(@f)] < [w’(2®) — w'(@f)| + [w"(2F) — w*(25)] — 0.

Therefore, w®(2") = 0, which is a contradiction. To put it in a nutshell, there does
not exist a family of correctors w® such that (1.4)), (1.5) and ((1.6) hold.

Of course, if Vu® is merely weakly convergent, then the term

/ eVu - Vw©
Q

is a product of two merely weakly convergent sequences (to 0), and nothing can be
said a priori about the limit. Let us integrate by parts in the previous term seen as
a duality product. We get

/Q eVu© - V' = — /Q u Ve - V' — (Aw®, ou®) g1 a),m1@)-

A priori Aw®, as is Au® is no better than a distribution (actually a measure). Using
the weak convergence of the gradient, we get

—/uEVgOVwE — 0.
Q
There remains the tricky term

(Auwf, qua>H*1(Q),H5(Q)
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for which a priori nothing is known. If
there exists p € W~52(Q) (1.8)

such that

(Aws, ou®) g1y, 11 @) — (1, 9U°) g-1(9), 13 (@)
then (of course!) we are done. In fact, what we will prove is that —Aw® breaks
down into the difference of two measures: one p® which converges strongly to p in

H~(), and another one v¢ which converges merely weakly to u, but whose support
does not see the test function pu®. In more precise terms, we look for w® such that

there exists two sequences pu, v* € H () such that — Aw® = p® —~°
ps — o strongly in - H'(Q2) and ~° —pu weaklyin H *(Q) and
(v¢,v°) =0 forall v° € Hj(Q) suchthat v*=0 on Tr.
(1.9)
Notice that implies

pewb=Q) = (W) c H Q).
We have proved the following conditional theorem.

Theorem 1. Assume that there exist a sequence of correctors w® meeting assump-

tions (L.4), (1.5, (1.6), (1.8) and (1.9). Then, the family of solutions us to ((0.1))

converges weakly in H*(QY) and strongly in L*(Q) to the unique solution u® of the
modified Poisson equation

—Au +pu® = f, xeq,
{ u’ =0, x€onN. (1.10)

Lemma 2. The distribution p € W=1°°(Q) satisfying (1.9) is positive, i.e. it is a
Radon measure.

Proof. Let ¢ € C°(Q2) such that ¢ > 0. Then, by integrating by parts on Q° first,

and second by using the convergence results ([1.6) and (1.9) we get

0< / eV - Vo' = (—Aw®, pw®) g1 g1 — / WV - V' — (i, @) w100 it
Q Q

Thus, (u, @)w-1.0 w11 > 0. O

The strange term, is reminiscent from the holes, and represents some kind of
friction or drag due to the holes. It will be computed explicitly in the next section.

Lemma 3. The solution to (1.10) is unique.

Proof. Call u = u(x) the difference of two solutions of (1.10). Testing against u
yields

/ Vu-Vu+ (,u, U2>W*1v°°,W171 =0.
Q

The positivity of u (see Lemma [2]) implies u = 0. O

EDMI Bordeaux 2016 5)



Weak and strong convergence for PDEs Lecture 2

Remark 5. The convergence proof of a subsequence of u¢ to a solution u° of (1.10
holds with p barely H~1(2). In the uniqueness proof however, condition (]E
enables to make sense of the duality product

<:ua u2>W*1*°°,W1v17

since u? is merely WH(Q).

Remark 6 (comparison between lecture 1 and 2). We now compare the ways we
pass to the limit in the variational formulation, and how we use the oscillating test
functions. We concentrate on the tricky term. In lecture 1, here is what we did for
the equation with highly oscillating coefficients: using the oscillating test function

Py +ex™(z/e)),

/QA(OU/LE)VUE V(zy +ex™(@/e))p = —(V - A(x/e)V(zy + ex™(x/¢)), u”p)
- /Qu"‘A*(91;/5)V(31:,y +ex™(z/e)) - V. (1.11)

Now we use the fact that x.,+ex*7(z/¢) is A*-linear to get that the first term in the
right hand side of is zero. It is then easy to pass to the limit in the second
term. The role of the oscillating test function for porous media in this lecture is in
some sense opposite. We use pw® where w® — 1 weakly in H'(2) in

/ eVus - V' = —(Aw®, ou®) g-1(0),m1Q) — / u*V - V&, (1.12)
Q Q

to see that the second term in the right hand side of ((1.12)) goes to zero.

2 Construction of correctors in the periodic case

The case d = 1 is very particular because of Remark [4] so we discard it. We will stick
to d > 3 in order to allow for a unified presentation. However, ideas and techniques
are the same for d = 2.

We consider the Poisson problem in the domain

0F =0\ U B(,r%) = Q\L]Tf,
£€2e74d i=1

where T¢ is a ball centered at a point & of the lattice 2¢Z? and of radius ¢ (see
Figure [1)). We take 0 < ¢ < e.
_d_

Theorem 4. Let d > 3 and Cy > 0. Let a® := Cycd-2. Then,

1. either r* < a°, then u® converges weakly in H'(Q) and strongly in L*(2) to
u® the unique solution to the Poisson problem ([1.7),

2. or ¢ > af, then u® converges strongly in H*(Q2) to 0,
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Figure 1: The porous medium: zoom on the unit cell P;

8. or r® = a°, then u® converges weakly in H'(Q) and strongly in L*(Q) to the
solution u® to (1.10)), where the measure p is an explicit constant

a(d—2) .,
pi=—g Cci—2

and Sy is the surface of the sphere in R,

The critical scale £7°2 is related to the decay of the fundamental solution of —A
in R4 for d > 3.

We define a family of 2eZ-periodic correctors w® in the following way. On the
microscopic cell [—¢,]?, w® = w*(x) € H([—¢,¢]?) is a solution to

we(x) =0, ze B(0,r%),
—Aw® =0, z¢€ B(0,¢)
wt =1, € [—g¢e

\ B(0,r°), (2.1)
\ B(0,2).

The condition w® € H'([—¢,¢€]?) contains the fact that there are no jumps at the
interfaces 0B(0,¢) and 0B(0,7°). By the maximum principle, 0 < w® < 1. The
corrector w® is then extended to the whole of R¢ by periodicity and is still denoted
w®. Thus w® € H'(RY) and vanishes on the holes T¥, so and are satisfied.

Remark 7. The solution to ([2.1)) can be computed explicitely by using the rotational

invariance (polar coordinates). We have

e\—d+2 _ |[,.|—d+2
N o et 1

for all x € B(0,¢)\ B(0,7°). (2.2)

(re)=d+2 — g=d+2
Every explicit computation relies on this formula.

Lemma 5. We have

Sa(d —2)|€

el2 ~
IVwr|[720) ~ (26)d(re)—d+2"

(2.3)
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Proof. On the one hand, a simple count gives asymptotically

2] 2
V0 ey = Vs
HE) (2€)d [—e,e]?

and on the other hand, an explicit computation based on ({2.2)) gives

-2
/ |Vwa|2 _ Sd(d )
[757€]d

(re)—d+2 — g—d+2’

Since e~%2 = o((r?)~*"2), we have the result. O

Case ¢ < a°: small holes
Now, if r* < 5«1%2, then by ([2.3)
Vw2 — 0,

so that we are in the setting of Remark [2] and thus u® goes to the solution u° of
(1.7). In other words, the strange term p is zero.

Case r° > a°: large holes

Lemma 6 (Poincaré inequality in 2¢). There exists a constant C' > 0 independent
of € such that for all u € Hy(9QF),

€d

This Poincaré inequality can be found in the paper by Allaire [AII90, Lemma
3.4.1] dealing with the homogenization of the Stokes equation. It is true of course
in every regime, but in the case when 7° > a°, it directly gives some information
about the limit of u®. Notice that

1/2
||u||L2(QE) <C ( ) ||VU,||L2(QE). (2.4)

d e—0 0
(re)d—2 — U

e > cao2 implies

Remark 8. The fact that we “gain” a factor €2 comes from the fact that the holes
are close to each other. The “loss” of the factor —— is a consequence of the fact

re 2
that the part where u is zero, that is on the holes 77, is relatively small.

As a corollary of Lemma [0 we get:

d

. 1/2
—2> |2 IVU® || L2,

9 < ol e < € (5

(953

12 1/2 od 1/2 0
(/ |Vu€]2) = </ \VUE|2> <C ( - d—2> [ fllz2 (0 = 0.
i . )
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By Poincaré’s inequality in 2

1/2 1/2
() "<e(f )"0
Q Qs

so that u® converges strongly to 0 in H'(Q).

Proof of Lemma[d (1) For a point & € 2¢Z¢, we notice that the ball B(¢,/de) is
circumscribed (touching at the vertices) to the cell P§ = [£ —¢,£ + €] centered in

€. One given point z € R belongs to exactly one cell Pf, and maybe to some of the

2d circumscribed balls to adjacent cells. Therefore, we have the following estimate
of the L?(QF) norm:

luliZag@ey < D NullZagnie, iy < 24+ DlulZze)
i=1
This estimate is rather crude, but all we care about is to have equivalence of then
norms. We aim at proving Poincaré’s inequality for a function u € H'(B(&;, Vde)),
zero on TF = B(&;,1°).

(2) For simplicity (everything is translation invariant) let us consider the point

¢ = 0. Let r denote the radial variable. Let v € C°(B(0,v/de)) N HY(B(0,Vde))
such that u(z) = 0 on r = r°. For z € B(0,v/de), the radial vector e, is equal to
x/|z|. Writing the fundamental theorem of calculus by taking x as the reference
point (rather than 0), for the function

t—=ulx+ (t—re)
yields :
u(z) = /8 Vu(z + (t —r)e,) - e,dt.

Then, integrating over z = rw € B(0, Vde),

Ve r 2
||“”3;2(B(07\/g€)) < C'/Sd_l /E (/5 Vu(rw + (t — r)w) -wdt) rd =t drdw.

Cauchy-Schwarz’s inequality yields

( Vu(rw + (t — r)w) -wdt)2 < (/ [Vu(re + (t —r)w) -wy%d-ldt) (/ tf—tl)
< ( / ﬂ (Vu(rw + (6 — r)w) -w]2td_1dt) ( / ﬁ tf—tl) .

Therefore,

9 \/EE \/&E 9 a1 de1 \/&8 dt
HuHL2(B(0,\/a6)) < /;dl /e /E ‘VU(TUJ + (t - r)“”)’ " dtr® drdw / td_—l

d 2 v di -
<Ce HVUHL2(B(0,\/EE)) / td-1 SCW’

since 1t < €. OJ
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Case r® = a°: critical size

We focus now on the case when r° ~ s7°2. More precisely, we assume that r® =
d

Coea-2. In this regime, it follows from (2.3]) that

SR

This fact combined with the bound 0 < w® < 1 infered from (2.2)) yields that w® is
bounded in H'(€), so that

||Vw€||%2(n) Cd g

w® — w weakly in  H'(Q),
w® — w strongly in  L*(€).

We aim at showing that w = 1. In that perspective, we use the fact that
Ne
w*=1 on C°:= UC’f

We denote the characteristic function of C* by xc-. Let E be a measurable set in
(2 and yp its characteristic function. We have

d d
. E El (Vd-1 Vd -1
/QxCeszweerr 20 L oo ] ( ) <2e>d=|E|< )

(2¢) (2e)* \ Vd Vd
Therefore

d
) weakly star in = L>(Q).

We argue now as in point (2) of the introduction (see above): by definition of w®

3 J_—
W Xce = XC=,

so that passing to the weak limit (using the strong convergence of w® in L?) we get

<ﬁ_1> (w—1)=0,

Vd
i.e. w =1 which proves (1.6).

Our next (and final goal) is to compute —Aw®. Since the gradient of w® has

jumps at the interfaces 0B U TF, —Aw® is a distribution (actually a measure)
supported on 0Bf U OTF. We have, for all ¢ € C°(R?)

(—Aw®, 0)pp = (Vw, Vo)p p
Vuw® -V

R4
Ne

= Z/BE\TE Vuw® -V

=1

- Z/ Vs - Negrp + Z Vu® - Negip,

0B¢ orTy?
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the last line following by integration by parts, and the fact that

/ Awp = 0.
BE\TE

To summarize
g __ € £
—Aw® = pu° —~°~,

with

<:u a@) 0),H Q) — Z 5 Vuw* - NextP
BS

(d — 20d2§: /
Cd2€2i 8BE

(the explicit formula is computed thanks to (2.2))), and

(Vo —“1(Q),H (2 Z/ Vs - negp.
orTy¢

We clearly have that for all v* € HJ(92) (i.e. v° is zero on the holes),

(Vv ) r @) mi ) = 0

It remains to check that u° converges strongly in H=*(2) (even in W~1(Q)) to
p € Wh(€Q). Let dyp: be the distribution defined by

(65, QYo = / o(s)o(ds) for o€ D(RY),
8B
Lemma 7. We have

Ne S
2555 — 2—3 strongly in W, 7> (R?).
i=1

It follows from the lemma that

(d—2)Sy

5 Cd=2 strongly in - W, (R

W= =

Proof of Lemma[7. (1) We first show that
> e = —Aq° — dxpe, (2.5)
=1

where B® = (JI2, Bf. Here ¢ is the unique solution to the Neumann problem

-A¢ =d, zelJ”, B;, (2.6)
V§  new =¢, el 0B, :
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such that ¢° = 0 on OBf. We extend ¢° by zero on R?\ B°. Notice that the
compatibility condition
/ _5(]6 = qu *Next
B: oBs

is satisfied. Let us prove (2.5)): integrating by parts against ¢ € C°(R?), we get
<_Aq€7 90>D',D = <Vq€, VS0>D’,'D

= [ Vg Vg

R4

-3

i=1

=D e{d ) — (dxse, )
i=1

(2) The solution ¢° of (2.6)) is radially symmetric, thus

V& - Nep + d/ ©

BeE

i

o1 U . .

—A¢° = m@ (rd '0,¢°(r)) =d implies 9,¢°(r) =,
r being the distance from a point in B to the center ;. Eventually,

V@ || Loomay < &,
so that
¢¢ — 0 strongly in  WHe(R?).
This convergence directly implies
—Ag¢® — 0 strongly in W ~"°(R).
Moreover,
(XBE, 90>Lw(Rd),L1(1Rd) — W? <P>L°°(Rd),L1(Rd)a (2-7)

where B0 D] _ [84(0.1)

Y= dy = |B4(0,1/2)] = =54 = =0

=[xy = 1Ba(0,1/2)] = -
From ([2.7) we get that (up to a subsequence)

XB: — X strongly in  W™1°(Q),

hence the lemma. O
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